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STATISTICAL EPI-CONVERGENCE IN SEQUENCES OF
FUNCTIONS

YURDAL SEVER, OZER TALO, SUKRU TORTOP

ABSTRACT. In this paper, statistical epi-limit is defined by using epigraphs in
order to increase sensitivity by eliminating outliers for mathematical problems.
Various characterizations of statistical epi-convergence and their relations are
given and it is compared with statistical convergence. Also, its connections
with level sets and monotone increasing or decreasing cases are studied. More-
over, statistical equi-lower semicontinuity and its relation with statistical epi-
limit is examined.

1. INTRODUCTION

In the late of 1960’s, epi-convergence is first studied by Wijsman [26] [27] where
it is called infimal convergence. After Wijsman’s initial contributions, it is stud-
ied by Mosco [16] on variational inequalities, by Joly [I2] on topological structures
compatible with epi-convergence, by Salinetti and Wets [2I] on equisemicontinu-
ous families of convex functions, by Attouch [2] on the relationship between the
epi-convergence of convex functions and the graphical convergence of their sub-
gradient mappings, and by McLinden and Bergstrom [I5] on the preservation of
epi-convergence under various operations performed on convex functions. Further-
more, Dal Maso [I4] called it I'-convergence. The term epi-convergence is used
by Wets [25] in 1980 for the first time. Epi-convergence is needed to solve some
mathematical problems including stochastic optimization, variational problems and
partial differential equations.

Statistical convergence was first studied by Zygmund [28] in 1935 and then it was
introduced by Steinhaus [23] and Fast [6] and also Schoenberg [22] independently.
The definitions of pointwise and uniform statistical convergence of real-valued func-
tions were given by Gokhan and Giingor [I0, 11] and by Duman and Orhan [4] in-
dependently. Statistical limit superior and statistical limit inferior were introduced
by Fridy and Orhan [8] and also statistical limit points and cluster points were
defined by Fridy [7, 9]. Furthermore statistical lower and upper limits of closed sets
were defined and characterized by Talo et al. [24].
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In this part, fundamental definitions and theorems will be given. First of all, let
(X, d) be a metric space and f, (f,) are functions defined on X with n € N. If it
is not mentioned explicitly the symbol d stands for the metric on X.
Let K C N and if the limit §(K) = lim, o0 2[{k < n : k € K}| exists then it is
called asymptotic density of K where [{k < n : k € K}| denotes the number of
elements of K not exceeding n (see [T}, [I7]).
If 5(K1) = (5(K2) = 1, then 5(K1 N KQ) = 5(K1 U KQ) =1.
If 5(K1) = (5(K2) = 0, then 6(K1 N KQ) = (S(Kl @] KQ) = 0.
Statistical convergence of a sequence of scalars was introduced by Fast [6]. Let
x = (xy) be a sequence of real or complex numbers. If for all € > 0, there exists L
such that,
o1

nl;n;o E‘{k <n:lzpy—L| >e}| =0,
then the sequence (zy) is statistically convergent to L.
The concepts of statistical limit superior and statistical limit inferior were intro-
duced by Fridy and Orhan [§]. Let k be a positive integer and z be a real number
sequence. Define the sets B, and A, as

B,:={beR:6({n:2z, >b})#0}, A, :={aeR:{n:z, <a})#0}.
Then statistical limit superior and statistical limit inferior of x is given by
supB, if Bi#0,

—o00 if B, =0.

infA, if A, 0,
+oo  if Ay =0.

Lemma 1.1. [§] If 8 = st-limsupx is finite, then for every e >0,
d{keN:zy>p—¢c})#0and S({keN:xp > F+¢e})=0 (1.1)
Conversely, if holds for every € > 0 then § = st-limsup x.

st-limsup z := {

st-liminf z := {

The dual statement for st-liminf z is as follows:
Lemma 1.2. [§] If a = st-liminf = is finite, then for every e > 0,
d{keN:zy<a+e})#0and S({keN:zy, <a—¢€})=0 (1.2)
Conversely, if holds for every e > 0 then a = st-liminf x.

A point £ € X is called a statistical limit point of a sequence x = (zy) if there is a
set K = k1 < ko < kg < ... with 6(K) # 0 such that x5, — & as n — oo. The set
of all statistical limit points of a sequence x will be denoted by A,.

A point £ € X is called a statistical cluster point of = (z) if for any ¢ > 0,

0({k e N:d(x, &) <e}) £0.

The set of all statistical cluster points of  will be denoted by T'.

Let L, denote the set of all limit points £ (accumulation points) of the sequence x;
ie. £ € L, if there exists an infinite set K = k1 < k2 < k3 < ... such that x, — ¢
as n — 0o.

Obviously we have A, C T, C L,.

In our study we will be interested much more on sequence of functions. Statistical
convergence on sequence of functions is defined by Gokhan and Giingér [10].
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Following definitions are statistical inner and outer limits on the concept of set
convergence which is fundamental to define statistical epi-limit using sets. In this
paper, we deal with Painlevé-Kuratowski [I3] convergence and actually its statis-
tical version will be studied here which is defined by Sever and Talo [24]. In set
convergence, following collections of subsets of N play an important role for defining
statistical inner and outer limits on sequence of sets.

S:={N CN:§N)=1},
S#*:={N CN:§(N) #0}.
Let (X,d) be a metric space. The statistical inner limit and statistical outer
limit of a sequence (4,,) of closed subsets of X are defined as follows:

st-liminf A, : = {2 |VV € N(2),IN € §,;Vn € N : A, NV # 0},
st-limsup A, : = {z |VV € N(2),IN € S#¥ Vn € N: A, NV # (0}

Proposition 1.3. [24] Let (X, d) be a metric space and (A,,) be a sequence of closed
subsets of X. Then

st-liminf A,, = {z | AN € §,¥n € N, Ty, € A, : limy, = z}.
Proposition 1.4. [24] Let (X, d) be a metric space and (A,,) be a sequence of closed
subsets of X. Then

st-limsup A, = {z | IN € S# ,¥n € N,Jy, € A, :z €T, }.

Let f be a function defined on X, the epigraph of f is the set epif = {(x,a) €
X xR | a> f(z)} and its level set is defined by lev<,f = {z € X | f(z) < a}.
Hence for functions f and g from X to R, if f < g for all x € X it is obvious that

epif D epig. (1.3)
For any sequence (f,) of functions on X, the lower epi-limit, e- liminf,, f,,, is the
function having as its epigraph the outer limit of the sequence of sets epif,:

epi(e-liminf f,) := lim sup(epi f,).
n n

The upper epi-limit, e-limsup,, f,,, is the function having as its epigraph the inner
limit of the sequence of sets epif,,:

epi(e-limsup f,,) := liminf(epif,).
n n

When these two functions equal to each other, we have e-lim,, f,, = e-liminf,, f, =
e-limsup,, f,. Hence the functions f,, are said to epi convergent to the function f.
It is symbolized by f, —. f. Moreover, the relation between set convergence and
convergence of sequence of functions appears in the following equality.

fn —e f & epifn, — epif.

Following definition is a sequential characterication of epi-convergence.

Given a sequence (f,) on a metric space (X, d) is epi-convergent to f, provided
at each z € X, if the following two conditions both hold:

(i) for all z,, € X whenever (x,,) is convergent to x, we have f(x) < liminf,, f,(z,),
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(ii) there exists a sequence () convergent to = such that f(z) = lim, f,(zn).
For every function f : X — R the lower semicontinuous envelope sc™ f of f is
defined for every x € X by
(s¢” f)(z) = sup g(z),
9€G(f)
where G(f) is the set of all lower semicontinuous functions g on X such that g(y) <
f(y) for every y € X.

Proposition 1.5. [14] Let f : X — R be a function. Then
(sc”f)(x) = sup inf f(y)

VeN (z) V€V

for every x € X where N (z) is the neighbourhood of x.

We also advise to look at [3] [5], [I8] [20] for detailed information about new types of
convergence of sequences of real valued functions and statistical convergence.

2. MAIN RESULT

In this part, statistical epi-convergence is defined by the help of Kuratowski
convergence on sets. The functions will be taken lower semicontinuous in order to
use properties on closed sets since epigraphs of lower semicontinuous functions are
closed. Set properties will give a new characterization of statistical epi-convergence
by using neighbourhoods of the point z € X in a metric space. After that neigh-
bourhoods will give another characterizations of statistical epi-convergence by using
sequences this time. Actually almost all definitions of statistical epi-convergence
will be achieved in this paper. Level sets which are important instruments in set the-
ory are also included in our calculations for lower and upper epi-limits. Moreover,
statistical epi-convergence and statistical pointwise convergence will be discussed
at the end.

Definition 2.1. Let (X,d) be a metric space and (fn) a sequence of lower semicon-
tinuous functions defined from X toR. The lower statistical epi-limit, eg;-lim inf,, f,,
is defined by the help of the sequence of sets:

epi(est-liminf f,,) 1= st-limsup(epif,).
n n
Similarly, the upper statistical epi-limit eg-limsup,, f, is defined:
epi(est-limsup fy,) := st-liminf(epify,).
n n
When these two functions are equal, we get statistical epi-limit function:

f =eg-lim f, := eg-limsup f,, = eg-liminf f,.
n n n

As defined in above and by (1.3)) it is obvious that es-liminf, f, < eg-limsup,, fr.

Here we use statistical Painlevé-Kuratowski convergence. Whenever (f,,) is epi con-
vergent to f we can use the inclusion st- lim sup,, (epif,) C epif C st-liminf, (epify,).
Moreover, following comparisons with e-limit are valid for every function f : X — R.

e-liminf f,, < eg-liminf f, , e-limsup f, < eg-limsup f,.
n n n n

In the following example, the function is not epi-convergent whereas it has statistical
epi-limit.
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Example 2.2. Given a sequence f, : R — R defined as

nxe* if n is square,
fule) = {

nxe®™® if n is nonsquare.
0 if x<0,
e-liminf f,(z) = —% if =0,
" oo if x>0.

0 if x<0,

e-limsup f,(z) = —2—16 if ©=0,

n

oo if x>0.

0 if x<0,
est-lim fr,(z) = —é if ©=0,

oo if x>0.

In general, statistical epi-convergence is neither stronger nor weaker than statistical
pointwise convergence. The obvious difference between these convergence types is
obtaining minimums. Next example gives the difference between statistical epi limit
and statistical pointwise limit.

Example 2.3. Given a sequence f, : [—1,1] = R with (k € N) defined as

fola) = min{1,1 — £, 3njz+ | -2} if n=4k?,
)= min{l,1—x,2n|z+ 1| -1} if n# k>

fn+1 i

+ -1= inffn 4+ -1= inffn+1

FIGURE 1. the sequence (f,) when n # k>

In Figure 1, we see the graph of the sequence of (fn) when n # k?. Obviously, the

functions take their infimum at x,, = —% as —1.
In Figure 2, it is the graph of the same sequence (f,,) when n = k? and the functions
take their infimum at x, = —% as —2.

It can be seen clearly that, when n — oo, the sequence (f,,) has not a pointwise limit
but it converges statistically to the function f(x) = min{l,1—z} forxz e [-1,1]. It
takes all its values as bigger than 0. Actually infimum of the function f is f(1) =0
whereas the sequence (fy) takes its infimum at x, = —% % 0. We can see the
statistical limit function in Figure 3 for x € [—1,1].

On the other hand, it has no epi-limit function. Since e-liminf,, f,(0) = —2 and
e-limsup,, fn(0) = —1 are different on z = 0.
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A

4 2=inf f,;

FIGURE 2. the sequence (f,) when n = k?

FIGURE 3. statistical limit function (f, LN )

Moreover, it has statistical epi-limit function. If we take M € N as a dense set, let
n € M and —1 — 0 we have f,(—2) — —1. In other words, st-lim, f,(—1) = —1.
So the statistical epi-limit function of the sequence (fy) is written as,
1, z € [-1,0),
h(z) = -1, x =0,
1—z, z€(0,1].

We say fn — h and we can see it in the following figure.

$-1=infh

FIGURE 4. statistical epi-limit function (f, =% h)

Lemma 2.4. Let (X,d) be a metric space and (fn) a sequence of lower semicon-
tinuous functions defined from X to R, for every x € X, define g: X — R by

g(x) = sup st-liminf inf f,(y).
VeN (z) noyeV
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Then st-limsup,, (epif,) = epig.

Proof. We should establish the epigraphical inclusions of the sets st-lim sup,, (epi f,,) C
epig and epig C st-limsup,, (epify,). For the first inclusion, let (z, ) € st-lim sup,, (epif,)
be arbitrary. Let Vo € N(z) and € > 0 be fixed. By definition of the statistical
upper limit, IN € S# such that Vn € N we have

Vo x (—o0,a + &) () epifa # 0.
As a result,
d{neN: inf foly) <a+e})#0
yeVo
By Lemma [1.2| we have,

t-liminf inf f,(y) < o+ c.
st-lim in ylélvof(y)_a+€

Vo and € were arbitrary, we have g(x) < « and hence (z, ) € epig.
For the second inclusion let (z,a) € epig, for all Vj € N(z) and for all £ > 0 we
have,
a+e > g(z) > st-liminf inf f,(y).
n  yeW

Again by Lemma [1.2] we get 6({n € N : inf ey, fn(y) < a+€}) # 0. It means,
N € S§# such that ¥n € N

Vo x (foo,aJrs)ﬂepifn # 0.
and as epigraphs lie in the vertical direction, we have

Vo % (a —5,a+€)ﬂepz’fn # (.
Hence (z,«) € st-limsup,,(epify). O
Lemma 2.5. Let (X,d) be a metric space and (f») a sequence of lower semicon-
tinuous functions defined from X to R, for every x € X, define h: X — R by

h(z) = sup st-limsup inf f,(y).

VEN (z) n  YEV
Then st-liminf,, (epif,) = epih.
Proof. We want to show st-liminf, (epif,) C epih and epih C st-liminf, (epif,).
For the first inclusion, let (z, ) € st-liminf,(epif,) be arbitrary. Let Vo € N (z)
and £ > 0 be fixed. By definition of the statistical lower limit, 3N € S such that
Vn € N we have

Vo x (—oo,a—i—s)mepifn £ .
As a result,
d{neN: inf f,(y) >a+e})=0
yeVo

By Lemma [L.1] we have,
st-limsup inf f,(y) <a+e.
n yeWo
Vo and e was arbitrary, we have h(z) < « and hence (x, ) € epih.

For the second inclusion, fix (z,a) € epih. Given Vy € N(z) and e > 0, AN € S
such that Vn € N we have

st-limsup inf f,(y) <h(z)<a+e
n YW
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and it equals to the following equality
d{neN: inf f,(y) <a+e})=1.
yeWo

Hence,

d{neN:Vyx (—oo,a—i—s)mepifn #0}) =1.
We conclude that

d({neN:Vyx (a—e,a—f—s)ﬂepifn £0}) =1.
It gives (x, @) € st-liminf, (epif,) and concludes the proof. O

Next definition gives us a characterization of epi-limits with the help of Lemma
and Lemma 2.8

Definition 2.6. Let (X,d) be a metric space and (f,) a sequence of lower semi-
continuous functions from X into R, for every x € X, lower and upper statistical
epi-limit functions are defined by

(est—lim inf fn> (x) := sup st-liminf inf f,(y)
n VEN (z) n yev

(est—lim sup fn> () :== sup st-limsup inf f,(y)
n VeN (z) n  YeEV

If there exists a function f : X — R such that ey -liminf, f, = ey-limsup,, f, = f,
then we write f = eg-lim,, f,, and we say that (f,) is esi-convergent to f on X.

Lemma 2.7. Let x = (z,,) be a real sequence. Then

st-liminf z,, = inf sup x, = sup inf x,
n—+00 NeS# neN NesneN

st-limsupx, = sup inf z, = inf sup x,
n—00 Nes# neN NeS penN

By lemma the statistical epi-limit infimum can be expressed as follows:

(ese-liminf f,)(x) = sup 1nf sup 1nf fo(y) = sup sup inf inf f,(y).
" VeQ(z) NES# neN Yy veQ(z) NeSnEN yeV

Similarly, the statistical epi-limit supremum can be expressed as follows:

es-limsup f,)(x) = sup sup inf inf f,(y) = sup inf sup inf f,
(€ar-lims )(2) Joup  sup ok i) (v) Joap | s sup g ()

Remark. If the functions fn(x) are independent of z, for every n € N there exists
a constant a, € R such that f(z) = ay, for every x € X,

est-liminf f,,(z) = st-liminf oy,  eg-limsup f,,(z) = st-limsup .
If the functions f,(x) are independent of n, there evists f : X — R such that
fu(x) = f(z) for every x € X and for every n € N,
est-liminf f,, = ey -limsup f, = sc™ f.
Proposition 2.8. In a metric space (X,d) for every x € X, the following inequal-
ities hold:
(ese-liminf f,)(x) < st-liminf f,(z) , (ese-limsup f,,)(x) < st-limsup f,(z).
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Proof. Vx € X and VYV € N(x), N € S such that ¥n € N we have
W) S ) infyerfaly) < (o)

Since by the choice of our index set (n € N), we get the following inequalities,

st-lim inf Hel\f/ fu(y) < st-liminf f,(x), st-limsupinfyey fn(y) < st-limsup f,,(x).
n Y n n n
After taking the supremum over all V' € N (x) we get the desired conclusion. O

Theorem 2.9. Let (X,d) be a metric space and let (f,) be a sequence of lower
semicontinuous functions. Suppose that for each o € R, I(«vy,) of reals statistically
convergent to o with lev<q f = st-limy, (lev<a,, fn), then f = ey-lim, f,.

Proof. The condition lev<,f C st-liminf, (lev<,, f,) valid for each @ € R and

st . .
for some sequence o, — a. Let (z,a) € epif there exists a sequence «, sta-
tistically convergent to « such that lev<,f C st-liminf, (lev<,, f,). Hence z €
st-liminf, (lev<q, fn). It means there exists a sequence (z,) statistically con-

vergent to = such that x, € (lev<q, fn). Finally we get (x,, ) % (2,a) and
(x, @) € st-liminf epif,.

In order to get st-limsupepif, C epif, suppose to the contrary that (z,8) €
st-limsup epif, but that (z,3) ¢ epif. Then 8 < f(x). We can find N € §*
such that Vn € N (z,,8,) € epif, such that (z,3) € I'¢;, 3,). Choose a scalar
« between 8 and f(x) and let (cv,) be a sequence statistically convergent to « for
which lev<, f D st-limsup,, (lev<q,, fn). Wehave §(n : 8, < ay,) # 0 and (2, Br) €
epif,. AN € S# ¥Yn € N, z,, € lev<q, fn which means x € st-limsup, levy, fn.
By the inclusion st-limsup,, lev<q, frn C lev<of we get @ € lev<,f and f(z) < «
which is a contradiction. O

Theorem 2.10. The following properties hold for any sequence of lower semicon-
tinuous functions (f,) defined on X.

(i) The functions eg-liminf,, f,, and es-limsup,, f,, are lower semicontinuous and
s0 too is eg-lim, f, when it exists.

(ii) If the sequence (fy,) is monotone statistically decreasing, then eg-lim,, f,, exists
and equals sc” [inf,, fy].

(i) If the sequence (f,) is monotone statistically increasing, then es-lim,, f,, exists
and equals sup,,[sc™ fn].

Proof. (i) Let U be a family of open subsets of X, « : U — R be an arbitrary
function and f : X — R be defined by f(z) = supyen ) a(U). YU C X, Vy € U
and VU € N(y) it is clear that f(y) > a(U). Since the inequality is satisfied by for
all U € N(z) we have

inf f(y) > a(U)

yeU
Taking supremum of both sides

f@)= sup a(U)< sup inf f(y)
UEN (z) UeN(z) YU

for every = € X. Since the opposite inequality trivial we get

sup a(U) = sup inf f(y)
UEN (z) UeN(z) YU
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If we write a(U) = st-liminf, inf ey fr(y) we get the desired conclusion. The
proof is similar for functions eg-limsup,, f, and eg-lim, f,.

Now we will prove (ii), the proof of (iii) is similar. Since the sequence (f,) is
statistically decreasing, then there exists a subset K = {k; < ko < k3 <---} CN
such that §(K) = 1 and fr, > fk,,, for all n € N and its epigraph epif, will
statistically increase that is epifi, C epifi, . In statistical set convergence theory,
we have

epi(sc™ [inf f,,]) = cl U epi fn, - (2.1)
" neN
Moreover, Theorem 2.13 in [24] makes clear the following equality for statistically

increasing sequences

st-lim(epif,) = cl U epi fn, - (2.2)
neN

By using (2.1) and (2.2)) combining with Definition

st-lim(epif,,) = epi(sc™ [inf f,,]) = epi(es-lim f,).
Finally we get the desired equation sc™ [inf,, f,] = es-lim,, f,. O
Definition 2.11. The sequence (f,) is called statistically equi-lower semicontinu-
ous at a point x if and only if for all € > 0 there exists > 0 and N C S such that
for all y € B(x,d) we have,

fn(x) - fn(y) <e
for each n € M.

Next theorem gives the basic condition for which statistical convergence and sta-
tistical epi-convergence coincide.

Theorem 2.12. (f,) and f are functions from X to R, let (f,) be statistically
equi-lower semicontinuous at x. (fy) is statistically epi-convergent to f at x if and
only if (fn) is statistically convergent to f at x.

Proof. Assuming (f,) is statistically equi-lower semicontinuous at z, we have that
for all £ > 0, there exists V € N(z) and N € S such that

n i n
’ (m) e < lelVf J/ (y)

st-liminf f,,(x) —e < sup st-liminf inf f,(y)
n VEN (z) n yev

for every € > 0. Combining with Proposition [2.8| we get

st-liminf f,,(z) = sup st-liminf inf f,(y)
n VeN (z) n yeVv

which means,
st-liminf f,,(z) = eg-liminf f, ().

In similar way, we get st-lim sup,, f,.(z) = es-limsup,, fn(z) and finally we reach
the desired equality as follows

st-lim f,,(2) = eg- lim f, ().
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