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ORDER-THEORETIC METRICAL COINCIDENCE THEOREMS

INVOLVING (φ, ψ)-CONTRACTIONS

TAWSEEF RASHID, NOUF ALHARBI, QAMRUL HAQ KHAN, HASSEN AYDI, CENAP

ÖZEL

Abstract. In this paper, we prove some results on existence and uniqueness

of a coincidence point for (φ, ψ)-contractive mappings using order-theoretic
analogues of involved metric notions. Our results generalize and extend some

well-known results existing in literature.

1. Introduction

The first important result in metric fixed point theory is Banach Contraction
Principle which was given by Banach in 1922 [9]. This principle has been generalized
by many authors, either by changing the contractive condition, or by changing the
underlying space, see [1, 5, 6, 7, 8, 14, 15, 25, 24, 27, 28, 29, 34, 35, 37]. Khan et al.
[23] used the concept of altering distance functions to generalize Banach contraction
principle. Afterward, Dutta et al. [13] generalized Banach Contraction Principle
by using a pair of altering distance functions. In this direction, the concept of
(φ, ψ)-contractions was further refined by Choudhury et al. [11] by deleting the
condition of monotonicity of φ.
On the other hand, Ran and Reurings [33] obtained an important generalization
of Banach Contraction Principle in the setting of ordered metric spaces, which is
further refined by Nieto and Lopez [30]. Recently, Alam et al. [2, 3] introduced
notions of O-completeness, O-continuity, (g,O)-continuity. Utilizing these notions,
they proved some coincidence theorems by deleting completeness condition of whole
space, instead used completeness of subspace in setting of ordered metric spaces.
The aim of this paper is to prove some coincidence point theorems under (φ, ψ)-
contractions in ordered metric spaces. This paper generalizes and extends the
results of Harjani and Sadarangani [17].

2. Preliminaries

In this section, to make our exposition self-contained, we recall some basic defi-
nitions, relevant notions and auxiliary results. Throughout this paper, N stands for
set of natural numbers and N0 for the set of whole numbers (i.e.,N0 = N ∪ {0}).
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Definition 2.1. [26]. Let (X,�)) be an ordered set. � denotes the dual order of
� (i.e., x � y ⇒ y � x).

Definition 2.2. [26]. Two elements x and y of an ordered set (X,�) are said to be
comparable if either x � y or x � y. Two comparable elements x and y are denoted
by x ≺� y.

Definition 2.3. [26]. A subset E of an ordered set (X,�) is called totally (or
linearly ordered) if every pair of elements of E is comparable, i.e.,

x ≺� y for all x, y ∈ E.

Definition 2.4. [38]. A sequence {xn} in an ordered set (X,�) is said to be
(i) increasing or ascending if for any m,n ∈ N0 with m ≤ n⇒ xm � xn;
(ii) decreasing or descending if for any m,n ∈ N0 with m ≤ n⇒ xn � xm;
(iii) monotone if either it is increasing or decreasing;
(iv) bounded above if there exists an element u ∈ X such that xn � u for all

n ∈ N0. Here, u is called an upper bound of {xn};
(v) bounded below if there exists an element u ∈ X such that xn � u for all

n ∈ N0. Here u is called an lower bound of {xn}.

Definition 2.5. [12]. Let f and g be two self-mappings on an ordered set (X,�).
Then f is said to be g-increasing if for any x, y ∈ X,

g(x) � g(y)⇒ f(x) � f(y).

Definition 2.6. [16],[19],[20]. Let f and g be two self-mappings on a non-empty
set X. An element x ∈ X is called a coincidence point of f and g if f(x) = g(x).

Definition 2.7. ([36],[22]). Let f and g be two self-mappings on a metric space
(X, d). Then
(i) f and g are said to be compatible if for any sequence {xn} ⊂ X and for any
z ∈ X, lim

n→∞
g(xn) = lim

n→∞
f(xn) = z implies lim

n→∞
d(gfxn, fgxn) = 0.

(ii) f is said to be g-continuous at x ∈ X if for any sequence {xn} ⊂ X,

g(xn)→ g(x)⇒ f(xn)→ f(x).

Moreover, f is called g-continuous if it is g-continuous at each point.

Definition 2.8. [31]. A triplet (X, d,�) is called an ordered metric space if (X, d)
is a metric space and (X,�) is an ordered set. Moreover, if the metric space (X, d)
is complete, then (X, d,�) is called an ordered complete metric space.

Notation 1. [3]. Let (X, d,�) be an ordered metric space and {xn} be a sequence

in X. (i) If {xn} is increasing and xn
d−→ x, then it is denoted by xn ↑ x;

(ii) if {xn} is decreasing and xn
d−→ x, then it is denoted by xn ↓ x;

(iii) if {xn} is monotone and xn
d−→ x, then it is denoted by xn ↑↓ x.

Definition 2.9. [2]. An ordered metric space (X, d,�) is called
(i) O-complete if every increasing cauchy sequence in X converges;
(ii) O-complete if every decreasing cauchy sequence in X converges;
(iii) O-complete if every monotone cauchy sequence in X converges.
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Definition 2.10. [3]. Let (X, d,�) be an ordered metric space. A subset E of X
is called
(i) O-closed if for any sequence {xn} ⊂ E,

xn ↑ x⇒ x ∈ E.
(ii) O-closed if for any sequence {xn} ⊂ E,

xn ↓ x⇒ x ∈ E.
(iii) O-closed if for any sequence {xn} ⊂ E,

xn ↑↓ x⇒ x ∈ E.

Proposition 2.11. [3]. (i) An O-complete subspace of an ordered metric space is
O-closed.
(ii) An O-complete subspace of an ordered metric space is O-closed.
(iii) An O-complete subspace of an ordered metric space is O-closed.

Proposition 2.12. [3]. (i) An O-closed subspace of an O-complete ordered metric
space is O-complete.
(ii) An O-closed subspace of an O-complete ordered metric space is O-complete.
(iii) An O-closed subspace of an O-complete ordered metric space is O-complete.

Definition 2.13. [2]. Let (X, d,�) be an ordered metric space, f : X → X be a
mapping and x ∈ X. Then f is called
(i) O-continuous at x if for any sequence {xn} ⊂ X,

xn ↑ x⇒ f(xn)
d−→ f(x).

(ii) O-continuous at x if for any sequence {xn} ⊂ X,

xn ↓ x⇒ f(xn)
d−→ f(x).

(iii) O–continuous at x if for any sequence {xn} ⊂ X,

xn ↑↓ x⇒ f(xn)
d−→ f(x).

Definition 2.14. [2]. Let (X, d,�) be an ordered metric space, f and g be two
self-mappings on X and x ∈ X. Then f is called
(i) (g,O)-continuous at x if for any sequence {xn} ⊂ X,

g(xn) ↑ g(x)⇒ f(xn)
d−→ f(x);

(ii) (g,O)-continuous at x if for any sequence {xn} ⊂ X;

g(xn) ↓ g(x)⇒ f(xn)
d−→ f(x).

(iii) (g,O)-continuous at x if for any sequence {xn} ⊂ X,

g(xn) ↑↓ g(x)⇒ f(xn)
d−→ f(x).

Definition 2.15. [2]. Let (X, d,�) be an ordered metric space and f and g be two
self-mappings on X. One says that f and g are
(i) O-compatible if for any sequence {xn} ⊂ X and for any z ∈ X,

g(xn) ↑ z, f(xn) ↑ z ⇒ lim
n→∞

d(gfxn, fgxn) = 0.

(ii) O-compatible if for any sequence {xn} ⊂ X and for any z ∈ X,

g(xn) ↓ z, f(xn) ↓ z ⇒ lim
n→∞

d(gfxn, fgxn) = 0.
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(iii) O-compatible if for any sequence {xn} ⊂ X and for any z ∈ X,

g(xn) ↑↓ z, f(xn) ↑↓ z ⇒ lim
n→∞

d(gfxn, fgxn) = 0.

Definition 2.16. [2]. Let (X, d,�) be an ordered space. One says that
(i) (X, d,�) has ICC (increasing-convergence-comparable) property if every increas-
ing convergent sequence {xn} in X has a subsequence {xnk

} such that every term
of {xnk

} is comparable with the limit of {xn}; that is

xn ↑ x⇒ ∃ a subsequence {xnk
} of {xn} with xnk

≺� x ∀ k ∈ N0.

(ii) (X, d,�) has DCC (decreasing-convergence-comparable) property if every de-
creasing convergent sequence {xn} in X has a subsequence {xnk

} such that every
term of {xnk

} is comparable with the limit of {xn}; that is

xn ↓ x⇒ ∃ a subsequence {xnk
} of {xn} with xnk

≺� x ∀ k ∈ N0.

(iii) (X, d,�) has MCC (monotone-convergence-comparable) property if every mono-
tone convergent sequence {xn} in X has a subsequence {xnk

} such that every term
of {xnk

} is comparable with the limit of {xn}, that is,

xn ↑↓ x⇒ ∃ a subsequence {xnk
} of {xn} with xnk

≺� x ∀ k ∈ N0.

Definition 2.17. [2]. Let (X, d,�) be an ordered metric space and g a self-mapping
on X. One says that
(i) (X, d,�) has g-ICC property if every increasing convergent sequence {xn} in X
has a subsequence {xnk

} such that every term of {gxnk
} is comparable with g-image

of the limit of {xn}, i.e.,

xn ↑ x⇒ ∃ a subsequence {xnk
} of {xn}with g(xnk

) ≺� g(x) ∀ k ∈ N0.

(ii) (X, d,�) has g-DCC property if every decreasing convergent sequence {xn} in
X has a subsequence {xnk

} such that every term of {gxnk
} is comparable with

g-image of the limit of {xn}, i.e.,

xn ↓ x⇒ ∃ a subsequence {xnk
} of {xn}with g(xnk

) ≺� g(x) ∀ k ∈ N0.

(iii) (X, d,�) has g-MCC property if every monotone convergent sequence {xn}
in X has a subsequence {xnk

} such that every term of {gxnk
} is comparable with

g-image of the limit of {xn}, i.e.,

xn ↑↓ x⇒ ∃ a subsequence {xnk
} of {xn}with g(xnk

) ≺� g(x) ∀ k ∈ N0.

Observe that under the restriction g = I, the identity mapping on X, Definition
2.17 is reduced to Definition 2.16.

Lemma 2.18. [21],[32],[10]. Let (X, d) be a metric space and {xn} be a sequence
in X. If {xn} is not Cauchy, then there exist ε > 0 and two subsequences {xmk

}
and {xnk

} of {xn} such that
(i) k ≤ mk < nk∀ k ∈ N ;
(ii) d(xmk

, xnk
) ≥ ε;

(iii) d(xmk
, xpk) < ε ∀ pk ∈ {mk + 1,mk + 2, ..., nk − 2, nk − 1}.

Moreover, suppose that lim
n→∞

d(xn, xn+1) = 0. Then

(iv) lim
k→∞

d(xmk
, xnk

) = ε;

(v) lim
k→∞

d(xmk+1, xnk+1) = ε.
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Lemma 2.19. [4]. Let f and g be two self-mappings defined on an ordered set
(X,�). If f is g-increasing and g(x) = g(y), then f(x) = f(y).

Lemma 2.20. [18]. Let X be a non-empty set and g be a self-mapping on X. Then
there exists a subset E ⊆ X such that g(E) = g(X) and g : E → X is one-to-one.

Definition 2.21. [23]. A function ψ : [0,∞)→ [0,∞) is called an altering distance
function, if the following properties are satisfied:

(i) ψ is monotone increasing and continuous;
(ii) ψ(t) = 0 iff t = 0.

Note. In the main result, we denote by N0 the set N ∪ {0}.

3. Main results

3.1. Existence of a coincidence point.

Definition 3.1. A function φ : [0,∞)→ [0,∞) is called an ultra-altering distance
function, if the following properties are satisfied:

(i) φ is continuous;
(ii) φ(t) = 0 iff t = 0.

Example 3.2. Let f : [0,∞)→ [0,∞) be defined by f(x) = x+ 2 sinx. Clearly, f
is continuous and f(t) = 0 iff t = 0. We show that f is not monotonic increasing.
Take x1 = 3π

4 and x2 = 7π
8 . Note that that x1 < x2, but f(x1) > f(x2). That is, f

is an ultra-altering distance function.

Theorem 3.3. Let (X, d,�) be an ordered metric space, Y be an O-complete sub-
space of X and f , g : X → X be self-mappings on X. Suppose there exist an
ultra-altering distance function φ and an altering distance function ψ such that

ψ(d(fx, fy)) ≤ ψ(d(gx, gy))− φ(d(gx, gy)) ∀ x, y ∈ X with gx ≺� gy. (3.1)

Suppose also that the following conditions hold:
(a) f(X) ⊆ g(X) ∩ Y ;
(b) f is g- increasing;
(c) there exists exists x0 ∈ X such that g(x0) � f(x0);
In addition to above, if either (d1)− (d3) or (d′1)− (d′2) holds, where
(d1) f and g are O-compatible;
(d2) g is O-continuous;
(d3) either f is O-continuous or (Y, d,�) has g-ICC property
and
(d′1) Y ⊆ g(X);
(d′2) either f is (g,O)-continuous, or f and g are continuous, or (Y, d,�) has ICC-
property.
Then f and g have a coincidence point.

Proof. By assumption (c), there exists x0 ∈ X such that g(x0) � f(x0). If g(x0) =
f(x0), then x0 is a coincidence point of f and g, and so the proof is completed.
Otherwise, by using assumption (a), f(X) ⊂ g(X). We may construct a sequence
{xn} ⊂ X of joint iterations of f and g based at point x0, i.e.,

g(xn+1) = f(xn) for all n ∈ N0. (3.2)

Now, we show that {g(xn)} is an increasing sequence, i.e.,

g(xn) � g(xn+1) for all n ∈ N0. (3.3)
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We will prove it by mathematical induction. Using (3.2) with n = 0, by assumption
(c), we have

g(x0) � f(x0) = g(x1),

that is, (3.3) holds for n = 0. We assume that (3.3) holds for n = r > 0, i.e.,
g(xr) � g(xr+1). Now, using (3.2) and assumption (b), we get

g(xr+1) = f(xr) � f(xr+1) = g(xr+2),

which shows that (3.3) is also true for n = r + 1. By principle of mathematical
induction, (3.3) holds for all n, i.e., g(xn) � g(xn+1) for all n ∈ N0. In view of
(3.2) and (3.3), {fxn} is also an increasing sequence, i.e.,

f(xn) � f(xn+1) for all n ∈ N0. (3.4)

If g(xn0) = g(xn0+1) for some n0 ∈ N0, then using (3.2), we have g(xn0) = f(xn0),
so xn0 is a coincidence point of f and g.

On the other hand, g(xn) 6= g(xn+1) for all n ∈ N0. Now, we define a sequence
{Rn}∞n=0 ⊂ (0,∞), where

Rn = d(gxn, gxn+1).

By (3.3), we have g(xn−1) � g(xn). From (3.1) and (3.2), we have

ψ(d(gxn+1, gxn)) = ψ(d(fxn, fxn−1))

. ≤ ψ(d(gxn, gxn−1))− φ(d(gxn, gxn−1)),

that is,

ψ(Rn) ≤ ψ(Rn−1)− φ(Rn−1). (3.5)

Using properties of φ, we have for all n ≥ 1

ψ(Rn) ≤ ψ(Rn−1).

Since ψ is monotone increasing, we get Rn ≤ Rn−1 for all n. Therefore, {Rn} is a
monotonic decreasing sequence of non-negative real numbers. Thus

∃ r ≥ 0 s.t Rn → r as n→∞. (3.6)

Taking the limit as n → ∞ in (3.5) and using (3.6) together with the continuities
of ψ and φ, we have

ψ(r) ≤ ψ(r)− φ(r),

which is a contradiction unless r = 0. Hence

Rn → 0 as n→∞, (3.7)

i.e., lim
n→∞

d(gxn, gxn+1) = 0. Next, we show that {gxn} is a Cauchy sequence.

Suppose {gxn} is not a Cauchy sequence. By Lemma 2.18, there exist ε > 0 and
subsequences of positive integers {mk} and {nk} such that for nk ≥ mk ≥ k,

Dk = d(gxmk
, gxnk

) ≥ ε, (3.8)

and

d(gxmk
, gxnk−1) < ε. (3.9)

Now, using (3.8),

ε ≤ Dk = d(gxmk
, gxnk

)

≤ d(gxmk
, gxnk−1) + d(gxnk−1, gxnk

),
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In view of (3.9) and definition of Rn, we get

ε ≤ Dk = d(gxmk
, gxnk

)

≤ ε+Rnk−1.

Letting k →∞ in the above inequality and using (3.7), we have

lim
k→∞

Dk = d(gxmk
, gxnk

) = ε. (3.10)

Again,

Dk+1 = d(gxmk+1, gxnk+1)

≤ d(gxmk+1, gxmk
) + d(gxmk

, gxnk
) + d(gxnk

, gxnk+1)

= Rmk
+Dk +Rnk

.

Letting k →∞ and using (3.7) and (3.10), we have

lim
k→∞

Dk+1 = d(gxmk+1, gxnk+1) = ε. (3.11)

Since nk ≥ mk, g(xnk
) � g(xmk

). Then from (3.1) and (3.2), we have

ψ(d(gxnk+1, gxmk+1)) = ψ(d(fxnk
, fxmk

))

≤ ψ(d(gxnk
, gxmk

))− φ(d(gxnk
, gxmk

)),

that is,

ψ(Dk+1) ≤ ψ(Dk)− φ(Dk). (3.12)

Letting k → ∞ in (3.12) and using (3.10), (3.11) and continuities of φ and ψ, we
have

ψ(ε) ≤ ψ(ε)− φ(ε).

Thus, φ(ε) = 0. So ε = 0, which is a contradiction. Therefore, {gxn} is a Cauchy
sequence.
By (3.2) and f(X) ⊆ Y , we can say that {gxn} ia an increasing Cauchy sequence
in Y , which is O-complete, so there exists z ∈ Y such that lim

n→∞
g(xn) = z. Due to

(3.3),

g(xn) ↑ z. (3.13)

On using (3.2), (3.4) and (3.13), we obtain

f(xn) ↑ z. (3.14)

Now, using assumptions (d1)− (d3) and (d′1)− (d′2), we accomplish the rest of the
proof. Assume that (d1)− (d3) holds. Using assumption (d2) in (3.13) and (3.14),
we have

lim
n→∞

g(gxn) = g(z), (3.15)

lim
n→∞

g(fxn) = g(z). (3.16)

On using (3.13), (3.14) and assumption (d1), we have

lim
n→∞

d(gfxn, fgxn) = 0. (3.17)

Now, we show that z is a coincidence point of f and g. To accomplish this, we use
assumption (d3). Suppose that f is O-continuous. Using (3.13) and O-continuity
of f ,

lim
n→∞

f(gxn) = f(z). (3.18)
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By (3.16), (3.17) and (3.18), we obtain

d(gz, fz) = d( lim
n→∞

gfxn, lim
n→∞

fgxn)

= lim
n→∞

d(gfxn, fgxn)

= 0.

This implies that g(z) = f(z). Alternatively, suppose that (Y, d,�) has g-ICC
property. Due to (3.13), there exists a subsequence {gxnk

} of {gxn} such that

g(gxnk
) ≺� g(z) for all k ∈ N0. (3.19)

We have to show that

d(fgxnk
, fz) ≤ d(ggxnk

, gz) for all k ∈ N.
Using (3.19) and (3.1),

ψ(d(fgxnk
, fz)) ≤ ψ(d(ggxnk

, gz))− φ(d(ggxnk
, gz)). (3.20)

As φ(t) ≥ 0, we have from (3.20),

ψ(d(fgxnk
, fz)) ≤ ψ(d(ggxnk

, gz)).

Again, by using (3.19) and monotonicity of ψ, we get

d(fgxnk, fz) ≤ d(ggxnk, gz) for all k ∈ N0. (3.21)

Now, by triangular inequality, (3.15), (3.16), (3.17) and (3.21), we get

d(gz, fz) = d(gz, gfxnk
) + d(gfxnk

, fgxnk
) + d(fgxnk

, fz)

≤ d(gz, gfxnk
) + d(gfxnk

, fgxnk
) + d(ggxnk

, gz)

→ 0 as k →∞.
So that g(z) = f(z). Thus z ∈ X is a coincidence point of f and g.
Now, assume that (d′1) and (d′2) holds. By assumption (d′1), i.e., Y ⊆ g(X), we can
find some u ∈ X such that z = g(u). Hence (3.13) and (3.14) are reduced to

g(xn) ↑ g(u) (3.22)

and
f(xn) ↑ g(u), (3.23)

respectively. Now, we show that u is a coincidence point of f and g. To accomplish
this, we use assumption (d′2). Firstly, suppose that f is (g,O)-continuous. By
(3.22),

lim
n→∞

f(xn) = f(u). (3.24)

Using (3.23) and (3.24), we get g(u) = f(u).
Secondly, suppose that f and g are continuous. By Lemma 2.20, there exists a
subset E ⊆ X such that g(E) = g(X) and g : E → X is one-to-one. Without loss
of generality, we consider E ⊆ X such that u ∈ E. Now, we define T : g(E)→ g(X)
by

T (ge) = f(e) ∀ g(e) ∈ g(E) where e ∈ E. (3.25)

As g : E → X is one-to-one and f(X) ⊆ g(X), so T is well defined. Also, as f and g
are continuous, it follows that T is continuous. Since {xn} ⊂ X and g(X) = g(E),
there exists {en} ⊂ E such that g(xn) = g(en) for all n ∈ N0. Using Lemma 2.20,
f(xn) = f(en) for all n ∈ N0. By using (3.22) and (3.23),

lim
n→∞

g(en) = lim
n→∞

f(en) = g(u). (3.26)
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Making use of (3.25) and (3.26) and continuity of T , we get

f(u) = T (gu)

= T ( lim
n→∞

gen)

= lim
n→∞

T (gen)

= lim
n→∞

f(en)

= g(u).

Thus u ∈ X is a coincidence point of f and g. Finally, suppose that (Y, d,�) has
ICC-property, then by using (3.22), there exists a subsequence {gxnk

} of {gxn}
such that

g(xnk
) ≺� g(u) for all k ∈ N0. (3.27)

On using (3.1), (3.2) and (3.27), we obtain

ψ(d(gxnk+1, fu)) = ψ(d(fxnk
, fu))

≤ ψ(d(gxnk
, gu))− φ(d(gxnk

, gu)).

Using property of φ and monotonicity of ψ, we get

d(gxnk+1, fu) < d(gxnk, gu) for all k ∈ N0. (3.28)

We claim that

d(gxnk+1, fu) ≤ d(gxnk
, gu) for all k ∈ N. (3.29)

On account of two different possibilities arising here, we consider again the partition
{N0,N+} of N, i.e., N0 ∩ N+ = ∅ and N0 ∪ N+ = N, verifying that

(i) d(gxnk
, gu) = 0 for all k ∈ N0,

(ii) d(gxnk
, gu) > 0 for all k ∈ N+.

Case (i): By using Lemma 2.20, we get d(fxnk
, fu) = 0 for all k ∈ N0. In view of

(3.2), we get d(gxnk+1, fu) = 0 for all k ∈ N0 and so (3.29) holds for all k ∈ N0.
Case (ii): On using (3.28), we have d(gxnk+1, fu) < d(gxnk

, gu) for all k ∈ N+. So
(3.29) holds for all k ∈ N+. Thus (3.29) holds for k ∈ N. Now, by using (3.22) and
(3.29),

d(gu, fu) = d( lim
n→∞

gxn+1, fu)

= lim
k→∞

d(gxnk+1, fu)

≤ lim
k→∞

d(gxnk
, gu)

= 0.

So that g(u) = f(u). Hence u is the coincidence point of f and g. �

We present the following examples.

Example 3.4. Let X = [0,∞) be endowed with the usual metric and be equipped
with the natural ordering ≤. Take Y = [0, 3]. Clearly, Y is an O-complete subspace
of ordered metric space (X, d,�). Define the self mappings f, g : X → X by
f(x) = 1 + x

x+1 and g(x) = 4x. So that f(X) = [1, 2) and g(X) = [0,∞). It

is easy to verify the conditions (a), (b) and (c) of Theorem 3.3. We can see that
Y ⊆ g(X) and f and g are continuous. It remains to prove (3.1). For this, we
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define ψ, φ : [0,∞) → [0,∞) by ψ(x) = 3x and φ(x) = x
2 . Now, for any x, y ∈ X

with gx ≺� gy, we have

ψ[d(gx, gy)]− φ[d(gx, gy)] = ψ[d(4x, 4y)]− φ[d(4x, 4y)]

= ψ(4 | x− y |)− φ(4 | x− y |)
= 12 | x− y | −2 | x− y |
= 10 | x− y | . (3.30)

Again, we have

ψ[d(fx, fy)] = ψ[d(1 +
x

x+ 1
, 1 +

y

y + 1
)]

= ψ(
| x− y |

| x+ 1 || y + 1 |
)

=
3 | x− y |

| x+ 1 || y + 1 |
≤ 3 | x− y | . (3.31)

From (3.30) and (3.31), we get

ψ[d(fx, fy)] ≤ ψ[d(gx, gy)]− φ[d(gx, gy)].

Hence all the required conditions of Theorem 3.3 are satisfied. Thus, f and g have
a coincidence point in X.

Example 3.5. Let X = [0,∞) be endowed with the usual metric and the natural
ordering ≤. Take Y = [0, 2]. Again, Y is an O-complete subspace of ordered
metric space (X, d,�). Define the self mappings f, g : X → X by f(x) = 2x

x+1

and g(x) = 5
3x. So that f(X) = [0, 2) and g(X) = [0,∞). It is easy to verify the

conditions (a), (b) and (c) of Theorem 3.3. Note that Y ⊆ g(X) and f and g are
continuous. We need to prove (3.1). Define ψ, φ : [0,∞) → [0,∞) by ψ(x) = x

4
and φ(x) = x

8 . Now, for any x, y ∈ X with gx ≺� gy, we have

ψ[d(gx, gy)]− φ[d(gx, gy)] = ψ[d(
5

3
x,

5

3
y)]− φ[d(

5

3
x,

5

3
y)]

= ψ(
5

3
| x− y |)− φ(

5

3
| x− y |)

=
5

12
| x− y | − 5

24
| x− y |

≤ 1

2
| x− y | . (3.32)

Also,

ψ[d(fx, fy)] = ψ[d(
2x

x+ 1
,

2y

y + 1
)]

= ψ(
2 | x− y |

| x+ 1 || y + 1 |
)

=
| x− y |

2 | x+ 1 || y + 1 |

≤ 1

2
| x− y | . (3.33)
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From (3.32) and (3.33), we get

ψ[d(fx, fy)] ≤ ψ[d(gx, gy)]− φ[d(gx, gy)].

All the required conditions of Theorem 3.3 are satisfied. f and g have a coincidence
point in X.

Corollary 3.6. Let (X, d,�) be an O-complete ordered metric space. Consider f ,
g : X → X. Assume there exist an ultra-altering distance function
φ and an altering distance function ψ such that

ψ(d(fx, fy)) ≤ ψ(d(gx, gy))− φ(d(gx, gy)) ∀x, y ∈ X with gx ≺� gy. (3.34)

Suppose the following conditions hold:
(a) f(X) ⊆ g(X);
(b) f is g-increasing;
(c) ∃ x0 ∈ X s.t g(x0) � f(x0),
(d) either
(d1) f and g are O-compatible;
(d2) g is O-continuous;
(d3) either f is O-continuous or(X, d,�) has g-ICC property,
or alternatively,
(d′)
(d′1) there exists an O-closed subspace Y of X s.t f(X) ⊆ Y ⊂ g(X);
(d′2) either f is (g,O)-continuous or f and g are continuous or (Y, d,�) has ICC-
property,
Then, f and g have a coincidence point.

Proof. The result corresponding to part (d) follows easily by setting Y = X in
Theorem 3.3, while the same result in the presence of (d′) follows using proposition
2.11.

�

Definition 3.7. [2]. Let (X,�) be an ordered set and f , g be two self-mappings on
X. Then (X,�) is said to be (f, g)-directed if for each pair x, y ∈ X, there exists
z ∈ X such that f(x) ≺� g(z) and f(y) ≺� g(z). In the case g = I (identity
mapping), (X,�) is called f -directed.

Definition 3.8. [2]. Let (X,�) be an ordered set, E ⊆ X and a, b ∈ E. A subset
{e1, e2, ..., ek} of E is called a ≺�-chain between a and b in E, if
(i) k ≥ 2;
(ii) e1 = a and ek = b;
(iii) e1 ≺� e2 ≺� ... ≺� ek.
We denote by C(a, b,≺�, E) the class of all ≺�-chains between a and b in E. In
particular, for E = X we write C(x, y,≺�) instead of C(x, y,≺�, X).

Notation 2. [2]. For a pair f, g of self-mappings on a non-empty set X, we denote
by C(f, g) = {x ∈ X : fx = gx} the set of all coincidence points of f and g. Also,
let C(f, g) = {x ∈ X : ∃ x ∈ X s.t fx = gx = x} be the set of all points of
coincidence of f and g.

Theorem 3.9. In addition to assumptions of Theorem 3.3, suppose the following
condition holds:
(f) C(x, y,≺�, gX) is non-empty for each x, y ∈ X. Then f and g have a unique
point of coincidence.
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Proof. In Theorem 3.3, we have proved the existence of a coincidence point of f
and g in X, i.e., there exists x ∈ X such that fx = gx = k (say) ∈ X. Thus,
k ∈ C(f, g) and so C(f, g) 6= ∅. If C(f, g) is a singleton, the proof is completed.
Otherwise, let x, y ∈ C(f, g). So there exist x, y ∈ X such that

f(x) = g(x) = x and f(y) = g(y) = y. (3.35)

We have to show that x = y. As f(x), f(y) ∈ f(X) ⊆ g(X), then by (f), there exists
≺� −chain{gt1, gt2, ..., gtk} between f(x) and f(y) ∈ g(X), where t1, t2, ..., tk ∈ X.
By (3.35), without loss of generality, we can choose

t1 = x and tk = y,

g(ti) ≺� g(ti+1) for each i (1 ≤ i ≤ k − 1). (3.36)

Now, we define constant sequences,

t1n = t1 = x and tkn = tk = y. (3.37)

Then using (3.35), we have g(t1n+1) = f(t1n) and g(tkn+1) = f(tkn) for all n ∈ N0.

Put t20 = t2, t
3
0 = t3, ..., t

k−1
0 = tk−1. Since f(X) ⊆ g(X), we can define sequences

{t2n}, {t3n}, · · · , {tk−1n } inX such that g(t2n+1) = f(t2n), g(t3n+1) = f(t3n),...,g(tk−1n+1) =

f(tk−1n ) for all n ∈ N0. So, we have

g(tin+1) = f(tin) ∀ n ∈ N0 and for each i (1 ≤ i ≤ k − 1). (3.38)

Now, we claim that

g(tin) ≺� g(ti+1
n ) ∀ n ∈ N0 and for each i (1 ≤ i ≤ k − 1). (3.39)

We will prove it by induction. From (3.36), we can say that (3.39) holds for n = 0.
We assume that (3.39) holds for n = r > 0, i.e.,

g(tir) ≺� g(ti+1
r ) for each i (1 ≤ i ≤ k − 1).

Since f is g-increasing, we obtain

f(tir) ≺� f(ti+1
r ) for each i (1 ≤ i ≤ k − 1).

Using (3.38),

g(tir+1) ≺� g(ti+1
r+1) for each i (1 ≤ i ≤ k − 1).

This shows that (3.39) also holds for n = r + 1. By principle of mathematical
induction, (3.39) holds for all n ∈ N0. Now, for each n ∈ N0 and 1 ≤ i ≤ k − 1,
define

Rin = d(gtin, gt
i+1
n ).

We claim that

lim
n→∞

Rin = 0 for each i (1 ≤ i ≤ k − 1). (3.40)

By fixing i, two cases arise. Firstly, suppose that Rin0
= d(gtin0

, gti+1
n0

) = 0 for some

n0 ∈ N0, then by Lemma 2.19, we have d(ftin0
, fti+1

n0
) = 0. Consequently, by using

(3.38), we get

Rin0+1 = d(gtin0+1, gt
i+1
n0+1)

= d(ftin0
, fti+1

n0
)

= 0.
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By induction, Rin = 0 for all n ≥ n0, so lim
n→∞

Rin = 0. Secondly, suppose Rn > 0

for all n ∈ N0. Using (3.38), (3.39) and (3.1) of Theorem 3.3, we have

ψ(Rin) = ψ(d(gtin, gt
i+1
n ))

= ψ(d(ftin−1, ft
i+1
n−1))

≤ ψ(d(gtin−1, gt
i+1
n−1))− φ((d(gtin−1, gt

i+1
n−1)))

= ψ(Rin−1)− φ(Rin−1),

that is,

ψ(Rin) ≤ ψ(Rin−1)− φ(Rin−1). (3.41)

Using properties of φ, we have for all n ≥ 1,

ψ(Rin) ≤ ψ(Rin−1).

Since ψ is monotonic increasing, we get

Rin ≤ Rin−1 ∀ n and each i (1 ≤ i ≤ k − 1).

Therefore, {Rin} is a monotonic decreasing sequence of non-negative real numbers,
thus there exists r ≥ 0 such that

Rin → r as n→∞. (3.42)

Taking lim
n→∞

in (3.41) and using (3.42) and continuities of φ and ψ, we have

ψ(r) ≤ ψ(r)− φ(r),

which it is a contradiction, unless r = 0. Thus,

Rin → 0 as n→∞ ∀ i (1 ≤ i ≤ k − 1).

In both cases, (3.40) is proved. Now, by triangular inequality, we have

d(x, y) ≤ d(x, gt2n) + d(gt2n, gt
3
n) + ...+ d(gtk−1n , y). (3.43)

Using (3.35) and (3.37), we have

x = g(x) = g(t1n) and y = g(tkn). (3.44)

Using (3.44) in (3.43), by (3.40), we get

d(x, y) = d(gt1n, gt
2
n) + d(gt2n, gt

3
n) + ...+ d(gtk−1n , gtkn)

= R1
n +R2

n + ...+Rk−1n

→ 0 as n→∞.

Thus d(x, y) = 0, which implies that x = y. �

Example 3.10. Let X = [0,∞) be endowed with the usual metric and the natural
ordering ≤. Take Y = [0, 1]. Clearly, Y is an O-complete subspace of ordered
metric space (X, d,�). Define the self mappings f, g : X → X by f(x) = x

x+1

and g(x) = 2x, So that f(X) = [0, 1) and g(X) = [0,∞). It is easy to verify the
conditions (a), (b) and (c) of Theorem 3.3. Also we can see that Y ⊆ g(X) and f
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and g are continuous. It remains to prove (3.1). Define ψ, φ : [0,∞) → [0,∞) by
ψ(x) = x

2 and φ(x) = x
5 . Now, for x, y ∈ X such that gx ≺� gy, we have

ψ[d(gx, gy)]− φ[d(gx, gy)] = ψ[d(2x, 2y)]− φ[d(2x, 2y)]

= ψ(2 | x− y |)− φ(2 | x− y |)

= | x− y | −2

5
| x− y |

=
3

5
| x− y |

≥ 1

2
| x− y | . (3.45)

Again, we have

ψ[d(fx, fy)] = ψ[d(
x

x+ 1
,

y

y + 1
)]

= ψ(
| x− y |

| x+ 1 || y + 1 |
)

=
| x− y |

2 | x+ 1 || y + 1 |

≤ 1

2
| x− y | . (3.46)

We deduce that

ψ[d(fx, fy)] ≤ ψ[d(gx, gy)]− φ[d(gx, gy)].

Hence all the required conditions of Theorem 3.3 are satisfied. Thus, f and g have a
coincidence point in X. Further, it is clear that for each x, y ∈ X, C(x, y,≺�, gX)
is non-empty, so by Theorem 3.9, f and g have a unique point of coincidence.

Theorem 3.11. Theorem 3.9 remains also true if we replace condition (f) of
Theorem 3.9 by one of the following conditions:
(f1): (fX,�) is totally ordered;
(f2): (X,�) is (f, g)-directed.

Proof. Suppose that (f1) holds. For x, y ∈ X such that f(x) ≺� f(y), we have
{fx, fy} is a ≺�-chain between fx and fy in g(X). Thus C(fx, fy,≺�, g(X))
is non-empty for each x, y ∈ X, i.e., (f) holds. Hence Theorem 3.9 is applicable.
Next, assume (f2) holds, then for all x, y ∈ X, there exists z ∈ X such that

f(x) ≺� g(z) ≺� f(y).

This implies that {fx, gz, fy} is a ≺�-chain between fx and fy in g(X). It follows
that C(fx, fy,≺�, g(X)) is non-empty for each x, y ∈ X, i.e., (f) holds and so
Theorem 3.9 is applicable. �

On setting g = I in earlier results, we deduce the following corresponding fixed
point theorems.

Theorem 3.12. Let (X, d,�) be an ordered metric space, Y be an O-complete
subspace of X and f be a self-mapping on X such that f(X) ⊆ Y . Assume there
exist an ultra-altering distance function φ and an altering distance function ψ such
that

ψ(d(fx, fy)) ≤ ψ(d(x, y))− φ(d(x, y)) ∀ x, y ∈ X with x ≺� y. (3.47)
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Also suppose the following conditions hold:
(a) f is increasing;
(b) there exists x0 ∈ X such that x0 � f(x0);
(c) either f is O-continuous, or (Y, d,�) has g-ICC property.
Then f has a fixed point.

Theorem 3.13. Theorem 3.12 remains true if certain involved terms, namely O-
complete, O-continuous and ICC-property are replaced by respective O-complete, O-
continuous and DCC property provided assumption (b) is replaced by the following
condition:
(b’) there exists x0 ∈ X such that x0 � f(x0).

Theorem 3.14. Theorem 3.12 remains true if certain involved terms, namely O-
complete, O-continuous and ICC-property are replaced by respective O-complete,
O-continuous and MCC property provided assumption (b) is replaced by the follow-
ing condition:

(b’) there exists x0 ∈ X such that x0 ≺� f(x0).

4. Conclusion

In our results, another metrical notions (such as completeness, continuity, g-
continuity and compatibility) are compatible with a partial ordering. In the similar
manner, for a possible problem, the reader mainly sharpened the existing results
under different kinds of contractions.
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integrals, Fund. Maths. 3(1922), 133-181.
[10] M. Berzig, E. Karapinar, A. Roldán, Discussion on generalized -(αψ, βϕ)-contractive map-

pings via generalized altering distance function and related fixed point theorems, Abstract

and Applied Analysis, 2014 (2014), Article ID 259768, 12 pages.
[11] B.S. Choudhury, N. Metiya, A. Kundu, Coupled coincidence point theorems in ordered metric

spaces, Annali Dell’Universita’Di Ferrara, 57 (1)(2011), 1-16.

[12] L. Ćirić, N. Cakić, M. Rajović, J.S. Ume, Monotone generlized nonlinear contractions in

partially ordered metric spaces, Fixed Point Theory Appl. 341(2)(2008), 1241-1252.
[13] P.N. Dutta, B.S. Choudhury, A generalization of contraction principles in metric spaces,

Fixed Point Theory Appl. (2008), Article ID

406368.
[14] A. Felhi, H. Aydi, New fixed point results for multi-valued maps via manageable functions

and an application on a boundary value problem, U.P.B. Sci. Bull. Series A, Vol. 80, Iss. 1,

2018, 1-12.
[15] A. Felhi, H. Aydi, D. Zhang, Fixed points for α-admissible contractive mappings via simula-

tion functions, J. Nonlinear Sci. Appl. 9 (2016) Issue: 10, 5544–5560.

[16] K. Goebel, A Coincidence Theorem, Bulletin de l’Académie polonaise des Sciences. Série des
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