JOURNAL OF MATHEMATICAL ANALYSIS
ISSN: 2217-3412, URL: WWW.ILIRIAS.COM/JMA
VOLUME 9 ISSUE 6 (2018), PAGES 28-39.

ON FIXED POINT THEOREMS VIA PROXIMINAL MAPS IN
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ABSTRACT. In this manuscript, we present a common fixed point theorem for
a pair of multivalued F' — ¥ —proximinal mappings satisfying Ciric-Wardowski
type contraction in partial metric spaces. An example and application to
system of integral equations are given to support our results

1. INTRODUCTION

In 1922, Banach established the most famous fundamental fixed point theorem
(the so-called the Banach contraction principle [10]) which has played an important
role in various fields of applied mathematical analysis. Due to its importance and
simplicity, several authors have obtained many interesting extensions and general-
izations of the Banach contraction principle.

In 2012, Wardowski [34] introduced a new type of contraction called F'—contraction
and proved a new fixed point theorem concerning F'—contraction. He generalized
the Banach contraction principle in a different aspect from the well-known results
from the literature . Acar et al.[4] introduced the concept of generalized multivalued
F—contraction mappings. Further Acar et al. [3] extended multivalued mappings
with d—Distance and established fixed point results in complete metric space. Sgroi
et al. [30] established fixed point theorems for multivalued F—contractions and ob-
tained the solution of certain functional and integral equations, which was a proper
generalization of some multivalued fixed point theorems including Nadler’s. Ah-
mad et al. [5] recalled the concept of F—contraction to obtain some fixed point
and common fixed point results in the context of complete metric spaces. Recently,
Nazam et al.,[21] proved a common fixed point theorem for a pair of self-mappings
satisfying F-contraction of rational type in complete metric spaces.
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2. PRELIMINARIES

In this section, R, R™, N, and N* will represent the set of all real numbers, non-
negative real numbers, natural numbers and positive integers, respectively. Some el-
ementary definitions and relevant results of partial metric spaces and F'—contraction
are borrowed, which are necessary in our subsequent discussion.

Definition 2.1. [I9] A partial metric on a nonempty set X is a function p :
X x X = R" such that for all z,y,z € X :

(Pl) z=yep,z)=pyy) =p(@y);
(P2) p(z,z) < p(z,y);

(P?’) p (LE, y) =P (y7 JC),'

(P4) p(x,y) <p(x,2) +p(2,y) —p(2,2).

A partial metric spaces is a pair (X, p) such that X is a nonempty set and p is a
partial metric on X. It is clear that, if p (x,y) = 0, then from (P1) and (P2) z = y.
But if x = y, p(z,y) may not be 0. Also, every metric space is a partial metric
space, with zero self distance.

Example 2.2. [19] If p: R* x R — R* is defined by p (z,y) = max{z,y}, for all
x,y € RT, then (R, p) is a partial metric space.

For more examples of partial metric spaces, we refer the reader to [§] and the
references therein.

Each partial metric p on X generates a Ty topology 7 (p) on X which has a base
topology of open p—balls {B, (z,¢) : « € X, ¢ > 0} and B, (z,e) = {y € X :
p(2,9) < +p (@)}

A mapping f : X — X is continuous if and only if, whenever a sequence {z,} in
X converging with respect to 7 (p) to a point € X, the sequence {fz,} converges
with respect to 7 (p) to fx € X.

Let (X, p) be a partial metric space.

(1) A sequence {z,} in partial metric space (X, p) converges to a point z € X if
and only if p (x,2) = lim,— 00 p (Tp, x) .

(i4) A sequence {z,} in partial metric space (X,p) is called Cauchy sequence
if there exists (and is finite) lim,, ;n— o0 P (T, Tm ). The space (X, p) is said to be
complete if every Cauchy sequence {z,} in X converges, with respect to 7 (p), to
a point x € X such that p (z,2) = limy, m—oo P (Tn, Tm) -

(7i1) A sequence {z, } in partial metric space (X, p) is called 0-Cauchy if limy, 1—s00 P (Tn, Tm) =
0. The space (X, p) is said to be 0-complete if every 0-Cauchy sequence in X con-
verges (in 7 (p)) to a point 2 € X such that p (x,x) = 0.

Lemma 2.3. Let (X,p) be a partial metric space.
(a) 21, If p(an,z) = p(z,2) =0 as n — oo, then p(xn,y) — p(z,y) as n — oo
for each y € X.
(b) [28] If (X,p) is complete, then it is 0—complete.

It is easy to see that every closed subset of a 0-complete partial metric space is
0-complete. The following example shows that the converse assertion of (b) need
not hold.

Example 2.4. [28] The space X = [0,+00) N Q with the partial metric p (z,y) =
max{x,y} is 0-complete, but is not complete. Moreover, the sequence {x,} with
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Zn = 1 for each n € N is a Cauchy sequence in (X,p), but it is not a 0-Cauchy
sequence.

Definition 2.5. [I8] Let (X,d) be a metric space and f : X — X be a mapping.
Then it is said that f satisfies the orbital condition if there exists a constant k €
(0,1) such that

d(fz, f*z) <k d(z, fz), (2.1)
forallz € X.

Theorem 2.6. [I] Let (X, p) be a 0—complete partial metric space and f : X — X
be continuous such that

p(fz, fz) <k p(=, fz) (2.2)
holds for all x € X, where & € (0,1). Then there exists z € X such that
p(z,2z)=0and p(fz,2)=p(fz fz).

Definition 2.7. [18] Let (X,p) be a partial metric space and f : X — X be a
mapping with fized point set Fix(f) # ¢ . Then f has property (P) if Fiz(f™) =
Fix(f), for each n € N.

Lemma 2.8. [I8] Let (X,p) be a partial metric space, f : X — X be a self map
such that Fiz (f) # ¢. Then [ has the property (P) if holds for some k € (0,1)
and either (i) for all x € X, or (ii) for all x # fux.

Definition 2.9. [9] Let K be a nonempty setand let x € X. An element yo € K is
called a best approrimation in K if

d(z,K) = d(x,y0), where d(z,K) = igf(d(a:,y).
y

If each x € X has at least one best approximation in K, then K is called a proximinal
set.

Definition 2.10. [9] The function H : P(X) x P(X) — R™, defined by
HP(A7B) = max{supp(a,B), Supp(A7b)}
acA beB

is called partial Hausdorff metric on P(X).

Lemma 2.11. Let (P(X),Hp) be a partially Hausdorff metric space on P(X).
Then for all A, B € P(X) and for each a € A there exists b, € B satisfies d(a, B) =
d(a,b,) then Hy(A, B) > d(a,b,).

Let ® be the set of functions ¢ : [0, 00) — [0, 00) such that

1. ¢ is upper semi-continuous.

2. ¢ (t) <t, for each t > 0.

Let ¥ denote the set of all decreasing function % : (0,00) — (0, 00).
Wardowski [34] defined F—contraction as fallows:

Definition 2.12. [34] Let (X, d) be a metric space. A mapping T : X — X is said
to be an F contraction if there exists T > 0 such that

Ve,y € X, d(Tx,Ty) > 0= 1+ F (d(Tz,Ty)) < F (d(z,y)) (2.3)

where F': RT — R is a mapping satisfying the following conditions:
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(F1) F is strictly increasing, i.e. for all z,y € R such that z < y, F(z) < F(y);

(F2) For each sequence {a,}52, of positive numbers, lim, o @, = 0 if and
only if

lim,, 00 F(ty) = —00;

(F3) There exists k € (0,1) such that lima — 0t a*F(a) = 0.

We denote by Ap, the set of all functions satisfying the conditions (F1)-(F3) .

Example 2.13. [34] The Family of F is not empty.

(1) F(z) =1In(z);z > 0.

(2) F(z)=x+1In(z);z > 0.
(3) F(x) =1In(a? +x);2 > 0.
(4) F(z) = \_/—%;z >0

Remark. From (F1) and (1.3) it is easy to conclude that every F-contraction is
necessarily continuous.

Wardowski [34] stated a modified version of the Banach contraction principle as
follows.

Theorem 2.14. [34] Let (X, d) be a complete metric space and let T : X — X be
an F' contraction. Then T has a unique fived point x* € X and for every v € X
the sequence {T"x},en converges to x*.

3. MAIN RESULTS

In this section we present our essential results.

Let (X,p) be a partial metric space, zg € X and S,T : X — P(X) be the
multifunctions on X. Let x; € Sz be an element such that p(zg, Szo) = p(xo, x1).
Let o € Txy be such that p(x1,Tz1) = p(z1,22). Let 5 € Szo be such that
p(z2, Sze) = p(xq,x3). Continuing this process, we construct a sequence z, of
points in X such that x9,41 € Szo, and zon42 € Txony1, where n = 0,1,2, ...
Also p(w2n, ST2n) = p(T2n, T2n+1)s P(T2nt1, TT2n11) = p(Tant1, Tany2). We denote
this iterative sequence by {T'S(z,)}. We say that {T'S(z,)} is a sequence in X
generated by xg.

We begin with the following definition.

Definition 3.1. Let (X, p) be a complete partial metric space. The mappings S,T :
X — P(X) are said to be a pair of Cirié-Wardowski type generalized multivalued
F — U—proziminal contraction, if there exist ¥ € U and ¢ € ® such that for all
x,y € X with p(Txz, Ty) > 0,

Y (p(z,y)) + F(Hp(Sz,Ty)) < F (¢ (M (,y))) (3.1)
where F' € Apand 7 > 0, and

p(x,Sz).p(y, Ty) p(x,Sz).p(y, Ty)
L+p(zy) = 1+p(Sz,Ty)

M(z,y)) = max {p<x, ),

(3.2)
The following theorem is one of our main results.

Theorem 3.2. Let (X,p) be a partial metric space and S,T : X — P(X) are said
to be a pair of multivalued mappings such that

,p(x, Sz), p(Y, Ty)}
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(1). (S,T) are pair of continuous mappings,

(2). (S,T) are pair of Ciric-Wardowski type generalized multivalued F'—W¥ —proximinal
contraction .

Then the pair (S,T) have a common fixed point v in X and p(u,u) = 0.

Proof. We begin with the following observation: O

If, M(y,z) = 0, then clearly x = y is a common fixed point of (S, T) .and there is
nothing to prove and our proof is complete. In ordered to find common fixed point
of both S and T for the situation when M (y,x) > 0 for all z,y € X with x # y, we
construct an iterative sequence {T'S(x,)} generated by xo.Then from contractive

condition (3.1]), and Lemma we get
¥ (P (22041, B2i42)) + F(Hp(Sw2i, T22i41)) < F ((M (221, T2i41))) (3.3)
for all ¢ € NU {0}, where

1+p(z2i,22i41) ’ 1+p(Sxoi, Tx2i41)

p(x2_ To; 1) P(x2i,5%2:) - p(®2it1,Tw2i11) p(r2i,822i)-P(x2i41,T%2i41)
M(l’gi, f£2i+1) = max v i+l
yP(T2:, Sw2;), (w2541, TT2441)

p(x Lo ) p(22i,%2i41)-P(T2i+1,%2i4+2) P(T2:,22i+1)-P(T2i41,Z2i+2)
— max 21, L2i+1)s 14+p(z2i,%2i+1) ’ 14+p(z2it1,22i+2)

D(T2i, T2i41), P(T2i41, T2i42)
= maX{P(ﬂfzi,$2i+1)7p(962i+17$2i+2)}~

If for some i € Nt M (x9;, 22;41) = p(Z2i41, T2i12), then taking (?7) into account,
we get that

Y (p (22041, T2i12)) + F(Hp(S22i, T22i11)) < F (O(M (22141, ¥2i12)))
On using the property of ¢ and from (F'1), we get

Y (p(®2i41, T2i42)) + F(Hp (S22, Tx2i41)) < F (p(T2i41, T2i42))

for all ¢ € NU{0}. Since,¢ (p (z2i+1, T2i+2)) > 0, which give contradiction, yielding
thereby

M(.’L‘gi_H, $2¢+2) =D (.’L‘QH_l, IQH_Q) s for all 7 € N+.
Therefore from and by the property of F, ¢ and v, we get

F (¢ (p(22i, 22i41))) — ¥ (p(22:, 22i41))

F (¢ (p(w2, 02i41))) (3.4)
F(p(z2iy1,22i42)) < F(p(w2i,72i41))-

It fallows from the above inequality and property of (F'1) that

F(P(l’m-s-l, 1?2@+2))

VARVAN

(2141, T2i42) < p(T2i, ¥2i41) for all i € NT

Thus {p(z2i+1,T2i+2)} is a decreasing sequence of positive real numbers . Conse-
quentely from (3.4) , we have

F(p(z2iq1,22i42)) < F(p(r2i,22i41)) — ¥ (p(22i, ¥2i41))
< F (P(ﬂﬁzi—179€2z‘)) -y (p($2i—1,$2i)) - (p($2i71'2i+1)) .

As 1) is a decreasing function, we get

F (p(z2i41, 22i42)) < F (p(@2i-1,22:)) — 2¢ (p(x2i-1, %2i))
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Repeating the same process, we get

F(p (22541, T2i42)) < F (p(20,21)) — ntp (p(xo, 21)) (3.5)
Since, F' € Ap, letting the limit as ¢ — oo in (3.5 we must have

Aim £ (P (z2i41, T2iq2)) = —00 <= illrgop(xziﬂaﬂfmn) =0. (3.6)

Further, by (P2) we have the following equality
lim p (z;,2;) = 0. (3.7)

1—00
Next, we will show that {z;}$2, is a Cauchy sequence in X. Suppose, to contrary
that, {z;}$2; is not a Cauchy sequence in a complete partial metric space (X,p).
Then there exisit € > 0 and two sub-sequences {z;()} and {z;()} of {z;}§2, such
that i (k) > j (k) > k and
P (%), Tite) = &
which yields
p (a?j(k), xi(k)—l) <e. (38)
Applying the property (P4) and inequality (3.8]), we get
e < p(@ims i) <P (@im):Tim+1) TP (o1, Tiw) — P (Ti)+1, Tj+1)
P (250 Tiy+1) T2 (2500415 Ti) + 2 (25000, Tak) — 2 (25000, jn))
2 (j(k) j+1) + P (@500, Ticw))
2p (xj(lc)axj(k)Jrl) +p (xj(k)axi(k)fl) +p (331‘(1@)717%(@) —-p (ﬂﬁi(k)q,xi(k)q)
2p (25(h), Tj(y+1) + 2 (200, Tigey—1) + P (Tigwy—15 Tiw))
20 (k) Tjky+1) + €+ 0 (Tigy—1, Tigry ) 5
which on making £ — oo, yields

IANINCIN CIN IAN A

kh—g;o (.Z‘j(k),xi(k)) =E&. (3.9)
Furthermore, from (P4), (3.6) , and (3.9) , we can get
Jm p (2, @i 1) = e
Jim p (241 2i0) = &
and
kh%IEO (xj(k)-l—lvxi(k)—&-l) =E&. (310)
Also from (3.7)) there exists a natural number iy € N such that

g g
P (Tighy, Tigry+1) = 1 and p (j(k), Tj(r)+1) = 1

forl all 4,k > ip. Now we claim that
P (Tiry, Ti) = P (i) 11, Tjk)41) > 0. (3.11)

Suppose on contrary that, p (ik)+1,Zjk)+1) = 0. Then

e < p (xi(k), ij(k)) <p (xi(k), fUz‘(k)H) +p (xi(k)+1a xj(k)) -D ($z‘(k)+17 xi(k)Jrl)
< (i) Tiw+1) P (T T 1) TP (2041 Tim) — P (250041, T +1)
< P (@i Ty 1) P (@i 11, Ti+1) P (Ti00110 Ti))
< Sqo4c=°

4 42
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which yields a contradiction, thus (3.11)) holds. Then it follows by the contractive
condition (3.1) and the property of ¢ that

b (p (i) i) + F (Hp (ziry 11, 2500+1)) = ¥ (0 (@i ziny)) + F (Hp (Szicry Tojr)))
< F (o (M (zigy.z; (K)))), ie., (3.12)
F(Hp (zigry+1,2j041)) < F (6 (M (i), 25 ()))) -

By the definition of M (z,y), (3.9), (??) and after repeating the same process, we
get
lim M (xz(k),ajj(k)) =E&. (313)

k—o0

Letting k& — oo in (3.12) and taking into account (3.6, (3.9), (3.10), (3.14),

property (F?)/) and upper semi continuity of ¢, we find that F' () < F (¢ (¢)) <

F (g), which gives a contradiction. Thus, we conclude that

i,J —»00
i.e., the sequence {T'S(x;)}22, is a 0-Cauchy sequence. Therefore, the 0-completeness
of X ensures that there exists a point « € X such that {T'S(z;)} — u that is

lim p(u,z;) =0. (3.14)
1—00
Now,
F(p(u,Tu)) < F(p(u,z2i+1) + p(@2i41, Tu))
< F(p(u,x2i+1) + Hp(Sze;, Tu)) by Lemma 1.11
< F(p(u, $2i+1>) + F(HP(S.%‘QZ', Tu)) (315)
By using inequality (3.1)), we have
P (p (u, Tw)) + F(Hp(Sxo;, Tu) < F(oM (22, u)) (3.16)
where,
) p(z2;,ST2;).p(u,Tu) p(z2;,Sxa;).p(u,Tu)
M(z2;,u) = max p(@2i, u), 21+I>?$2117U) ’ 12+p(82:c2i,Tu) )
p(-Tin Sin)ap(ua TU)

) P(®2:,%2i41) p(w,Tu) p(x2i,T2i41).p(u,Tu)
max p(l‘gz, u)’ 12+p(2$;,17$21:+1) ’ 21+p2(§$121:7TU) ’ .
p(T2i, T2i41), p(u, Tw)
Taking limit ¢ — oo, and by using (3.14)), we get
p(z2i,u) = p(u, Tu). (3.17)

It fallows from the above inequality that

F(p(Tu, Tu)) < F (¢ (p(u, Tu))) = ¢ (p(u,u)),
which implies that

p(u, Tu) < p(u, Tu).

Which is a contradiction, hence p(Tu,Tu) = p(u, Tu) = 0 or w € Tw. Similarly by
using (3.14)), Lemma 1.11 and the inequality

Y (p (u, Su)) + F(p(Su,u)) < F(p(Su, 2n+2) + p(T2n+2, Su))
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we can show that p(Su,u) = 0 or u € Su. Hence the pair (S,T) have a common
fixed point v in (X, p). Now,

p(u,u) < pu, Tu) + p(Tu,u) <O0.
This implies that p(u,u) = 0.
Example 3.3. Let X = R be equipped with a usual partial metric p (z,y) =

max {(|z], |y])}, It is obvious that (X, p) is 0—complete partial metric space. Define
the mappings S, T : X — P(X) as follows:

S(x) = [;:cgm} and T(z) = [1

2
5w, Sx] for all x € X.

Then S, T is a pair of continuous mappings. Define the function F : R™ — R by
F(z) =In(z) and for x =2 and y = 3, we have

i <[ £ )

Define v : (0,00) — (0,00) by ¢ (t) = m and let ¢ : [0,00) — [0,00) be given
by o (t) = %. It is easy to see that S,T is a Cirié-Wardowski type generalized

multivalued F' — W —proximinal contraction on X. In short we proceed as follows:

L.H.S

1 1
= 1 log(1.8) = — +0.25552 = 0.26666.
0t el =gt

R.H.S=F (¢ (M (z,y))) where

p(x,Sz).p(y,Ty) p(=x,Sz).p(y, Ty)
1+ p(x,y) " 14 p(Sz, Ty)

Now for z = 2 and y = 3, we have

M(z,y)) = max {p(x, Y), ,p(x, S7), p(Y, Ty)} :

1+p(273) ’ l+p(S(2)7T(3))
p(2,5(2)),p(3,T(3))

p(2[3.3) p(3.2.8]) P(2(3,4)pB,(2.8)
B max{ p(2,3), =065 ES C(ERINERI S }
p(2, 12, 40),p(3, [,

2.3) P(2,5(2)).p(3,T(3)) p(2,5(2)).p(3,T(3))
M(2,3) = max{ p(2,3), ’

Thus,
In(p(2,3)) = In(5) = 1.6094
Hence

0.2666 < 1.6094

Hence all the hypothesis of Theorem 2.2 are satisfied. So (S,T) have a common
fixed point.
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Corollary 3.4. Let (X,p) be a complete partial metric space. The mappings S, T :
X — P(X) are said to be a pair of multivalued F — U —proziminal contraction, if
there exist 1 € ¥ and ¢ € ® such that for all x,y € X with p (Tx,Ty) > 0,

¥ (p(z,y)) + F(Hp(Sz, Ty)) < F (¢ (M (z,y)))
where F' € Apand T > 0, and

p(x,Sz).p(y, Ty) p(x,Sz).p(y, Ty)
1+p(x,y) " 14 p(Sz, Ty)

M(a.y) = max {p(z.), o 50) |

Then the pair (S,T) have a common fized point u in X and p(u,u) = 0.

Corollary 3.5. Let (X,p) be a partial metric space and S, T : X — P(X) are said
to be a pair of multivalued mappings such that

(1). (S,T) are pair of upper semi-continuous mappings,

(2). (S,T) are pair of Ciric-Wardowski type generalized multivalued F'—W¥ —proximinal
contraction .

Then the pair (S,T') have a common fixed point u in X and p(u,u) = 0.

4. APPLICATION TO A SYSTEM OF INTEGRAL EQUATIONS

In this section, we discuss the application of Theorem 2.2 in form of following
Volterra type integral equations

t

vm:/Kw@wm@+ﬂm (4.1)
0
C(t) = / Ka(t, s,0(s))ds + g(t) (4.2)

0

for all t € [0,1]. We find the solution of (4.1)) and (3.2). Let X = C([0,1]) be
the set of all real continuous functions on [0, 1], endowed with the complete partial
metric spaces. For v € C([0, 1], R), define supremum norm as:

max ||, v]|, = max { sup {y(t),v(t)}e 7"
t€0,1]

where 7 > 0 is taken arbitrary. Then

pr(v,0) = maX{ sup | [v(t), v(t)] 6_”||r}
te(0,1]
for all v,v € C([0,1],R). With these setting, C([0,1],R, || - ||-) becomes complete
partial metric space.
Now we prove the following theorem to ensure the existence of solution of integral
equations.

Theorem 4.1. Assume the following conditions are satisfied:
(i) K1,K5 :[0,1] x [0,1] x R = R and f,g:[0,1] — R are continuous;
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(ii) Define

t

n
)
>
N—

I

Ki(t,s,7(s))ds + f(D),
0

To(t) = /Kg(t,s,v(s))ds+g(t).
0

Suppose there exist T > 1, such that
max |K1(t,s,7), Ka(t, s,v)| < 7e”7[M(v,)]
for allt,s € [0,1] and v,v € C([0,1],R), where

1+max|v(t),v(t)] ’ 1+max|Sv(¢t),Tv(t)]

M(’y v) . max |"Y(t), ”U(t)| ’ max|vy(t),Sv(t)]. max|v(t),Tv(t)] max|y(t),Sv(t)|. max|v(t),Tv(¢)]|
’ max |7(t), Sy(t)[ , max v(t), Tv(t)] ’

Then integral equations (4.1) and (4.2) has a solution.

Proof. By assumption (ii)

t
max |S5(0), To(0)] = [ max Ko (¢, 5.5(5) Ka(t, 5, 0(5)| ds
0
t
< /Te_T([M('y,v)]e_”)e”ds,
0
t
< /Te_THM('y,v)HTe”ds,
0
t
< T€7THM(’Y,’U)||7—/€TSdS,
0
—T 1 Tt
< e IM () e,
< MM (v, v)[| e

This implies
max [$y(t), Tv(t) e < 77| M(y,v)]--
That is
max || Sy(t), To(t)|l- < e[ M (7, v)]|-,

which further implies
7+ Inf{max ||Sy(¢), Tv(t)[|+ } < In || M (7, )]+

So all the conditions of Theorem are satisfied. Hence integral equations given
in (4.1))and (4.2) has a unique common solution. |
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4.1. Conclusions. In this paper we have studied common fixed point theorem
for a pair of multivalued F' — U —proximinal maps satisfying Ciric-Wardowski type
contraction in partial metric spaces. This will lead towards a new generalization of
F-contractions by using the idea of proximinal maps for Kannan-Wardowski and
Chatterjea-Wardowski type mappings.
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