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ON SOLUTIONS OF INFINITE SYSTEMS OF INTEGRAL
EQUATIONS IN N-VARIABLES IN SPACES OF TEMPERED
SEQUENCES ¢ AND [/

MAJID GHASEMI, MAHNAZ KHANEHGIR, REZA ALLAHYARI

ABSTRACT. The aim of the present paper is to establish the existence of solu-
tion of infinite systems of integral equations in N-variables in spaces of tem-
pered sequences cg and l? by applying Meir-Keeler condensing operators. Our
theorems improve the results of Hazarika et al. (Journal of Computational and
Applied Mathematics 326 (2017) 183-192). The results we have established are
illustrated with some examples which also show that the improvements are ac-
tual.

1. INTRODUCTION

The degree of noncompactness of a set is measured by means of functions called
measures of noncompactness. The first measure of noncompactness, the function «,
was defined and studied by Kuratowski [TI4] for purely topological considerations.
In 1955, Darbo [I0] used this measure to generalize Banach’s contraction mapping
principle for so-called condensing operators. The Hausdorff measure of noncom-
pactness x was introduced by Goldenstein et al. [I1I] in the year 1957, and it was
further studied by Goldenstein and Markus [12]. Measures of noncompactness are
very useful tools widely used in fixed point theory, differential equations, integral
and integro-differential equations, and optimization, etc. They have also been used
in defining geometric properties of Banach spaces and in characterizing compact
operators between sequence spaces.

The study of sequence spaces has been of great interest recently. A number of
books have been published in this area over the last few years (see, for example [g]).
Sequence spaces have various applications in several branches of functional analysis,
in particular, the theory of locally convex spaces, matrix transformations, as well
as the theory of summability invariably depends upon the study of sequences and
series.

In recent years, a lot of scholars (see e.g. [Il [0, [I5]) studied the existence of
solutions of integral equations in one or two variables on some spaces. Mursaleen
and Mohiuddine [18] proved existence theorems for the infinite system of differential
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equations in the space l,. Furthermore, existence theorems for the infinite systems
of linear equations in [; and I, were given by Alotaibi et al. [4]. Mursaleen and Rizvi
[19] studied solvability of infinite system of second order differential equations in ¢
and [; by Meir-Keeler condensing operators. Mursaleen and Alotaibi [I7] proved
existence theorems for the infinite system of differential equations in some BK-
spaces. Arab et al. [B] investigated the existence of solutions of system of integral
equations in two variables. Hazarika et al. [I3] studied solvability of the infinite
systems of integral equations in two variables in the sequence spaces ¢y and [y.
Classical sequence spaces are not always suitable to consider initial value problems
for infinite systems of differential equations. Therefore, in order to consider those
initial value problems we are frequently forced to treat the problems in question in
enlarged sequence spaces. Such sequence spaces can be obtained if we consider the
so-called tempered sequence spaces.

To define the mentioned spaces let us fix a real sequence 8 = (3,,) such that j3,, is
positive for n = 1,2,... and the sequence (f,) is nonincreasing. Such a sequence
B will be called the tempering sequence. Next, consider the set X consisting of all
real (or complex) sequences z = (x,) such that 8,2, — 0 as n — oo. It is easily
seen that X forms a linear space over the field of real (or complex) numbers. We
will denote this space by the symbol cg. It is easy to check that cg is a Banach
space under the norm

[2llcs = (zn)llp = sup{Bnlwn| :n =1,2,...}.

In a similar way we may consider the space l*f consisting of real (complex) sequences
(z,,) such that the sequence (8,,) converges to a finite limit. Obviously 7 forms
a linear space and it becomes a Banach space if we normed it by norm

)
Izl = I @a)lls = D Bulzal-
n=1

Let us pay attention to the fact that taking 5, = 1 for n = 1,2,... we obtain
spaces cg = ¢g, and l? = [;. Similarly, if the sequence (3,) is bounded from below
by a positive constant m i.e., if 8, > m > 0 for n = 1,2,..., then the norm in
the tempered sequence space cg , (lf ) is equivalent to the classical supremum ()
norm in the space ¢y (I1). Thus, to obtain an essential enlargement of the spaces
¢o we should to assume that the tempering sequence (3,,) converges to zero. The
pairs of the spaces (co, cg) and (l?, l1) are isometric [7].

Now, in this paper we study the existence of solutions of infinite system of integral
equations in N-variables in the spaces cg and lf by applying Meir-Keeler condensing
operators. The results obtained in this paper generalize and extend earlier results
due to Hazarika, Das, Arab and Mursaleen (see [13]).

The rest of the paper is organized as follows. In Section 2, we provide some
notations, definitions and preliminary facts which will be needed further on. In
Section 3, we construct the Hausdorff measures of noncompactness in both sequence
spaces COB and lf . Sections 4 and 5 are devoted to applications of the results obtained
to infinite systems of integral equations in IN-variables in theses sequence spaces.
We also give some examples to verify the effectiveness and applicability of our
results.
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2. NOTATION AND AUXILIARY FACTS

Suppose (E, ||-||) is a real Banach space with zero element 0. The symbol B(z, )
stands for the ball centered at x with radius r. For a nonempty subset X of F,
we denote by X and ConvX the closure and closed convex hull of X, respectively.
Moreover, let 9y indicate the family of nonempty and bounded subsets of E and
Mg indicate the family of all nonempty and relatively compact subsets of F.

Definition 2.1. A mapping u : Mg — Ry = [0,+00) is said to be a measure of
noncompactness in E if it fulfils the following conditions:

1° The family ker p = {X € Mg : u(X) = 0} is nonempty and ker u C Ng,

2° X CY implies that u(X) < pu(Y),

3% w(X) = p(X),

4° p(ConvX) = pu(X),

5° WX + (1= \)Y) < Au(X) + (1= Npu(Y) for A € 0, 1],

6° If X,, e Mg, X, =X,, and X;,11 C X, forn=1,2,... and lim u(X,) =

n—oo
0, then the intersection set Xoo = ﬂ X, is nonempty.
n=1
In the following, we denote by My, the collection of all bounded subsets of a

metric space (X, d).

Definition 2.2. [6] Let (X, d) be a metric space and Q € Mx . Then the Kuratowski
measure of noncompactness of Q, denoted by a(Q), is the infimum of the set of all
numbers € > 0 such that Q can be covered by a finite number of sets with diameters
€, that is

a(Q):inf{E>O:QC USZ»,SZ- C X, diam(S;) <e (i =1,2,...,n); nEN},
i=1
where diam(S;) = sup{d(z,y) : x,y € S;}.

The Hausdorff measure of noncompactness for a bounded set @ is defined by

x(Q) = inf{&t >0:QC U B(xi,ri),z, € X,r;<e (i=1,2,...,n); n€ N}.
i=1
The Hausdorff measure of noncompactness is often called ball measure of noncom-
pactness .

Lemma 2.3. [0] Let Q, Q1 and Q2 be bounded subsets of a metric space (X,d).
Then

1° x(Q) =0 if and only if Q is totally bounded,
2° Q1 C Q2 implies that x(Q1) < x(Q2),

3° x(Q) = x(Q),

4° x(Q1 U Q2) = max{x(Q1), x(Q2)}

In the case of a normed space (X, || - ||), the function x : Mx — Ry has some
additional properties connected with the linear structure for example, we have
i) x(Q1 4+ Q2) < x(Q1) + x(Q2),
1) x(Q +x) = x(Q) for all x € X,
1i1) x(AQ) = |A\|x(Q) for all A € C,
) X(Q) = x(ConvQ).
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Definition 2.4. [3] Suppose that E; and Eo are two Banach spaces and py and
W are arbitrary measures of noncompactness on Ey and FEo, respectively. Also,
suppose T : B4 — Ey is a continuous operator satisfies the following condition:

p2(T(C)) < 1 (C)

for every bounded noncompact set C C Ey, then T is called a (p1, 2)-condensing
operator.

Remark. If in Definition FEy = E; and py = py = w, then T is called a
u-condensing operator.

Theorem 2.5. (Darbo [10]) Let C' be a nonempty, bounded, closed and convex
subset of a Banach space E and let T : C' — C be a continuous mapping. Assume
that a constant k € [0,1) exists such that

w(T(X)) < ku(X)

for any nonempty subset X of C, where pu is a measure of noncompactness defined
in E. Then T has a fized point in the set C.

The contractive maps and the compact maps are condensing if we take as mea-
sure of noncompactness the diameter of a set and the indicator function of a family
of non-relatively compact sets, respectively [2]. In 1969, Meir and Keeler [16] in-
troduced the concept of Meir-Keeler contractive mapping and proved some fixed
point theorems for this kind of mappings. Thereafter, Aghajani et al. [2] general-
ized some fixed point and coupled fixed point theorems for Meir-Keeler condensing
operators via measures of noncompactness.

Definition 2.6. [I6] Let (X,d) be a metric space. Then, a mapping T on X is
said to be a Meir-Keeler contraction if for any e > 0, § > 0 exists such that

e<d(z,y)<e+d=d(Tz,Ty) <¢
forallx,y € X.

Theorem 2.7. [I6] Let (X,d) be a complete metric space. If T : X — X is a
Meir-Keeler contraction, then T has a unique fized point.

Definition 2.8. [2] Let C be a nonempty subset of a Banach space E and p be an
arbitrary measure of noncompactness on E. An operator T : C — C is called a
Mier-Keeler condensing operator if for any e > 0, § > 0 exists such that

e<u(X)<e+d implies w(T(X)) <e
for any bounded subset X of C'.

Theorem 2.9. [2] Let C be a nonempty, bounded, closed and convexr subset of
a Banach space E and p be an arbitrary measure of moncompactness on E. If
T :C — C is a continuous and Meir-Keeler condensing operator, then T has at
least one fized point and the set of all fixred points of T in C is compact.
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3. HAUSDORFF MEASURE OF NONCOMPACTNESS IN SPACES OF TEMPERED
SEQUENCES

In this section, we formulate the Hausdorff measures of noncompactness y in the
Banach spaces (cg, Il - ||cg) and (lf, I| - ”lf) in N-variables.

Let @ be a bounded subset of the normed space (c5, || - ||C§)7 then the Huasdorff
measure of noncompactness y in the Banach space (cg - ||Céa) can be formulated
as follows (see [7]):

x(Q) = lim sup (I;l;i;{ﬂk|zk(t17...,t]\z)|)}, (3.1)

n=0 L (b, tN)EQ =z
where z(t1,...,tn) = (zi(t1,. .., IN))2, € COB for each (t1,...,ty) € RY and Q €
M 5.
0
In the Banach space (17, - || lf)’ the Huasdorff measure of noncompactness x can
be defined as follows :

oo

X(Q) = lim L( sup (3 Belzltn, )l (3.2)

n—roo t1,.IN)EQ N T,
where z(t1,...,tn) = (2i(t1, ..., tn))2, € 17 for each (ty,...,tx) € RY and Q €
Dﬁl?.
Consider the infinite system of integral equations in N-variables

ay(t1) an(tN)
Zn(t1a~-~7tN):fn(t1a~-~7tNa/0 A gn(tl,...,tN,sl,...,sN,Z(sl,...,SN))dsl...dSN,Z(tl,...,tN)>,
(3.3)
where z(t1,...,tn) = (2i(t1,... . tN))2q, (t1,...,tn) € RY, n € N and 2 €
C(RY,R) for all i € N.

4. EXISTENCE OF SOLUTIONS FOR INFINITE SYSTEMS OF INTEGRAL EQUATIONS
IN N-VARIABLES IN TEMPERED SEQUENCE SPACE Cg

In this section, we are going to show how the measure x, defined in (3.1)), can be
applied to the infinite system of integral equations ([3.3) in the sequence space c¢g.

Theorem 4.1. Assume that the following conditions are satisfied.
(1) a1,...,an : Ry — [0,00) are continuous.
(ii) fo:RY x RxR*® = R (n € N) is continuous with

Ko = sup { Bl fi(tr, o 68, 0,20t )] 51, oty Ry} < 00,
k>n

h 0 0 > © gnd 9 .
where z (tl,...,tN):(zi(tl,...,tN))_ 1e]R ana z; (t1,...,tn) =0,Vi €N, (t1,...,tN) €

7=

RY. Also, continuous functions u,,m, : RY — Ry (n € N) exist such that
[fn(te, . tn,p(te, -yt ), 2(E1, oo EN)) = fr(ta, e tN, g(t, - BN Z(E -5 EN))
< un(tl,...,tN)gaz(ﬁi\zi(tl,...,tN)—zﬁ-(tl,.l.,tN)\
Fmp(t1, ... tN) P, .- tN) —q(t1, ..., tN)],
where p and q are mappings from Rf mto R, z(t1,...,tn) = (zi(tl,...,tN))oo

=1
oo
2(t1,...,tN) = (Z(tl,...,tN)>_ L € R,

1=
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(iii) gn : RZY x R® = R (n € N) is continuous and a constant G,, exists so that

a1(t1) N(tN)
Gn = sup { Bemg(t1,...,tN )/ / Ik (tl,...,tN,sl,...,sN,z(s1,...,sN))dsl...dsN‘},
k>n
where t1,...,tN,s1,...,8§y € Ry and z(s1,...,sy) € R®. Moreover, for each n we
have

) a1 (t1) an (tN)
lim Bn‘mn(tl,...,tN)/ / [gn(tl,...,tN,sl,A..,sN,z(sl,...,sN))
7gn(t1,...,tN,51,...,SN,Z(Sl,...,SN))]dsl ...dSN‘ =0.

(iv) Define an operator Z : RY x & = as follows
(1, tN, 2(81, - tN)) = (Z2) (1, -+ - tN), where

(Z2)(t1,. . tN) = (ﬂlfl(tlv---7tN7U1(Z)(t17---»tN)»Z(tlv---»tN))v
52f2(t17"'7tN7U2(Z)(t1""7tN)7Z(t1’~"7tN))7"'>)

ay(ty) an(tn)
where vy (2)(t1, ..., tN) = / / gn(t1,. - tN,S1,.-.,SN,2(81,...,8N))ds1 ... dsn.
(v) hm K, =0 and hm G, = 0. Also, supK =K, squ =G, and

sup{ﬁnun(tl,...,tN).th.. v ERY} = U<oo.90 that0<U<1

Then the infinite system has at least one solution z(t1,...,tn) = (zi(tl, . ,tN))
i=1

which belongs to the space ¢ for all ty,...,txy € Ry. Also, z; € C’(Rf,R) for all

1€ N.

Proof. By applying our assumptions and Eq. (3.3), for all ¢1,...,ty € Ry we have
21, 1)l g = max { Bulen(t,- )1}

a1 (t1) an (tn)
= mg’f{ﬁn‘fn(tlv---vth/ / gn(t1,...,tN,81,...,8N,2(81,...,8N))ds1...dsn, 2(t1, - ..
n> 0 0

(t1) an(tn)

< maX{,Bn‘fn(t17~~-7tN7/ / gn(tl, .., tN, 81, -, SN, 2(51,. .., 8N))ds1 ... dsn, z(t1, . . .

n>1 0 0

(et 0,20t )| max {8 f (b1, 8, 0,20t ) |}

n>1
< mw@wdmuﬁmmw&mqumﬂ
a1(t1) an(tn)

+Bnmpn(t1,..., tN )/ / gn(tl,..‘,tN,Sl,...,SN,Z(Sl,.‘.,SN))dsl.‘.dsN‘}+K1
< Ul i)l g + G+ K
< U”Z(tl,...,tN)”cg +G+ K

te. (1=0U)|z(t1,...,tn)|l s <G+ K andso ||z(t1,...,tn)|| 8 < Cl;jg = r(say).
€0 o

Suppose that B = B(z%(t1,...,tn),r) is a closed ball with center at 2%(tq,...,tx) and
radius 7, therefore B is a nonempty, bounded, closed and convex subset of cg . Now,
we define the operator Z = (Z;) on C(RY, B) by the formula

(Z2)(t1,...,tN) = ((Ziz)(tl,...,tN)> - (ﬁifi(tl,...,tN,vi(z)(tl,..‘,tN),z(tl,...,tN))),

)}

JN))
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where z(t1,...,tny) = (zi(tl,...,tN)) € B and z; € C(RY,R), Vi € N. From hypothesis
(iv), for each (ti1,...,ty) € RY we have

lim (Ziz)(t1,. . .,tN) = lim 52‘fi(t1, . ,tN,Ui(Z)(tl, . ,tN),Z(tl, . ,tN)) =0.
71— 00 71— 00

Hence (Zz)(t1,...,tN) € cg.
Since [[(Z2)(t1, ..., tn) = 2°(t1,. .., tn)|| s <7, then Z is a self mapping on B.
0 —_
We claim that the operator Z is a continuous function on C(R¥Y,B). To estab-
lish this claim, let us € > 0 and take arbitrary z,,(t1,...,tn) = (mm,i(tl,.A.,tN))C:,

z(t1,...,tN) = <Ii(t17-~~,tN)>oo

_€BC cg such that ||z (t1,...,tx) — 2(t1, ..., tn)ll s <

i= “0

5= for m sufficiently large. We claim that || Zx,,(t1,...,tn) — Zz(t1, . .. ,tN)||Cg —

0, for m large enough. To this end, we show that 8,|Z,z . (t1, ..., tN)—Znx(t1,. .., tN)]
tends to 0 as m — oo. Taking into account condition (i), for each (¢1,...,ty) € RY
we get

Brl(Znzm)(t1,. .., tN) — (Znx)(t1,...,tN)] (4.1)

= Balfa(te, .. tn,vn(@m)(t1, - tN), Tm(t1, .. tN))
—fr(t1, .t vn(@)(t, . tN), 2 (t, s )]

< 6n“n(t1’H~7tN)H1>aX/8i|rm,i(t1w~-’tN) —xi(t1, ..., tN)|
i>n
+Bnmn(t1, ... tn)|vn(zm)(t1, .. tN) — vn(z)(t1, ..., tN)]
< UHIm(tl,...,tN)—x(t1,...,tN)||Cg

ay(ty) an (tN)
+Bnmn(t1’~-~7tN)‘/ / [gn(thm,tN,Shu~7SN,xm(817~~,sN))
0 0

_gn(tlv---7tN7517---75Nax(317---73N))]d51---dsN‘-

By applying hypothesis (iii), we choose T' > 0 such that max(ti,...,ty) > T, and
we derive that

ay(t1) an (tN)
Bn‘mn(tla‘-th)/ / [gn(tl:-~7tN:31w-~73N7xm(517-~~:5N))
0 0

€
—gn(tl,...,tN,sl,...,sN,x(sl,...,sN))]dsl,..dsN‘ < 3

It follows that B, |(Znxm)(t1, ..., tN) — (Znz)(t1,...,tN)| < e.
For t1,...,ty € [0,T], put

AT = sup{ai(t1) : t;1 € [0,T]},

AT = sup{as(ts) : t2 € 0,71},

AL = sup{an(tn) ity € [0, 7]},
My = Sup{ﬁnmn(tl, C ,tN) tt1,...,IN € [O,T]},

and

Jom,@ = Sup{‘gn(t1,~~-,tN,81,-~~,SN,Im(81,~~-,SN))*gn(t17-~~,tN781,~-~7SN,90(81,~~-,SN)) ,
n

t1,...,tn €[0,T),s1 € [0,4%],... 55 € [O,AIT]}.

By (4.1) we find that

€
‘(anm)(th . ,tN) — (Znilf)(tl, L. ,tN)‘ < 5 —+ MTgxm’xA% .. A’{

By using the continuity of g, on the set [0, 7]V x [0, AT] x ... x [0, AT] x ¢}, we have
9z,,.e — 0 as e = 0. It enforces that B.|(Znzm)(t1,...,tn) — (Znz)(t1, ..., tx)| — 0 as
m(te,. .. tn) = x(t1,...,tn)ll s — 0 for m large enough.

(0]
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Therefore, we infer that Z is a continuous function on B C ¢} .

In order to finish the proof, we show that Z is a Meir-Keeler condensing operator
on B. Let () be any bounded subset of B and € > 0 be arbitrary. We have to find
0 > 0 such that e < x(Q) < e+ 5= x(Z(Q)) <e.

In view of conditions (ii) and (iv) we observe that

x(Z(Q)) = lim [ sup {maxﬁk’fk(tl,...,tN,vk(z),z(t1,...,tN))‘}]

OO L2 (t,e st N)ER

< lim [ {maxﬂk’fk (t1y - tn, e (2), 2(t1, - EN))
n=o0 La(ty,..., tN)eQ
—fr(t1, ..., tN, 0,2 (t17~-~,tN))‘+maX5k‘fk(t1,~--7tN,0 270(t1,. .., tN)) ’}]
k>n
< lim [ sup max (Bkuk(t1,...,tN)max,Bi|zi(t1,..‘,tN)|+Bkmk(t1,...,tN)
N Lt tN)EQ izk
a1 (t1) an (tN)
‘/ / gk(tl,...,tN,Sl,...,SN,Z(sl,...,SN))dsl...dsN)+Kn)}]
0 0
< U lim [ sup {maxﬁl|zl 51,...,sN)|+G’n+Kn}]
n—o0

z(t1,..,tN)EQ
Since, G,, — 0 and K,, — 0 as n — oo, we deduce
X(Z(Q)) <Ux(Q). (4.2)
Taking § = LJU) From 1) we obtain
e<x(Q)<e+d=x(Z(Q)) <e.

Therefore Z is a Meir-Keeler condensing operator defined on the set B C CO Now,
Theorem [2 . guarantees that Z has a fixed point in B and thus infinite system of
integral equations (3.3 has at least one solution in cg . ([

Example 4.2. Consider the followz'ng infinite system of integral equations

Zn(t1,t2,t3) = ; Z (IZ tl’t27t3)> + ( ! - (4.3)

tity + t3 + nt Tz 0\ 3(2i - 1)2 n3 4+ 2n2)eti T3 +13

oo
2 sin(zn (s1, $2,83)) + sin(s1) cos lnz zi(s1,52,53)) )

arctan / / / i=1 d51d52d53),

3+ COS(Z x;(51,52,53))

where_n € N. =
Eq. is a special case of Eq. . Here ay(t) = ag(t) = as(t) = 6152’
Fnl(t1,to,t3, v (2)(t1, to, t3), (t1, t2, t3)) = m = ; (:r;(glz,t2,t3))
(n3 + 2n2§et%+t§+t§ arctan (”n(x)(t17t2,t3))7
sin(xn (s1, s2,53)) + sin(s1) cos(In i(m(sh s2,83))2)
1=1

gn(t1,t2,t3,51,s2,83,2(t1,t2,13)) =

)

oo
3+ cos(z xi(s1,52,53))
i=1

o0
where x(ty,to, t3) = (xl(tl, ta, tg)) and
1

vp () (t1, t2, t3) / / / n(t1,t2,t3,51, 52,83, x(t1, t2,t3))ds1dsads3.
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Further, take the tempering sequence of the form B = (B8,) = (n%) From the
definition of a1,a2 and ag, hypothesis (i) of Theorem s obviously satisfied.
If (ty, ta, t3) € ¢, then f&(tl,tg,tg,vn( ) (t1, ta, t3), z(t1, ta, t3)) € . Now, if
y(ty,ta,t3) = (yi(tl,tg,tg,)) - € co, then by taking uy, (t1,ta,t3) = 24 andmn(t1,t2,t3)

1

W. We can write

‘fn(tl,tz,ts, vn(z)(t1,t2,t3), 2(t1,t2,t3)) — fu(ti, t2,t3,vn(y)(t1, t2, t3), y(t1, t2, t3))‘

oo
1 1

< > 3212 " —glziltyta, ta) —yi(t1,t2,t3))]

i=n

1
Jr( 3 4 on2)eli Tzt | arctan vn (2)(t1, t2, t3) — arctanvn (y)(t1, t2, t3)|
n mn e’l

_om L 2i (1, o t3) — i (b1, 2, 13)] + |on (@) (t1, t2, t3) — v (y)(t1, t2, t3)]

— max — |T; — Y ) T — '
— 24 i>n 42 i\l1,12,13 Yi(l1,12,13 (n3+2n2)et%+t%+t§ n 1,12,13 n(Y)(l1,12,13

Then the condition (ii) holds. Further,

1
Ky = sup{ﬁ|fn(t1,t2,t3,0,zo(tl,tg,tg)” (t1,ta,t3 € ]R+}

1

=supy —|————| : t1,t2,t3 € R <1
p{nz‘t1t2+t§+n4‘ 1,12,13 +1 <1,

and K, — 0 asn — o0, and 0 < U < 1. Fvidently, g, is continuous and since

2 sin(zn (s1, 2, 83)) + sin(s1) cos( lnz zi(s1,52,53))?)

‘ / / / i=1 ds1dsadss

oo
3+ cos(z x;i(s1,52,53))
i=1

t2 t2 t2
el pez res 2.,,2, .2
< 2‘ / / / dsld52d53’ < 2etittatts
0 0 0

for all t1,ta,t5 € Ry, so we deduce that

2 .2 .2
3eflet2ets

n2 (n3 + 2n2)e t2 412413

3
n3 + 2n2

Gn <sup{ ) t1,t2,t3€R+} n(

):

Asn — oo we obtain G,, — 0. These prove condition (v). Moreover, for each n we
get as ty,ta,t3 — 00

1
ﬁ‘( 51 2n?) e +tQHZS/ / / gn(t17t27t3’51752:537 (t1,t2,t3))
n n

—gn(t1,t2,t3,51, 82,837y(tl,tzyts))]ds1d82d83’ — 0,

which shows that condition (iii) is satisfied. Consequently, all the conditions of
Theorem are satisfied. Hence the infinite system of integral equations has
at least one solution, which belongs to the space ¢ .

5. EXISTENCE OF SOLUTIONS FOR INFINITE SYSTEMS OF INTEGRAL EQUATIONS
IN N-VARIABLES IN TEMPERED SEQUENCE SPACE lf

To demonstrate the applicability of the Hausdorff measure of noncompactness

|i in the space lf, we look for solutions of the Eq. Gi in the space lf.
Assume that
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(a) a1,...,an : Ry — [0,00) are continuous.
(b) fn:RY xR xR*® = R (n € N) is continuous with

oo
Z 5n|fn(t17"'»tN707ZO(t17""tN))|
n=1

is convergent to zero for all ¢1,...,txy € Ry and 20(¢,...,tx) = (z?(tl,.‘.,tN))c_)ol €

i=
R with 20(t1,...,tn)) =0, Vi € N. Also, continuous functions an,vn : RY — Ry (n € N)
exist such that

[fr(t1, . tn,p(t1, s tN ), 2(t1, - EN)) — fo(t1, s tNs @t - N ), Z(EL, - )]

< O‘"(tla'"7tN)‘Z"(t17"'7tN) _Tn(tlv"vtN)I+’Y7L(t17---7tN)‘p(t17---7tN) _q(tlv---vtN)lv

oo

where p and ¢ are mappings from Rf into R, z(t1,...,tx) = (zi(tl,...,tN)) o
Z(t1,...,tN) = (zﬁ'(tl,...,tN)>i71 are in R°.

(€) gn : RV xR>® - R (n € N) is continuous and a constant @, exists so that

(t1) (tn)
Qk:Sup{§6n<7n(tly---7tN)’/Oal ' ---/OaN " gn(th---7tN7517---75N=Z(517---75N))d51---dSND}v

where z(s1,...,5n) ER®, t1,...,tN,51,...,58 € Rp. Moreover,
) 0 ay(t1) an (tN)
lim Zﬂn‘%(t1,m7t1\7)/ / (gn(tl’~-~7tN’31:~~-’3Naz(317-~~:3N))
t1,eees tN%oonzl 0 0
_gn(tlv---7tN7517---75N7§(517---15N))>d51---dsN‘ =0.

(d) Define an operator Z : RY x 1§ — I{ as follows
(1, sty 2(E1, - tN)) = (Z2) (B2, ..oy tN) where

(ZZ)(tl,.,.,tN) = (51f1(t1,.,.,tN,’U1(t1,...,tN),Z(tl,...,tN)),,BQfQ(tL...,tN,vz(tl,...,tN),Z(tl,.,.,tN)),...>

ay(t1) an(tn)
andvn(z)(tl,...,tN):/ / gn(t1,...,tN,S1,...,8N,2(81,...,8N))ds1...dsn.
0 0
o0
(6) lim Qk =0, Suka = Qv = Sup{Zﬁn’Yn(tla"th) sl tn € ]RJr}
k— o0 k ot
and sup{an(tl,...,tN) tty, .. tN €R+} = a < oo such that 0 < a < 1.
n
Theorem 5.1. Under the hypotheses (a)-(e), Eq. has at least one solution

Aty ... ty) = (zi(tl,...,tN)) )
Ry. Also, z; € C(RY,R) for all i € N.

which belongs to the space lf forallty,... ty €
1
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Proof. Applying conditions (a)-(e), and Eq. (3.3)), for all ¢1,...,tx € Ry we obtain
||Z(t17-~~:tN)||l§ = Bulza(ti,. .. tn)|
n=1

IN

*fn

~/~

0
t17-'~:tN70’ZO(t1:~~~7tN)))+Z/gn‘fn(tl’~'~7tN’07Z0(t17"'7tN)>‘
n=1

Mg

an(ti, .. tN)Bulzn(te, ... tN)]
1

3
Il

[e9]

a1 (ty) an (tN)
+Zﬁn7n(tly~- EN) ‘/ / gn(ti,. . tN, 815, 8N, 2(51,...,8N))ds1 ... dsn
0
n

8

IN

@ Bnlzn(ty,. tn)| + Q1 S aflz(ty, .. tn)lls +@Q
n=1

e (1- 0<)||Z(t1,~~-,tzv)||lzf <Q= ||Z(t1,~--7t1v)||l§3 < 1% =r(say).

Suppose that D = D(z°(t1,...,tn),r) is a closed ball in lf with center at 20(t1,...,tN)

and radius r, thus D is a nonempty, bounded, closed and convex subset of lf .
Now, we define the operator Z = (Z;) on C(R¥, D) by formula

(Z2) (1, stn) = (B Zi) (b1, tn))

1=1

= (Bufiltr, st ot ) ()

where z(t1,...,tx) = (zi(tl,‘..,tN))il € D and z € C(RY,R), Vi € N. Since, by
condition (d), for each (t1,...,tx) € RY we have

> Bil(Ziz)(tr, .t =D Bilfitr, - tn,vi(2)(Ers o tN), 2 (- EN))| < 00,

i=1 i—

hence (Zz)(t1,...,tx) €17,

Further, [|(Z2)(t1,...,tx) = 2%(t1,...,tx)ll,s <+ and so Z is a self mapping on D.
1

i=1’
z(ty, ... ty) = (a:i(tl,.. tN)> € 17 and € > 0 arbitrary with |z, (t1,...,tx) —
x(ty, .. tN)HlB < 55 for m sufficiently large. We claim that || Zxp,(t1,...,tn) —

Zx(ty,.. tN)||l5 — 0 for m large enough. We will show that 8, |Z,2m (1, ..., tNn)—
1

Next, we show that Z is continuous. For this, take z,(t1,...,tx) = (acm’i(tl, o tN)>

Znx(ty,...,tn)| — 0, for m large enough. Then, for each (¢1,...,tn) € Rﬁ we
have

Brl(Znzm) (1, tN) — (Znx)(t1,. .. tN)|

= ﬁn|fn(t11"'VtNﬂ’U"(‘rm)(tlv"'7tN)7x'm(t17"'7tN)) - fn(tlv---7tN7’Un(x)(t17'--7tN)7x(t17---7tN))|

< Bran(ty, . tN)|mm(te, - tN) —2(t1, - tN)]
+ﬁn’)’n(tl7-4 tN)‘Un(frm)(tla“ tN)_vn(x)(tl:Hth)l
< a5n|xm(t1,.. tN 7$(t1,.. tN)|
a1(t1) an (tN)
+Bnyn(t1, ...t ’/ / [Qn(tlw--7tN751,---73N7$m(517---75N))

7gn(t1,...,tN,Sl,...,SN,I(Sl,...,SN))]dsl...dSN‘

a1(ty) an (tN)
‘ <t17-~~,t1\r7/ / gn(t1, ., tN, 81, .+, SN, 2(81, .-, sN))ds1 .. dsn, 2(t1, - ..
0 0

a1(t1) an(tn)
‘fn<t1,...,t 7\/ / gn(t1y. o N, ST, oy SN, 2(81,...,8N))ds1 ... dsn, z(t1,. ..
0 0
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and so

D Bal(Znzm) (1, tN) = (Za@)(t1, . tN)| < allﬂﬂm(th---vtN)—J»‘(tlz---JN)Hlf+Zﬁn%(t1,---7t1\r)
n=1

n=1

a1(ty) an(tN)
’/ / [gn(t1,~~-,tN,81,-~~,SN,Im(Slwn,SN))*gn(tly-~~,tN7817~-~7SN,$(81,~~~,SN))]d81~~~dSN‘~
0 0

In view of condition (c¢), T1 > 0 exists such that if max(t1,...,tx) > 71, then

i ay(t1) an(tN)
ZBn'Yn(tlyw-»tN)‘/ / [gn(tlv-~~:tN751»~-~75N7$m(317~-~73N))
n=1 0 0

€
—gn(tl,...,tN,sl,...,sN,m(sl,‘..,sN))]dsl..AdsN‘ < 3

(oo}
Hence for max(t1,...,tn) > T1, Y Bnl(Znzm)(t1, ... tn) — (Zn2)(t1,...,tN)| <c e

n=1

I(Zam) (.- tn) = (Za)(tr, - )l <.

For t1,...,tx €0,7T], let

AT =sup{ai(t1) : t1 € [0, 77},
AT = sup{aa(ta) : t2 € [0,T7},

A% =supfan(tn) : tn € (0,71},

and

Jrm,z = Sup{‘gn(hw~-,tN,51,-~~,SNyIm(81,~~-,8N))*gn(t1:-~~,tN,817~-~7SN,I(81,~~-78N)) ,
n

t1,...ty €[0,T],51 € [0,AT],... sn € [O,AlT]}.

Then > Bul(Znzm)(t1, ... tn) = (Znz)(t1, ..., tN)| < %—&-gwm,xA%...Ale. By using the

n=1
continuity of g,, on the set [0, 7]V x [0, A%] x ... x [0, AT] x I¢, we obtain g, . — 0 as
m — 00, thus

> Bul(Znwm)(t1, - tn) = (Znz)(t1, ..., tn)| = 0
n=1

as ||l‘m(t1,...,t]v) —x(tl,...,t]v)”lzla — 0.

We infer that Z is a continuous function on D C lf .

In what follows, we verify that Z is a Meir-Keeler condensing operator.

For ¢ > 0, we have to find § > 0 such that ¢ < x(®) < e+ = x(Z(®)) < ¢ for any
nonempty bounded subset © of D.

From (b) and (d) we deduce
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x(Z(9))

= Im (Z(tl sup {k%;ﬁk‘fk(tl,‘..,tN,vk(z)(tl,‘..,tN),z(tl,...,tN))‘}>

n=00 N\ 2(tq,..., tn)ED

< n1Lmoo(me?m@{gﬂk\fk(tl,..‘,tN,vk(z)(tl,...,tN),z(tl,...,tN))
_fk(tlv---7tN70aZO(t1»---7tN))’ +>0 ﬁk‘fk(t17---,tN707zo(t1, e 7tN))‘})
k>n
< lim ( sup { > (ﬁkak(th---7tN)|Zk(t17-~,tN)\

Z(t1,...,t N)ED k>n
ay(t1) an(tn)

+ﬂk7k(t1:~-:tN)‘/ / gk(tla~-'7tN1517-~~15N7Z(317-~:SN))dsl-HdSND})
0 0

< lim ( sup {aZ,Bk|zk(t1,,..,tN)|-‘rQn}).
k>n

MO0 N (b, 0t N )ED

Since, Q,, — 0, as n — 0o, we derive that
X(Z(D)) < ax(D). (5.1)

Let us choose § = @ From 1} it ts easy to see that Z is a Meir-Keeler
condensing operator defined on the set DcC lf . Now, by Theorem we find that
Z has a fixed point in D and thus the infinite system of integral equations (3.3)

has at least one solution in lf . O

Example 5.2. Consider the following infinite system of integral equations

e Sin(g)COS(EtltztB)xi(tl,t%tg,)
— 7
Zaltyta,ta) = 3 ( 3i ) (52)
1=n
oo
1 etl pet2  pets tanh(z zi(t1,t2,13))
* t1+to+t2 sin </ _/ / Z_io dsld32d33),
1 2 e
n(n +1)(n+2)e 3 0 0 0 5+ cosh(S (b1t 1))
i=1

wheren € N. Eq. is a special case of Eq. (3.9). Here ai(t) = a1(t) = as(t) =
¢

€,

sin(%) cos(ef1t2t3)x; (t1, ta,t3) >

oo
fn(tl,t27t37’Un(I)(tl,t27t3),f£(t1,t2,t3)) = Z ( 3

i=n

1
n(n+1)(n+ 2)et1+t2+t§

sin(vp (2)(t1, t2,t3)),
efl et2 et3

where Un(l‘)(t1,t2,t3) :/ / / gn(tl,tz,t3,81,82753,z(tl,tg,t3))d81d82d$3, and
0 0 0

oo
tanh(z zi(t1,t2,t3))
i=1

gn(t1,t2,t3,51, 52,83, x(t1,t2,13)) = o ’
54 COSh(Z x;i(t1,1t2,13))

=1
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Furthermore, take B = (8n) = (). If x(t1,t2,t3) € 1Y is arbitrary, then we have

n3

oo
D7 Balfnlty, ta, ts, vn(x)(t1, b2, t3), 2(t1, ta, 3))]
n=1

1= sin(%)cos(etlt?t’»")xi(tht%tB)
- Zjlﬁ)z( 3i )
1 .
+ 31n(vn($)(t1,t27t3))‘

nn+1)(n+ 2)et1+t2+t§

T mEend 3i i nn+1)(n+2)
o0 oo
I, 1 1
< ZZ‘GTznﬁxi(tl’tQ’t?’)'JrZ

2

1%
-
Il
3

e 1
< z(t1,ta, t: + =
< 36“ (t1,t2 s)lllzla 1

1
<ttt + + < oo
1 4
o0

Therefore fo(t1,t2,t3, vn(x)(t1, t2, t3), 2(t1, t2,t3)) € I . Now, if y(t1,ta,ts) = (yi(tlvt%tf})) €

i=1

B . _ _ 1
Iy, then by taking cu,(t1,t2,t3) = 35 and vn(t1,t2,t3) = PYRRETY R TR we get

’fn(t17t27t37U’ﬂ(x)(t17t27t3) - fn(t1»t27t3zv’ﬂ(y)(t17t27t3)‘

> sin(2L) cos(et1t2t3)
< ‘Zm#(ﬁi(tlyt%t?))*yi(tlyt2yt3)))
1=n
- inn (@) (11, 2, £5) — sinva () (11, 12, 13)
sin v () (t1,t2,t3) — sinwvn (y)(t1, t2, t3
nn+1)(n+ 2)et1+t2+t§ " "
< H3| (t1,t2,t3) — yi(ta, t2, t3)| + ! [vn(z)(t1, 22, t3) (y)(t1, 2, t3)|
aa 1T s U2, — Y 3 02, Un (T ; U2, — v ,to, .
>~ 36 t\t1,12,13 Yi(t1,12,13 n(n+1)(n+2)etl+t2+t§ n 1,112,103 n(Y 1,102,103
oo
Evidently 0 < o < 1, > Bulfa(ty,ta,t3,0,2°(t1,t2,t3))| is convergent to zero for all
n:loo .
t1,to,t3 € Ry, m = sup{ Zﬂn’yn(tl,tg,tg,) :ty,ta,t3 € R+} < 1 and f, and g, are
n=1

continuous functions.
On the other hand, we have

oo

o0
1
Bryn(ti, ta, t3)|vn(z)(te, 2, t3)] <
2 o ! Tonln+ 1)(n+ 2t it
oo
ot ot ot tanh(in(tl,tQ,tg))
X)/ / / Z:; ds1dsadss
0 0 0
5+COSh(Z.’Ei(t1,t2,t3))
i=1
etittatts &0 1
<

et1tta+td = n(n+1)(n+2)"

It in turn implies that

et1tta+ts 2

< su
@k <sup{ ehtt2tid S n(n+1)(n+2)

it1,t2,t3,51,52,53 € Ry }.
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1
—— — 0. Thus, we infer that — 0 as
= n(n+1)(n+2) J @

k— 00 and Q < i.
Also, we observe that

oo etl et2 et3
Zﬂn")/n(tl’t27t3)/ / / lgn(t1, t2, 3,51, 52, 53, 2(t1, 2, 13))
= o Jo Jo

—  gn(t1,t2,t3,51,52,53,%(t1, t2, t3)) ] ds1dsadss|
O 9etittatts 1 1

! etitt2+t3 n(n+1)(n+2) 2efs’

IN

n=

It enforces that

oo et el2 ets3
tlyt;§g1%w;5n‘7n(t1,t27t3)/O /0 /0 [gn(t1,t2,t3, 51, 52, 83, 2(t1, t2,¢3))

—gn(tl,tz,ts,81,82,83,?(151,1527t3))]d81d52d83‘ =0.

Consequently, all the conditions of Theorem [5.1] are satisfied. Hence the infinite
system of integral equations has at least one solution in l'f.
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