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COMMON FIXED POINT FOR KANNAN TYPE
CONTRACTIONS VIA INTERPOLATION

MAHA NOORWALI

ABSTRACT. In this paper, we use interpolation to obtain a common fixed point
result for a new type of Kannan contraction mappings.

1. INTRODUCTION AND PRELIMINARIES

In 1968 Kannan introduced an interesting type of contraction mapping which is
not continuous and it posses a fixed point [I]. Kannan’s theorem asserts that if M
is a complete metric space and T : M — M is a mapping satisfying the following
condition

d(Tp,Tq) < Ad(p,Tp) +d(q,Tq)] .
for all p,q € M, where A € [0,3). Then T has a unique fixed point. Kannan’s
theorem has been generalized in different ways by many authors; one of the latest
generalizations was given by Karapmar in [2]. Karapmar introduced a Kannan
type contraction mapping called interpolative Kannan type contraction and proved
a fixed point result on it.

Difinition 1.1. [2] Let (M,d) be a metric space. A self mapping T : M — M
is said to be an interpolative Kannan type contraction if there exist a constant
A€ 0,1) and o € (0,1) such that

d(Tp,Tq) < X[d(p, Tp)]* [d(g, Tq)]" .

Theorem 1.2. [2] Let (M, d) be a complete metric space and T : M — M be an
interpolative Kannan type contraction mapping. Then, T has a unique fixed point.

2. MAIN RESULT

In this section we are following Karapmar’s result in [2] to obtain a common
fixed point result.

Theorem 2.1. Let M be a complete metric space, S, T : M — M be self mappings.
Assume that there are some X € [0,1), « € (0,1) such that the condition

d(Tp,Sq) < Xd(p, Tp)]* [d(q. Sq)]' . (2.1)
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is satisfied for all p,q € M such that Tp # p whenever Sq # q. Then, S and T
have a unique common fixed point.

Proof. Let pg € M, define the sequence {p,} by

Pant1 = TPany Pont2 = Spany1 Vn € {0,1,2,---}.
If there exists n € {0,1,2,- -} such that p, = Pp4+1 = Pnt2, then p, is a common
fixed point of S and T'; so suppose that there does not exist three consecutive

identical terms in the sequence {p,} and that py # p;.
Now, using (2.1) we deduce that

d (Pon+t1,P2nt2) = d(TPan, SP2nt1)
< A [d (p27L7p2n+1)]a [d (p27L+17p2n+2)}

Thus,
[d (p2n+1:P2n+2)]" < A[d (P2ns P2nt1)]”;
or,
d (p2ns1,Pons2) < Ad (p2n, P2nt1)
< M (p2n, P2n+1) -
Hence,

d (Pant1,P2n+2) < A (P2ns Pant1) < A2 (Dan—1,P2n) < N2d (p2n—2,pan—1) - < A" T1d (po, p1) ;

or,

d(p2nt1, P2nt2) < X" (po, p1) - (2.2)
Similarly,
d(p2nt1,p2n) = d(T'p2n, Sp2n—1)
<N d (p2n: p2ns1)]" [d (p2n—17p2n)]1_a .
Thus,
[d (p2nt1. P20)]' ™ < A[d (p2n—1,p20)] "%
or,
d (p2n+1ap2n) < )‘ﬁd (p2nflap2n)
< M (p2n—1,P2n) -
Hence,

d (Pant1,P2n) < A (D2n—1,DP2n) < N2 (p2n—2,P20-1) < Nd (D2n—3,p2n—2) -+ < X*"d (po,p1) -
Thus,

d (P2n+1,P2n) < A2"d (po, p1) - (2.3)
From ([2.2) and (2.3) we can deduce that
d (pnapn-i-l) S )\nd (pOapl) . (24)

Now, using (2.4) we prove that the sequence {p,} is a Cauchy sequence. Let
m,r € {0,1,2,---}

d (pmapm+1) +d (pm+17pm+2) +---4d (pm—i—r—lvpm—i-'r)
™+ )\m-‘rl + . ._)\m-i-r—l] d(po,pl)

AT 4 Ml _|_...)\m+r—1_|_...] d (po,p1)

f\,ﬁd(p07p1) .

Letting m — oo, we deduce that {p,} is a Cauchy sequence.

d (pmapvrz+7')
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As M is complete, so there exists u € M such that lim p, = u. Using the
n—oo

continuity of the metric in its both variables we can prove that w ia a fixed point
of T as follows

d(Tu, pant2) = d(Tu, Spani1) )

< Ad (u, Tw)]® [d (p2nt1,P2nt2)]

Letting n — oo we get d (T'u,u) = 0, so Tu = w. Similarly,
d(pant1,Su) = d(Tpan, Su)

d
< Ad (p2ns p2n1)]” d (u, Su)] '
Letting n — oo we get u = Su.

To prove that u is the unique common fixed point of S and T, suppose that v is
another common fixed point of .S and T, then

d (u,v) = d(Tu, Sv) < X[d (u, Tu)]* [d (v, Sv)]"* = 0.
Hence, u = v.
Now, we give an example of the previous result using a metric defined in [2].

Example 2.2. Let M = {p,q, z,w} , define a metric d on M as follows
d(p,p) =d(q,q) = d(z,2z) =d(w,w) =0

d(p,q) =d(q,p) =3
d(z,p) =d(p,z) =4
d(qaz) :d(zv(Z) _%5
d(w,p) :d(p>w) =3
d(w,q) =d(g,w) =2
d(w,z) =d(z,w) =3

Define self maps T, S as follows

r(rn ) s(n ez )

p w z w P q w z

It is clear that S|T satisfies with A = % and o = %, and S and T has a
unique common fixed point p.

CONCLUSION

We can obtain more common fixed point results in similar ways and use them
in more applications.
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