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SOME FIXED POINT THEOREMS FOR REICH TYPE
CONTRACTION IN GENERALIZED METRIC SPACES

XIAOYAN LV, YUQIANG FENG

ABSTRACT. In this paper, an analogue of Reich type contraction in rectangular
b-metric spaces is discussed, which is an answer to Reny George’s question [1].
A generalized fixed point theorem of Reich type contraction is proved in b-
metric space, which relaxes the contraction condition.

1. INTRODUCTION

Some problems, particularly the problem of the convergence of measurable func-
tions with respect to measure lead to a generalization of notion of metric. Using
this idea S. Czerwik [2] presented the concept of b-metric space. And he presented
generalization of some fixed point theorems of Banach type in b-metric space. Since
then, several papers have dealt with fixed point theory for various definitions of con-
tractive mappings in b-metric space (see [3-7],[17-39]). For example, in [8] obtained
a Reich type fixed point theorem in b-metric space as follows:

Theorem 1.1[8] Let M be a complete b-metric space with metric pand let
T : M — M be a function with the following

p(T'(z),T(y)) < ap(x, T(x)) + bp(y, T(y)) + cp(x, y)
Va,y € M, where a, b, ¢ are non-negative real numbers and satisfy a + s(b+c¢) < 1
for s > 1 then T has a unique fixed point.

On the other hand, Branciari [9] introduced the concept of rectangular metric
space (RMS), and proved an analog of the Banach contraction principle in such
spaces. Since then many fixed point theorems for various contractions on RMS
appeared (see [10-14]).

We have the following diagram where arrows stand for inclusions. The inverse
inclusions do not hold.

metric space — b—metric space

i i

rectangular metric space — rectangular b—metric space
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George [1] put forward the following theorem, which is the analog to Banach
contraction principle in rectangular b-metric space.

Theorem 1.2[1] Let (X, d) be a complete rectangular b-metric space with co-
efficient s > 1 and T be a mapping satisfying:

d(Tz,Ty) < Md(z,y)

for all z,y € X, where A € [0, %] Then T has a unique fixed point.

At the end of this paper, the author gave two open problems as follows:

Problem 1: In Theorem 1.4 can we extend the range of A to the case % <A<

Problem 2: Prove analogue of Chatterjee contraction, Reich contraction, Ciric
contraction and Hardy-Rogers contraction in RbMS.

In [15], the author provided a complete solution to Problem 1, extended the
range of A\ to the case % < A < 1. Huang HuaPing [16] give a useful lemma, which
is the result of the Cauchy sequence in b-metric space. Inspired by the above, we
obtain a generalized fixed point result of Reich contraction in b-metric space. In
this paper, we present an analogue of Reich contraction in rectangular b-metric
space, which is an answer to Problem 2.

In this article, we obtain some Reich type fixed point theorems in generalized
metric spaces in section 3. The Theorem 3.1 greatly improved and generalized the
previous result from [8]. In fact, this theorem turns out to ba a generalized Reich
type fixed point result. Furthermore, Theorem 3.2 shows that in a rectangular
b-metric space, the Reich type contraction fixed point theorem is also founded.
In addition, we give an application of Theorem 3.1, we verify the existence and
uniqueness of solution to Reich type contraction mapping in section 4.

2. PRELIMINARIES

First of all, let’s recall some definitions and properties of generalized metric
spaces.

Definition 2.1[4] Let X be a nonempty set and the mapping d : X x X — [0, 00)
satisfies:

(bM1) d(z,y) =0 if and only if x =y for all x,y € X;

(bM2) d(z,y) = d(y,x) for all x,y € X;

(bM3) there exist a real number s > 1 such that d(z,y) < s[d(z, z) + d(z,y)] for
all z,y,z € X.

Then d is called a b-metric on X and (X,d) is called a b-metric space (in short
bM S ) with coefficient s.

Definition 2.2[9] Let X be a nonempty set and the mapping d : X x X — [0, 00)
satisfies:

(RbM1) d(z,y) =0 if and only if x =y for all z,y € X;

(RbM2) d(x,y) = d(y,z) for all z,y € X;

(RbM3) there exist a real number s > 1 such that d(z,y) < sld(x,u) + d(u,v) +
d(v,y)] for all u,v € X\{x,y}.

Then d is called a rectangular b-metric on X and (X, d) is called a rectangular
b-metric space ( in short RbM S ) with coefficient s.

Definition 2.3[16] Let (X, d) be a b-metric space or a rectangular b-metric space
and {x,} a sequence in X. Then

(1) {zn} b-converges to x € X if d(xzy,,x) — 0 as n — oo;

(2) {zn} is a b-Cauchy sequence if d(xm,xn) — 0 as m,n — 00;
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(8) (X,d) is a b-complete if every b-Cauchy sequence in X is b-convergent.
Before obtaining the main conclusions, we firstly give an useful lemma, which
greatly generalizes and implements the counterpart of the existing literature.
Lemma 2.4[16] Let (X,d) be a b-metric space with coefficient s > 1 and
T : X — X be a mapping. Suppose that {z,} is a sequence in X induced by
ZTpt1 = Tz, such that
d(Zpy Trt1) < Ad(Tp—1,Tp) (2.1)

for all n € N, where A € [0,1) is a constant. Then {x,} is a b-Cauchy sequence.

3. MAIN RESULTS

Firstly, we obtain a Reich contraction fixed point theorem in b-metric space.
Theorem 3.1 Let (X,d) be a complete b-metric space with coefficient s > 1
and T : X — X be a mapping satisfying :
d(Tz, Ty) < Md(z,y) + pd(z,Tx) + dd(y, Ty) (3.1)
for all x,y € X, where \, 1,6 are nonnegative constants with A+ p+ 6 < 1. Then
T has a unique fized point.
Proof Let xy € X be arbitrary. Then define a sequence {z,} by ©n+1 = Ty
for all n > 0. We shall show that {z,} is b—Cauchy sequence.
If ,, = z,41 then x, is a fixed point of T. So suppose that, for all n > 0,
Ty # Tpg1. Setting d,, = d(zy,, Tpt1), it follows from (2) that
d(@n, Tnt1) =dTxp-1,Tz,) < M(xp_1,zn)+ pd(Tn—1,TTn_1)+ 6d(zyn, Tx,)
= )\d(xn—la xn) + ,de(xn—la zn) + 5d(xna xn+1)
ie. )
d(l’n, xn+1) < %’gd(l‘nflu (En)
Let )1\%; = q, obviously 0 < ¢ < 1, and
dn S qdn71~
By Lemma 2.4, now we divide the proof into three cases.
Case 1 ¢ € [0,2)(s > 1). By (2.1), we have
d(xnaanrl) S qd(xnflaxn) S q2d(xn727mn71) S e S qnd($075f1)

Thus,for any m > n, and n,m € N, we have

d(Tn,Tm) < s[d(@n, Tngr) + d(@ng1, T

S Sdn + 82[d($n+17 :En+2) + d(mn+27 xm)}
< Sdn + 82dn+1 + Sgdn+2 +---+ Sm_ndm—l
S Sqndo+82qn+1d0+"'+Sm_nqm_1d0
_ Sqn(l + sq + 32q2 N Smfnflqunfl)do
< sq"dol> (s0)'

=0

sq"

<
= 1_ sq 0

Now taking limit n — oo, we get

nll)ngo d(xm, ) =0
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= {x, } is b-Cauchy sequence in X.
Case 2 Let g € [%, 1). In this case, we have ¢ — 0 as n — 0, so there is
ng € N, such that ¢™° <%. Thus, by Case 1, we can apply that

{(TnoJrn)IO}%C:O = {l’noa Tno+1y Tng+2y -+ Tnogtny - - - }

is a b-Cauchy sequence. Then

{zn}olo = {20, 21, %2, -, Tng—1} U {Zngs Trot1, Tng+2s -« - s Lrgtms - - -
is a b-Cauchy sequence in X.

Case 3  Let s = 1. Similar to the process of Case 1, the claim holds.

Overall, for all n € N, where 0 < ¢ < 1 is a constant. Then {xz,} is a b-Cauchy
sequence. So there exists 2* € X, s.t., {x,} converges to x*.

Now we show that x* is a fixed point of T'. Again, for any n € N we have

d(xpy1, Tx*) = d(Tx*, Tr,) < Md(zp, ") + pd(z*, Tr*) + 6d(zn, Tni1)
Where n — 0o, we get
d(z*, Tz*) < Md(z*, ™) + pd(z*, Tz*) 4+ éd(z™, %) = pd(z*, Tz*)

= Tz* = z*, Thus z* is a fixed point of T. For uniqueness, let y* be another
fixed point of 7. Then

d(z”,y") = d(Tz", Ty") < M(y", 2") + pd(x”, Tx") + 6d(y", Ty")] = Md(y™, «7)

So we have,
d(z*,y") < Md(y*, =") <d(y",z")
a contradiction. Therefore,
d(z*,y*) =0
ie.,
xt =y

Thus fixed point is unique. ]

Remark: Theorem 3.1 generalized the result in [8], relaxed the contraction
condition from A+ s(u +9) € [0,1) to A+ p+6 € [0,1).

In what follows, we’ll give a Reich type contraction fixed point theorem in rect-
angular b-metric space.

Theorem 3.2 let (X, d) be a complete rectangular b-metric space with coefficient
s>1. T: X = X be a mapping satisfying :

d(Tz,Ty) < Xd(x,y) + pd(z, Tx) + 6d(y, Ty) (3.2)

for all x,y € X, where X\, 1,6 are nonnegative constants with A+ p+ 6 < 1. Then
T has a unique fized point.

Proof Let zp € X be arbitrary. Then define a sequence {x,} by x,+1 = Tz,
for all n € N. We shall show that {z,} is b-Cauchy sequence.

If x,, = z,41 then x, is a fixed point of T. So suppose that, for all n > 0,
Ty # Tpa1- Setting d,, = d(xy, Tpy1), it follows from (3.2) that
d(xp, nt1) = dTxp-1,Tx,) < M(xp_1,zn)+ pd(@p—1,TTn_1)+ dd(zp, Tx,)

= )\d(xn—la an) + /-Ld(xn—la xn) + (Sd(ﬂl‘n, Jjn-{-l)
i.e.
A+ p

d(x'ru $n+1) S ﬁd(xnfla (En)
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Let ’}%’g = q, obviously 0 < ¢ < 1, and
dp < qdp—1.
0< % < 1, since A € [0,1) and lim,_,o 2, = To, there exists a natural number N

such that, for all k < N, 0 < sA\* < 1.
Repeating this process we obtain

We can assume that z( is not a periodic point of 7. If 2y = z,,, then using (3.3),
for any n > 2, we have

d(xo,Txg) = d(zp,Txy)
d(zg,z1) = d(xn,Tny1)
do = dy
do < q"do

a contradiction. Therefore, there must be dy = 0,14.e., x9 = x1, and so xg is a fixed
point of T. Thus we assume that x,, # x,, for all distinct m,n € N. Since (X, d) is
rectangular b-metric space, from condition (RbM3) we have

d(xma xn) < S[d(l’m, Im—&-k) + d(xm-l—kv In+k) + d(wn—&-ka xn)]

First, let us discuss d(zy,, zpyk), for all k € N.

d(xp, Tnyk) < Ad(@p_1, Tnyk—1) + pd(@n_1,2n) + 0d(Tntr—1, Tntk)

< AN(@p-2, Tpik—2) + pd(Tn-2,Tn-1) + 6d(Tptk—2, Tnyk—1)] + pdn—1 + 0dp k1
< NAAd(@p—3, Tnak—3) + pd(Tn_3, Tn_2) + 6d(Tpik—3, Tnik—2)]

F A tlp—2 + pudy—1 4 Ndpik—2 + Odpir1
< L.
< A" Nd(wo, k) + pd(xo, 1) + 0d(xh, Tpy1)] + N 2udy + o+ Audp o + pdy

HANT25dy 4 4 Nodppp—o + Odpyr_1
= Ad(xg,xk) + M_1pdo + N2 pdy + -+ Apdp o + pdy 1

X 10dy + N 28dp 1 + -+ Nodpgi—2 + 0dpip—1
< N'd(xo, zk) + pdo(A" T H A TP 4+ AT+ +
+ Odog" (AT AT+ AT+ g

n—1 A\n n—1 A\n
< Adlee.en)+ ] F *A(g) ]udo L1 F *A(a) ]qk5d0
q q
n ¢! "

< N'd(wo, k) + ﬁ,udo + 2 ddo

) q
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Ad(xn—&-k—h xm+k—1) + Nd($n+k—1a xn+k) + 6d(l‘m+k—17 xm—i—k)
AA(Zrg k-2, Tmyk—2) + pd(Tnip—2, Tnyk—1) + 0d(Tmir—2, Trngr—1)]
+udn k41 + 0dmpk—1

d(l‘n—&-ka xm+k)

IN A

IN A

NN (2, ) + pd (T, Zg1) + 0d(@ o, Ty 1)) + N2 pd 1 + N T26d 0 + ..
FAdnyk—2 + ANodmqi—2 + pdpir—1 + 0dmyr—1
Ned(z, @) + N ud,, + N2 pdyr + ..
N2 0dy 1 A pdph—1 AT, A+ N T20d 1+ N 20 d g k-1
k—1 Ak k—1 Ak
¢ 1= ()" 1= (9)"]
Ned(zr, T ) + —————¢" pdo + ————q"5d

1-2 1-2
q q

IA

X qkfl qkfl
A d(xn,xm) + ﬁq"udo + 1_ AqmchO
q q

IN

In summary

d(Tpm, Tn)

IN

S[d(xmvxm—&-k) ( T+ kvxn—i-k) + d(zn—&-kaxn)]
m—1 m—1
q
/\ dO + 1_ A qk5d0
q q
qk 1 qk—l
-l-)\kd(xn, {Em) + 3 qn’u,do + - q™dd

q q

+
+

IN

s[A™d(zo, xk)

n—1 -

+A"d(xo, z1) + 1q /\ udo + 2 = /\ qkddo]

qm—l +qn—1 +qk+n—1 qm—l +qn—1 +qk+m—1

(l—s/\k)d(xm,xn) < S[A"4+AY)d(zo, 2x)+ > udo+ — qkédo]
q q
From this, together with before, we obtain
)\m+>\n qm71+qn71+qk+nfl qm71+qn71+qk+m71 A
() S gE A ) e T a0

Since A € [0, 1), thus there exist k£ € N, s.t. sA¥ < 1, so we can apply that {z,}
is a b-Cauchy sequence in X. By completeness of (X, d) there exist 2* € X, such
that

lim z, =z*

n—oo
Now we show that z* is a fixed point of T'. Again, for any n € N we have
d(xpt1,T2*) = dTz*,Tx,)

< M(xp,z*) + pd(a*, Te*) + 6d(xn, Tnt1)

Where n — 0o, we get

d(x*, Ta™) < Md(z",2") + pd(z™, Tz") + dd(z*, 2*) = pd(z*, Tz™)
— Tx* = x*, Thus z* is a fixed point of T. For uniqueness, let y* be another
fixed point of T. Then

d(z”,y") = d(Tz", Ty") < M(y", 2") + pd(x”, Ta") + 6d(y", Ty™)] = Md(y™, «7)



86 XIAOYAN LV, YUQIANG FENG
So we have,
d(z”,y*) < Md(y*,z") <d(y*,z").
a contradiction. Therefore, we must have d(z*,y*) = 0, i.e., z* = y*. Thus fixed
point is unique. [ |
Remark Theorem 3.2 is an answer of the open problem 2, it proves an analogue
of Reich contraction in rectangular b-metric space.

4. EXAMPLES

Example 4.1 Let p € (0,1)
X = 17[0,1] = {z : [0,1] — R /01 e(t)Pdt < oo},
Forx,y € X, let
)= (| i — alPat)?

Then (X,d) is a complete b-metric space with coefficient s = 2% > 1. Defined
T: X — X as
1
Ty = g(a: + sinx)

We assert that for Va,y € X,
2 1 1
d(Tz, Ty) < gd(z,y) + gd(z, Tz) + 5d(y, Ty)
Clearly, T satisfies the condition of Theorem 3.1, and has a unique fixed point of

z=0.
Example 4.2 Let X ={0,1,1, %, ..., L .} ne NT, let

1993
0 =1y
d(x,y) = 2 x#ye{0,1}
|z — y otherwise

Then (X, d)is a b-metric space with coefficient s =2 > 1, and let T: X — X be

defined by

To="2
2

‘We have
1 1 1
d(Tx,Ty) < id(aﬁ,y) + Zd(x,Tx) + gd(y,Ty)

T satisfies the condition of Theorem 3.1 and has a unique point of z = 0.

5. CONCLUSION

Inspired by Reny George, using iterative method, in this paper we discuss Reich
contraction fixed point theorems in b-metric space and RbMS. We obtained a
generalized theorem that satisfies the weaker compression condition. And the latter
theorem solved an open problem of [1].

Acknowledgments. We are grateful to the reviewer for his helpful suggestions.
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