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ORDER-THEORETIC METRICAL COINCIDENCE THEOREMS
INVOLVING (¢,1)-CONTRACTIONS

TAWSEEF RASHID, NOUF ALHARBI, QAMRUL HAQ KHAN, HASSEN AYDI, CENAP
OZEL

ABSTRACT. In this paper, we prove some results on existence and uniqueness
of a coincidence point for (¢,1))-contractive mappings using order-theoretic
analogues of involved metric notions. Our results generalize and extend some
well-known results existing in literature.

1. INTRODUCTION

The first important result in metric fixed point theory is Banach Contraction

Principle which was given by Banach in 1922 [9]. This principle has been generalized
by many authors, either by changing the contractive condition, or by changing the
underlying space, see [11 [5] [6], [7], [8] 14, [15] 25, 24 27] 28] 29] 34] 35, B7]. Khan et al.
[23] used the concept of altering distance functions to generalize Banach contraction
principle. Afterward, Dutta et al. [I3] generalized Banach Contraction Principle
by using a pair of altering distance functions. In this direction, the concept of
(¢, )-contractions was further refined by Choudhury et al. [II] by deleting the
condition of monotonicity of ¢.
On the other hand, Ran and Reurings [33] obtained an important generalization
of Banach Contraction Principle in the setting of ordered metric spaces, which is
further refined by Nieto and Lopez [30]. Recently, Alam et al. [2 B] introduced
notions of O-completeness, O-continuity, (g, O)-continuity. Utilizing these notions,
they proved some coincidence theorems by deleting completeness condition of whole
space, instead used completeness of subspace in setting of ordered metric spaces.
The aim of this paper is to prove some coincidence point theorems under (¢, )-
contractions in ordered metric spaces. This paper generalizes and extends the
results of Harjani and Sadarangani [17].

2. PRELIMINARIES

In this section, to make our exposition self-contained, we recall some basic defi-
nitions, relevant notions and auxiliary results. Throughout this paper, N stands for
set of natural numbers and Ny for the set of whole numbers (i.e.,Ng = NU {0}).
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Definition 2.1. [26]. Let (X, <)) be an ordered set. = denotes the dual order of
S fie,x2y=>y=x)

Definition 2.2. [26]. Two elements x andy of an ordered set (X, =) are said to be
comparable if either x <y or x = y. Two comparable elements x and y are denoted
by x <> y.

Definition 2.3. [26]. A subset E of an ordered set (X, =) is called totally (or
linearly ordered) if every pair of elements of E is comparable, i.e.,

z <=y forallx,yec E.

Definition 2.4. [38]. A sequence {x,} in an ordered set (X, <) is said to be

(1) increasing or ascending if for any m,n € Nog with m < n = x,, < zp;

(1) decreasing or descending if for any m,n € Ny with m < n = x, <X Tp;

(#4i) monotone if either it is increasing or decreasing;

(tv) bounded above if there exists an element u € X such that x, =< u for all
n € Ng. Here, u is called an upper bound of {x,};

(v) bounded below if there exists an element uw € X such that x, > w for all
n € No. Here u is called an lower bound of {x,}.

Definition 2.5. [12]. Let f and g be two self-mappings on an ordered set (X, <).
Then f is said to be g-increasing if for any z,y € X,

9(x) 2 g(y) = f(x) = fy).

Definition 2.6. [10],[19],[20]. Let f and g be two self-mappings on a non-empty
set X. An element x € X is called a coincidence point of f and g if f(z) = g(x).

Definition 2.7. ([36],[22]). Let f and g be two self-mappings on a metric space
(X,d). Then

(7)) f and g are said to be compatible if for any sequence {x,} C X and for any
ze X, nlglgﬁ g(zy) = nh_{glo f(zn) = z implies nh_)ngo d(gfxzn, fgr,) =0.

(i1) f is said to be g-continuous at x € X if for any sequence {x,} C X,

g9(zn) = g(x) = f(2n) = f(2).
Moreover, f is called g-continuous if it is g-continuous at each point.

Definition 2.8. [31]. A triplet (X,d, <) is called an ordered metric space if (X, d)
is a metric space and (X, <) is an ordered set. Moreover, if the metric space (X, d)
is complete, then (X,d, <) is called an ordered complete metric space.

Notation 1. [3]. Let (X,d, X) be an ordered metric space and {x,} be a sequence
in X. (i) If {z,} is increasing and x,, LN x, then it is denoted by x,, T x;

(i) if {xn} is decreasing and 9y x, then it is denoted by xp | x;

(#i1) if {xn} is monotone and x, LN x, then it is denoted by =, T\ x.

Definition 2.9. [2]. An ordered metric space (X,d, =) is called

(i) O-complete if every increasing cauchy sequence in X converges;

(i) O-complete if every decreasing cauchy sequence in X converges;
(#ii) O-complete if every monotone cauchy sequence in X converges.
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Definition 2.10. [3]. Let (X,d, =) be an ordered metric space. A subset E of X
is called
(i) O-closed if for any sequence {x,} C F,

T, Tx=x€k.
(i) O-closed if for any sequence {x,} C E,

T lr=>x€FE.
(i1i) O-closed if for any sequence {x,} C E,

r, lx=z€Fk.

Proposition 2.11. [3]. (i) An O-complete subspace of an ordered metric space is
O-closed.

(i) An O-complete subspace of an ordered metric space is O-closed.

(iii) An O-complete subspace of an ordered metric space is O-closed.

Proposition 2.12. [3]. (i) An O-closed subspace of an O-complete ordered metric
space is O-complete.

(i) An O-closed subspace of an O-complete ordered metric space is O-complete.
(#ii) An O-closed subspace of an O-complete ordered metric space is O-complete.

Definition 2.13. [2]. Let (X,d, =) be an ordered metric space, f : X — X be a
mapping and x € X. Then [ is called
(i) O-continuous at x if for any sequence {x,} C X,

Tt e = flan) % /().
(i) O-continuous at x if for any sequence {x,} C X,

T be= flan) % f().
(iii) O—continuous at = if for any sequence {x,} C X,

v tha = fzn) S fla).

Definition 2.14. [2]. Let (X,d, =) be an ordered metric space, f and g be two
self-mappings on X and x € X. Then [ is called
(i) (9,0 )-continuous at = if for any sequence {x,} C X,

9(@a) 1 (@) = f(wa) & f(o);
(i) (g,0)-continuous at x if for any sequence {x,} C X;

9(wn) Lg(@) = f(@a) 5 f(2).
(#i3) (g,0)-continuous at  if for any sequence {x,} C X,

9(@n) 1 g(@) = f(xa) 5 f(2).

Definition 2.15. [2]. Let (X,d, <) be an ordered metric space and f and g be two
self-mappings on X. One says that f and g are
(i) O-compatible if for any sequence {x,} C X and for any z € X,

g(mn) 1z, f(xn) tz= nh—>n<§o d(gfxna fgxn) =0.
(i) O-compatible if for any sequence {x,} C X and for any z € X,
g(mn) {2z f(xn) lz= nh—>n<§o d(.gfxna fgxn) =0.
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(iii) O-compatible if for any sequence {x,} C X and for any z € X,
9(@n) T2, f(zn) T4 2= lim d(gfn, fgzn) = 0.

Definition 2.16. [2]. Let (X,d, <) be an ordered space. One says that

(i) (X,d, <) has ICC (increasing-convergence-comparable) property if every increas-
ing convergent sequence {x,} in X has a subsequence {xy,} such that every term
of {xn, } is comparable with the limit of {x,}; that is

xn T = 3 a subsequence {x,,} of {z,} with x,, <>z V k € Ny.

(i) (X,d, <) has DCC (decreasing-convergence-comparable) property if every de-
creasing convergent sequence {x,} in X has a subsequence {x,, } such that every
term of {xy, } is comparable with the limit of {x,}; that is

T L ® = 3 a subsequence {z,,} of {xn} with x,, <> x V k € Ny.

(iii) (X, d, =) has MCC' (monotone-convergence-comparable) property if every mono-
tone convergent sequence {xy} in X has a subsequence {x,, } such that every term
of {xn, } is comparable with the limit of {x,}, that is,

Tn T = 3 a subsequence {x,,} of {zn} with x,, <>z V k € No.

Definition 2.17. [2]. Let (X,d, <X) be an ordered metric space and g a self-mapping
on X. One says that

(i) (X,d, =) has g-ICC property if every increasing convergent sequence {x,} in X
has a subsequence {x,, } such that every term of {gxn, } is comparable with g-image
of the limit of {x,}, i.e.,

Zn T2 = 3 a subsequence {xy, } of {xp}with g(z,,) <> g(z) ¥V k € No.

(i) (X,d, =) has g-DCC property if every decreasing convergent sequence {x,} in
X has a subsequence {x,,} such that every term of {gzn,} is comparable with
g-image of the limit of {x,}, i.e.,

Ty 4 = 3 a subsequence {x,, } of {xp}with g(z,,) <> g(z) ¥V k € No.

(iii) (X,d,=) has g-MCC property if every monotone convergent sequence {n}
in X has a subsequence {x,, } such that every term of {gxn,} is comparable with
g-image of the limit of {x,}, i.e.,

xn T = 3 a subsequence {x,, } of {x,}with g(x,,) <= g(z) ¥V k € No.

Observe that under the restriction g = I, the identity mapping on X, Definition
2.17is reduced to Definition [2.16l

Lemma 2.18. [21],[32],[10]. Let (X,d) be a metric space and {x,} be a sequence
in X. If {z,} is not Cauchy, then there exist ¢ > 0 and two subsequences {xm,, }
and {xy, } of {xn} such that
(i)kgmk<nka€N;
(”) d(gjmmxnk) Z €5
(111) d( Xy, Tp,,) < €V pi € {mp +1,my +2,...,np — 2,0 — 1}.
Moreover, suppose that HILH;O d(pn, Tnt1) = 0. Then
() lim d(xpm,,Tn,) =€;
k—o0

(U) leI{:o d(xkarh mnkJrl) =&
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Lemma 2.19. [4]. Let f and g be two self-mappings defined on an ordered set
(X, X). If f is g-increasing and g(x) = g(y), then f(x) = f(y).

Lemma 2.20. [I§]. Let X be a non-empty set and g be a self-mapping on X. Then
there exists a subset E C X such that g(E) = g(X) and g : E — X is one-to-one.

Definition 2.21. [23]. A function 1 : [0,00) — [0, 00) is called an altering distance
function, if the following properties are satisfied:
(i) v is monotone increasing and continuous;

(ii) (t) = 0 iff t = 0.
Note. In the main result, we denote by N° the set N U {0}.

3. MAIN RESULTS
3.1. Existence of a coincidence point.

Definition 3.1. A function ¢ : [0,00) — [0,00) is called an ultra-altering distance
function, if the following properties are satisfied:

(i) & is continuous;

(ii) ¢(t) =0 iff t = 0.
Example 3.2. Let f:[0,00) = [0,00) be defined by f(x) = x + 2sinz. Clearly, f
is continuous and f(t) = 0 iff t = 0. We show that f is not monotonic increasing.
Take x1 = %Tﬁ and Ty = %". Note that that 1 < x2, but f(x1) > f(x2). That is, f
is an ultra-altering distance function.

Theorem 3.3. Let (X,d, =) be an ordered metric space, Y be an O-complete sub-
space of X and f, g : X — X be self-mappings on X. Suppose there exist an
ultra-altering distance function ¢ and an altering distance function 1 such that

v(d(fz, fy) < P(d(gz, gy)) — ¢(d(gz, gy)) V 2,y € X with gz <= gy.  (3.1)
Suppose also that the following conditions hold:
(a) F(X) C g(X) N Y
(b) f is g- increasing;
(c) there exists exists xg € X such that g(xo) = f(xo);
In addition to above, if either (di) — (dg) or (dy) — (db) holds, where
(d1) f and g are O-compatible;
(d2) g is O-continuous;
(d3) either f is O-continuous or (Y,d,=) has g-ICC property
and
(d)Y Cg(X);
(db) either f is (9,0 )-continuous, or f and g are continuous, or (Y,d, <) has ICC-
property.
Then f and g have a coincidence point.
Proof. By assumption (c), there exists xg € X such that g(z¢) =< f(zo). If g(zo) =
f(zp), then xy is a coincidence point of f and g, and so the proof is completed.
Otherwise, by using assumption (a), f(X) C g(X). We may construct a sequence
{z,} C X of joint iterations of f and g based at point zg, i.e.,

9(@pnt1) = f(xy,) for all n € Ny. (3.2)
Now, we show that {g(z,)} is an increasing sequence, i.e.,

9(xy) 2 g(xps1) for all n € Ny. (3.3)
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We will prove it by mathematical induction. Using (3.2)) with n = 0, by assumption
(¢), we have
g(wo) =2 f(x0) = g(z1),
that is, (3.3) holds for n = 0. We assume that (3.3) holds for n = r > 0, i.e.,
g(xr) = g(xr41). Now, using (3.2)) and assumption (b), we get
9(@ri1) = f(2r) 2 f(@r41) = 9(2r42),
which shows that (3.3 is also true for n = r + 1. By principle of mathematical

induction, (3.3) holds for all n, i.e., g(x,) = g(zpy1) for all n € Ny. In view of
(3-2) and (3.3), {fxn} is also an increasing sequence, i.e.,

flxn) = f(xpe1) for all n € Ny. (3.4)
If g(wn,) = g(wpy41) for some ng € Ny, then using (3.2), we have g(z,,) = f(2n,),

SO Ty, is a coincidence point of f and g.
On the other hand, g(z,) # g(zp4+1) for all n € Ng. Now, we define a sequence

{Rn}5o C (0,00), where

R, = d(gxnagwn-i-l)'
By (3.3), we have g(x,—1) < g(x,). From (3.1)) and (3.2)), we have

Y(d(gTnt1,97n)) = U(d(fzp, fra-1))
< '(/}(d(gxnmgl‘n—l)) _¢(d(gxnagxn—l))7

that is,
Using properties of ¢, we have for all n > 1

w(Rn) < 7/)(Rn—l)~

Since 1 is monotone increasing, we get R,, < R,,_; for all n. Therefore, {R,} is a
monotonic decreasing sequence of non-negative real numbers. Thus

Ir>0stR,—rasn— 0. (3.6)

Taking the limit as n — oo in (3.5) and using (3.6)) together with the continuities
of ¥ and ¢, we have

Y(r) < (r) — o(r),
which is a contradiction unless » = 0. Hence
R, = 0 as n — oo, (3.7)

ie., nl;ngo d(gzy, grny1) = 0. Next, we show that {gx,} is a Cauchy sequence.

Suppose {gz,} is not a Cauchy sequence. By Lemma [2.18] there exist € > 0 and
subsequences of positive integers {my} and {ng} such that for ny > my >k,

Dy = d(gzm,, gTn,) = €, (3.8)
and
A(9Tmy, 9Ty —1) < €. (3.9)
Now, using ,
e<Dy = d(gxm,,9%n,)
d(gTm,, 9, 1) + d(gTn,—1, 9Tn,),

IN
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In view of (3.9) and definition of R,,, we get

e<Dp = d(gxmkvgxnk)
< e+ Rnkfb
Letting k£ — oo in the above inequality and using (3.7)), we have
lim Dy = d(9Tm,, 9Tn,) = €. (3.10)
k—o0
Again,
Dii1 = d(9Tmy+1, 9Tn,+1)

< d(gxmk+1a gmmk) + d(gajm;c , gxnk) + d(gxnk ) gmnk-&-l)
= Rmk + Dy, —l—Rnk.

Letting &k — oo and using (3.7) and (3.10)), we have
len;O Diy1 = d(gTmp 11, 9Tn,+1) = €. (3.11)
Since ny > my, g(zn,) = g(Tm,). Then from (3.1) and (3.2]), we have

w(d(gz"k"rl’gxmk"rl)) = w(d(fl‘nk,fJ?mk))
< w(d(gxnmgmmk)) - (b(d(gxnkvg‘rmk))’

that is,

Y(Dry1) < ¢(Dk) — ¢(Dy). (3.12)
Letting & — oo in (3.12) and using (3.10)), (3.11) and continuities of ¢ and v, we
have

¥(e) < Y(e) — d(e).
Thus, ¢(¢) = 0. So € = 0, which is a contradiction. Therefore, {gx,} is a Cauchy
sequence.
By (3.2) and f(X) C Y, we can say that {gr,} ia an increasing Cauchy sequence
in Y, which is O-complete, so there exists z € Y such that lim g¢(z,) = 2. Due to
n—oo

(33,

g(xn) 1 2. (3.13)
On using (3.2), (3.4) and (3.13)), we obtain
flzn) T 2. (3.14)

Now, using assumptions (dy) — (d3) and (dj) — (d}), we accomplish the rest of the
proof. Assume that (d;) — (d3) holds. Using assumption (ds) in (3.13) and (3.14)),

we have

lim g(gzn) = g(2), (3.15)
Jim g(fan) = g(2). (3.16)

On using (3.13), and assumption (d;), we have
nh_)rr;o d(gfxn, fgx,) = 0. (3.17)

Now, we show that z is a coincidence point of f and g. To accomplish this, we use
assumption (dsz). Suppose that f is O-continuous. Using (3.13) and O-continuity
of f,

lim f(gea) = f(2). (3.18)

n—oQ
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By (3.16)), (3.17) and (3.18]), we obtain

d(gz, fz) = d(lim gfey, lim fgr,)

= lim d(gfzn, fgzn)
n—oo
= 0.

This implies that g(z) = f(z). Alternatively, suppose that (Y,d, <) has ¢g-ICC
property. Due to (3.13]), there exists a subsequence {gx,, } of {gx,} such that

9(gxn, ) <> g(z) for all k € Ny. (3.19)
We have to show that
d(fgxn,, fz) < d(ggzn,,g9z) forall ke N.

Using and ,
V(d(fgrn,, f2) < P(d(gg2n,,92)) — d(d(ggan,, 92))- (3.20)

As ¢(t) > 0, we have from (3.20)),
Y(d(fgn,, f2)) < Y(d(ggTn,, 92))-
Again, by using and monotonicity of 1, we get
d(f9xnk, f2) < d(9gxnk,gz) for all k € Ny. (3.21)
Now, by triangular inequality, (3.15)), (3.16)), (3.17) and (3.21]), we get
dlgz.f2) = d(gzgf2n) + d(9fTny, [n,) + d(fg2n,, I2)

< d(gz, gfwn,) +d(gfon,, fgrn,) + d(g92n,, 92)
— 0as k — oo.
T

So that g(z) = f(2). Thus z € X is a coincidence point of f and g.
Now, assume that (d}) and (dj) holds. By assumption (d}), i.e., Y C g(X), we can
find some u € X such that z = g(u). Hence (3.13)) and (3.14) are reduced to

9(@n) 1 g(u) (3.22)
and

f(@a) T gw), (3.23)
respectively. Now, we show that u is a coincidence point of f and g. To accomplish

this, we use assumption (dy). Firstly, suppose that f is (g,0)-continuous. By
(13.22]),

lim f(za) = f(u). (3.24)
Using and (3:24), we get g(u) = f(u).

Secondly, suppose that f and g are continuous. By Lemma there exists a
subset £ C X such that g(F) = g(X) and g : E — X is one-to-one. Without loss
of generality, we consider E C X such that v € E. Now, we define T' : g(E) — ¢g(X)
by

T(ge) = f(e) ¥V g(e) € g(E) where e € E. (3.25)
As g: E — X is one-to-one and f(X) C g(X), so T is well defined. Also, as f and g
are continuous, it follows that T" is continuous. Since {z,} C X and g(X) = g(E),
there exists {e,,} C E such that g(z,) = g(e,) for all n € Ny. Using Lemma [2.20]

f(zn) = f(en) for all n € Ng. By using (3.22)) and (3.23)),
lim g(e,) = lim f(e,) = g(u). (3.26)
n—oo n—oo
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Making use of (3.25) and (3.26)) and continuity of T, we get

f(u) = T(gu)
T( lim gey)

n—oQ

= lim T(gey)

n—roo

= lim f(en)

= g(u).

Thus u € X is a coincidence point of f and g. Finally, suppose that (Y, d, <) has
ICC-property, then by using (3.22]), there exists a subsequence {gz,,} of {gz,}
such that

9(xn, ) <> g(u) for all k € Ny. (3.27)
On using (3.1)), (3.2)) and (3.27]), we obtain
¢(d(gxnk+17 fu)) = 1/)(d(f90mm fu))
< P(d(gon,, gu)) — ¢(d(gzn,, gu)).
Using property of ¢ and monotonicity of ¢, we get
d(gTnit1, fu) < d(gxnk, gu) for all k € Ny. (3.28)
We claim that
d(gzn,+1, fu) < d(gTn,,gu) for all k € N. (3.29)
On account of two different possibilities arising here, we consider again the partition
{N° Nt} of N, i.e., N NN+t = ) and N’ UNT = N, verifying that
(1) d(g9p,,gu) =0 for all k € N°,
(ii) d(gxn,,gu) >0 for all k € NT.
Case (i): By using Lemma [2.20, we get d(fx,,, fu) = 0 for all k£ € N°. In view of
(3-2), we get d(gzp, 11, fu) =0 for all k € N and so (3.29)) holds for all k € N°.
Case (i7): On using (3.28), we have d(gzn, +1, fu) < d(gzp,, gu) for all k € N*. So

3.29) holds for all £ € N*. Thus (3.29)) holds for k¥ € N. Now, by using (3.22) and
3.29),

d(gu7 fu) = d(nll{rolo 9Tn+1, fu)

= lim d(gzn,+1, fu)
k—o0

< lim d(gzn,, gu)
k— o0

= 0.

So that g(u) = f(u). Hence u is the coincidence point of f and g. O
We present the following examples.

Example 3.4. Let X = [0,00) be endowed with the usual metric and be equipped
with the natural ordering <. Take Y = [0,3]. Clearly, Y is an O-complete subspace
of ordered metric space (X,d,=). Define the self mappings f,g : X — X by
f(x) = 1+ 5 and g(z) = 4x. So that f(X) = [1,2) and g(X) = [0,00). It
is easy to verify the conditions (a), (b) and (c) of Theorem|3.5 We can see that

Y C g(X) and f and g are continuous. It remains to prove . For this, we
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define ¥, ¢ : [0,00) = [0,00) by ¥(x) = 3z and ¢(x) = 5. Now, for any z,y € X
with gr <> gy, we have

Pld(gz, gy)] — ¢ld(gr, gy)] = Yld(4z,4y)] — dld(4, 4y)]
vAlz—yl)—o@|z-yl)
R2|z—y|-2[z-y
= 10|z—y]. (3.30)

Again, we have

I I

vld(fe, fy)) = W0+ 1

B |z —y |
= Yy

3lz—y|
o+ 1y +1]
3le—y|. (3.31)

IN

From and , we get
Yld(fz, fy)] < Pld(gz, gy)] — old(gz, gy)].

Hence all the required conditions of Theorem[3.3 are satisfied. Thus, f and g have
a coincidence point in X.

Example 3.5. Let X = [0,00) be endowed with the usual metric and the natural
ordering <. Take Y = [0,2]. Again, Y is an O-complete subspace of ordered
metric space (X,d,=). Define the self mappings f,g : X — X by f(z) = f—fl
and g(z) = 2z. So that f(X) =[0,2) and g(X) = [0,00). It is easy to verify the
conditions (a), (b) and (c) of Theorem[3.3 Note that Y C g(X) and f and g are
continuous. We need to prove . Define 1, ¢ : [0,00) — [0,00) by ¥(x) = 7
and ¢(x) = 5. Now, for any x,y € X with gx <>~ gy, we have

%gm]

w| ot

vld(ge, gu)] ~ dld(gz,g)] = wld(5w, 2y)] - ol

= UG le-y) =6 o —y])

S le—y| -2 z—y|
= —|lz—y|——=|z-
Yy Y Y

z,

1
< Sle—yl, (3.32)

Also,

2z 2y

r+1y+1
2|z —y|

lz+1]ly+1]
|z —y

2|z +1ly+1

Yld(fz, fy)] Pld( )]

= Y )

1
< slz-yl. (3.33)
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From and , we get
Yld(fz, fy)] < Pld(g, gy)] — ¢ld(gz, gy)].

All the required conditions of Theorem[3.3 are satisfied. f and g have a coincidence
point in X.

Corollary 3.6. Let (X, d, <) be an O-complete ordered metric space. Consider f,
g : X — X. Assume there exist an ultra-altering distance function
¢ and an altering distance function v such that

Y(d(fz, fy)) < P(d(gz, gy)) — dd(gz, gy)) Yo,y € X with gz <~ gy.  (3.34)
Suppose the following conditions hold:
(a) F(X) C g(X);
(b) f is g-increasing;
(¢) 3o € X s.t g(zo) 2 f(zo),
(d) either
(d1) f and g are O-compatible;
(d2) g is O-continuous;
(d3) either f is O-continuous or(X,d, <) has g-ICC property,
or alternatively,
(d')
(d}) there exists an O-closed subspace Y of X s.t f(X) CY C g(X);
(db) either f is (g,0 )-continuous or f and g are continuous or (Y,d, <) has ICC-
property,
Then, f and g have a coincidence point.
Proof. The result corresponding to part (d) follows easily by setting ¥ = X in
Theorem [3.3] while the same result in the presence of (d') follows using proposition

]

Definition 3.7. [2]. Let (X, <) be an ordered set and f, g be two self-mappings on
X. Then (X, =) is said to be (f, g)-directed if for each pair x,y € X, there exists
z € X such that f(z) <> g(z) and f(y) <> g(z). In the case g = I (identity
mapping), (X, =) is called f-directed.

Definition 3.8. [2]. Let (X, <) be an ordered set, E C X and a,b € E. A subset
{e1,e2,...,ex} of E is called a <>-chain between a and b in E, if

(i) k> 2;

(ii) e1 = a and e, = b;

(7i7) ex <> ea <> ... <> eg.

We denote by C(a,b, <>, E) the class of all <>-chains between a and b in E. In
particular, for E = X we write C(z,y, <>) instead of C(z,y, <>, X).

Notation 2. [2]. For a pair f, g of self-mappings on a non-empty set X, we denote
by C(f,g) ={x € X : fx = gz} the set of all coincidence points of f and g. Also,
let O(f,g) = {7 € X : 3z € X st fr = gr = T} be the set of all points of
coincidence of f and g.

Theorem 3.9. In addition to assumptions of Theorem[3.3, suppose the following
condition holds:

(f) Clz,y,<>,9X) is non-empty for each x,y € X. Then [ and g have a unique
point of coincidence.
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Proof. In Theorem [3.3] we have proved the existence of a coincidence point of f
and g in X, i.e., there exists x € X such that fax = gr = k (say) € X. Thus,
k € C(f,g) and so C(f,g) # 0. If C(f,g) is a singleton, the proof is completed.
Otherwise, let Z,7 € C(f,g). So there exist 2,y € X such that

f(z)=g(z) =7 and f(y)=9(y) =7. (3.35)

We have to show that T = 7. As f(z), f(y) € f(X) C g(X), then by (f), there exists
<> —chain{gt1, gta, ..., gt} between f(x) and f(y) € g(X), where t1,ta,...,tx € X.
By (3.35)), without loss of generality, we can choose

ty =z and ty, =y,

g(t;) <= g(tix1) for eachi (1 <i<k—1). (3.36)
Now, we define constant sequences,
th=ti =z and tF =t, =y. (3.37)

Then using (3.35), we have g(t,,,) = f(t}) and g(tk, ) = f(tF) for all n € N.
Put t2 = to,t3 = t3, ...,tlg*l = tg—1. Since f(X) C g(X), we can define sequences

{&y A0}, {th ™} in X such that g(t7 1) = f(£3), 9(th 1) = f(£)),9(th37) =
f(E=1) for all n € Ny. So, we have
g(th 1) = f(th) Vn € Ny and for eachi (1 <i<k—1). (3.38)
Now, we claim that
g(ti) <= gt )V n € Ny and for eachi (1 <i<k—1). (3.39)

We will prove it by induction. From (3.36)), we can say that (3.39) holds for n = 0.
We assume that (3.39) holds for n =r > 0, i.e.,

g(th) <= g(ti*Y) for each i (1 <i <k —1).
Since f is g-increasing, we obtain
f(ti) <= f(tiﬂ) foreachi (1<i<k-—1).

Using (3.38)),
g(th,y) == g(tith) for eachi (1<i<k—1).
This shows that (3.39) also holds for n = r + 1. By principle of mathematical

induction, (3.39) holds for all n € Ny. Now, for each n € Ny and 1 < i < k — 1,
define

R;, = d(gt;,, gt;").
We claim that
lim R, =0 for eachi (1<i<k—1). (3.40)
n—oQ
g : ; i i i+1y
By fixing i, two cases arise. Firstly, suppose ‘phat Rn , = d(gty,, gtn': ) = 0 for some
no € Ny, then by Lemma we have d(ft, , ftiF') = 0. Consequently, by using
(3-38), we get

, , .

310+1 = d(gt:LOJrlvgt;jo-&-l)
= d(ft.,, ftith
= 0.
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By induction, RY, = 0 for all n > no, SO hm Ri = 0. Secondly, suppose R, > 0

for all n € Ny. Using (3.38 and (| . ) of Theorem [3.3 -, we have

U(Ry,) = (d (gtn,gﬂ“»
= (A fty_y, ft;))
< Y(dgth,_1, 9t;7h)) — o((d(gth,_1, gt,74)))
= Y(R,_y) = ¢(R;,_y),
that is,
b(Ry,) <o(Ry,_y) — ¢(Ry_y). (3.41)

Using properties of ¢, we have for all n > 1,
B(RL) < V(R ).
Since 1 is monotonic increasing, we get
R\ <R VYmnandeachi(1<i<k-—1).

Therefore, { R%,} is a monotonic decreasing sequence of non-negative real numbers,
thus there exists r > 0 such that

R!, —rasn — co. (3.42)

Taking nll)n;o in and using and continuities of ¢ and v, we have
P(r) < (r) —o(r),
which it is a contradiction, unless r = 0. Thus,
Ri—=0asn—ooVi(l1<i<k-1).

In both cases, (3.40) is proved. Now, by triangular inequality, we have

d(z,9) < d(@, gt3) + d(gty,, gt) + - + dlgty ™", 7). (3.43)
Using (3.35) and ([3.37)), we have
T =g(z) = g(t,) and § = g(t;). (3.44)

Using (3.44)) in (3.43), by (3.40)), we get

dx,y) = dgth,gtr) +d(gta, gts) + ...+ d(gty ", gth)
= R,+R2+..+RE!
— 0asn— oo.

Thus d(Z,y) = 0, which implies that T = 7. .

Example 3.10. Let X = [0,00) be endowed with the usual metric and the natural
ordering <. Take Y = [0,1]. Clearly, Y is an O-complete subspace of ordered
metric space (X,d,=<). Define the self mappings f,g : X — X by f(z) = ;35
and g(x) = 2z, So that f(X) =1[0,1) and g(X) = [0,00). It is easy to verify the
conditions (a), (b) and (c) of Theorem[3.3 Also we can see that Y C g(X) and f
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and g are continuous. It remains to prove . Define ¥, ¢ : [0,00) — [0,00) by
Y(x) = § and ¢(x) = £. Now, for v,y € X such that gr <> gy, we have

Yld(gz, gy)] — ¢ld(g9x,gy)] = [d(2z,2y)] — ¢[d(2z, 2y)]
= Y2|lr—yl)-92lz—-yl)

| -2 |
vl-¢ y

3
= 5|Tf*y|
1
> §|x—y|. (3.45)
Again, we have
_ € Y
VR &t ) B
BN FESYPESAL
[z —y|

2|lz+1|y+1]

IN

%\xfy| (3.46)

We deduce that

Yld(fzx, fy)] < Yld(gz, gy)] — ld(gz, gy)]-

Hence all the required conditions of Theorem[3.3 are satisfied. Thus, f and g have a
coincidence point in X. Further, it is clear that for each x,y € X, C(z,y, <>, 9X)
is non-empty, so by Theorem[3.9, f and g have a unique point of coincidence.

Theorem 3.11. Theorem remains also true if we replace condition (f) of
Theorem [3.9 by one of the following conditions:

(f1): (fX, =) is totally ordered;

(f2): (X, =) is (f, g)-directed.

Proof. Suppose that (f1) holds. For z,y € X such that f(z) <> f(y), we have
{fz, fy} is a <>-chain between fz and fy in g(X). Thus C(fz, fy, <=, 9(X))
is non-empty for each z,y € X, i.e., (f) holds. Hence Theorem is applicable.
Next, assume (f2) holds, then for all z,y € X, there exists z € X such that

fx) <= g(2) <= f(y)-
This implies that {fz, gz, fy} is a <>-chain between fz and fy in g(X). It follows
that C(fz, fy, <=, g(X)) is non-empty for each x,y € X, i.e., (f) holds and so
Theorem is applicable. O

On setting g = I in earlier results, we deduce the following corresponding fixed
point theorems.

Theorem 3.12. Let (X,d,=<) be an ordered metric space, Y be an O-complete
subspace of X and f be a self-mapping on X such that f(X) C Y. Assume there
exist an ultra-altering distance function ¢ and an altering distance function i such
that

Yd(fz, fy)) < Pld(z,y)) — o(d(z,y)) V =,y € X with © <> y. (3.47)
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Also suppose the following conditions hold:

(a) f is increasing;

(b) there exists xg € X such that zo = f(xo);

(c) either f is O-continuous, or (Y,d,=) has g-ICC property.
Then f has a fized point.

Theorem 3.13. Theorem remains true if certain involved terms, namely O-
complete, O-continuous and ICC-property are replaced by respective O-complete, O-
continuous and DCC property provided assumption (b) is replaced by the following
condition:

(b’) there exists xo € X such that xo = f(xo).

Theorem 3.14. Theorem remains true if certain involved terms, namely O-
complete, O-continuous and ICC-property are replaced by respective O-complete,
O-continuous and MCC property provided assumption (b) is replaced by the follow-
ing condition:

(b’) there exists xg € X such that zg <> f(xg).

4. CONCLUSION

In our results, another metrical notions (such as completeness, continuity, g-
continuity and compatibility) are compatible with a partial ordering. In the similar
manner, for a possible problem, the reader mainly sharpened the existing results
under different kinds of contractions.
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