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BEST PROXIMITY POINT FOR CERTAIN PROXIMAL
CONTRACTION TYPE MAPPINGS

BADR ALQAHTANI, JAVAD HAMZEHNEJADI , ERDAL KARAPINAR, RAHMATOLLAH
LASHKARIPOUR.

ABSTRACT. In this paper, we introduce the new notion of generalized proximal
a-h-¢-contraction mappings and investigate the existence of the best proximity
point for such mappings in the complete metric spaces.

1. INTRODUCTION

Let A be a nonempty subset of a metric space (X,d) and T be a function that
map A into itself. A fixed point of the mapping T is an element x € A for which
Tx = z. Fixed point theory plays a crucial role in nonlinear functional analysis
and many authors have studied this notion. Fixed point theory has an application
in distinct branches of mathematics and also in different sciences, such as engineer-
ing, computer science, economics, etc. In 1922, Banach presented convergent and
uniqueness of fixed point for contraction mappings(see [§]). Many authors have
generalized this result in several directions(see, e.g.,[2]-[11]-[15]-[16]-[26]).

Now, let A and B be two nonempty subsets of a metric space X and T : A — B be
a mapping. Clearly, T(A)N A # () is a necessary condition for existence of the fixed
point. If T(A)NA = (@, then the set of fixed points of T' is empty. In such a situation,
one often attempts to find an element z* € A which is in some sense closest to T'z.
Best approximation theory and best proximity point analysis have been developed
in this direction. A best proximity point of mapping T is a point 2* € A satisfying
the equality d(z*,Tz*) = d(A, B), where d(A, B) = inf{d(z,y) : x € A,y € B}.
We denote by Ay, By and Pr(A) the following sets:

Ay ={a € A:d(a,b) = d(A, B) for some b € B},

By ={be B:d(a,b) =d(A, B) for some a € A},

Pr(A):={ze€ A:d(z,Tx) =d(A, B)}.
A best proximity point theorem for cyclic contraction mappings has been detailed in
A. Anthony, P. Veeramani [3]. Let F be a class of those functions § : [0,00) — [0,1)
satisfying the following condition:

B(t,) — 1 implies t, — 0.
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A mapping T : A — B is said to be Geraghty-contraction if there exists 5 € F such
that for all z,y € A,

d(Tz,Ty) < B(d(z,y))d(z,y).
Definition 1. ([I]). Let A and B be two nonempty subsets of a metric space X
with Ag # 0. Then the pair (A, B) is said to be have the P—property if and only if
for any x1, 20 € Ay and y1,y2 € By

d(z1,91) = d(A, B) B
{ d(v’Uz,Z;) =d(A, B) = d(z1,22) = d(y1,92).

A best proximity point theorem for Geraghty-contraction mappings is obtained
by Caballero, Harjani and Sadarangani in [12]. Also Raj in [27] has discussed best
proximity point theorem for weakly contractive non-self mappings. Other works on
the existence of a best proximity point for contractions can be seen in ([4]-[5]-[6]-
[71-[91- [al- [23]).

Let a: X x X — R be a function. The notion of a—proximal admissible mappings
is presented in [2§], by Jleli and Samet [18], as follows:

Definition 2. ([I8]) Let T : A — B be a map and o : X x X — [0,00) be a
function. The mapping T is said to be a—proximal admissible if

a(z,y) > 1
d(u,Tz) = d(A, B) = oau,v) >1,
d(v, Ty) = d(A, B)
for all x,y,u,v € A.
Also, a self map T': X — X is said to be a—admissible, see[28], if
afz,y) > 1 implies o(Tz, Ty) > 1.

Definition 3. Let (X,d) be a complete metric space, o : X x X — [0,00) be a
function, and let T : X — X be a mapping. The sequence {x,} is said to be
a—regular if a(zn,Tpy1) > 1 for alln € N and z,, — ¢ € X as n — oo, implies
that there exists subsequence {xy,, } of {xn} such that a(x,,,x) > 1 for all k.

An a—proximal admissible map T is said to be triangular a—proximal admissible

[4) if
a(z,z) > 1 and a(z,y) > 1 implies a(z,y) > 1.

For more details we refer the reader to some related papers ([13]-[14]-[19]-[20]-[23]-
24)).
In this work, we introduce a new class of generalized contraction mappings to
the case of non-self mappings as generalized proximal a-h-¢-contraction mappings
and study the existence and uniqueness of best proximity points for this type of
mappings. Furthermore, we obtain some known and some new results in fixed point
theory via the generalized a-h-¢-contraction mappings.
Before indicating our main results we shall present the following definition and
examples introduced in [22] and needed throughout this paper.

Definition 4. Let A and B be two nonempty subsets of a metric space (X,d) and
T : A — B be a mapping. We say that T has RJ—property if for any sequence
{zn} C A,

limy, o0 d(@py1, Txy) = d(A, B)
lim,, yoo Tn, =

} = 1z € Ag.
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In order to illustrate RJ—property, we present some examples.

Example 1. Let A and B be two nonempty closed subsets of metric space (X, d)
and T : A — B be a continuous mapping. Let lim,,_, oo d(@py1,Tx,) = d(A, B) and
limy, oo , = x. Since T is continuous, therefore limy, o Tx, = Tx. This implies
that

d(z,Tz) = lim d(zp41,Tx,) = d(A, B).
n—oo
Therefore x € Ay, which implies that T' has RJ—property.

Let A and B be two nonempty closed subsets of metric space (X,d). B is
said to be approximatively compact with respect to A if every sequence {y,} in B,
satisfying the condition lim,,_, » d(x, y,) = d(x, B) for some x € A, has a convergent
subsequence.

Example 2. Let A and B be two nonempty closed subsets of metric space (X, d)
such that B is approzimatively compact with respect to A and T : A — B be
a mapping. Let lim, ooz, = x and limy, o d(xpy1,Tx,) = d(A, B). For any
n € N, we have

d(A,B) < d(z,Tx,) < d(x,zp41) + d(@pi1, Tp).

Thus lim, o d(z,Tz,) = d(A,B). Also for any n € N, we have d(z,B) <
d(z,Tx,). Therefore
d(xz,B) < lim d(z,Tx,) = d(A, B) < d(z, B),
n—0o0
which implies that lim,,_, d(z,Tz,) = d(z, B). Since B is approzimatively com-
pact with respect to A, there exist subsequence {zy,} C {x,} and y € B such that
limg_yoo TTpn, =vy. Hence

d(z,y) = lim d(z,Tz,,) = d(4, B),
k—oo )
which implies that © € Ag. Hence T' has RJ—property.

Lemma 1.1. Let T : A — B be a triangular a—proximal admissible mapping.
Assume that {x,} is a sequence in A such that oy, xpy1) > 1, for all n € N.
Then, we have a(Zp, Tym) > 1 for all m,n € N with n < m.

Let @ denote the class of all functions ¢ : [0,00) — [0,00) which satisfy the
following conditions:

(a) ¢ is nondecreasing;

(b) ¢ is continuous;

(c) p(t) =0<=t=0.
Also, let Let ¥ denote the class of all functions ¢ : [0,00) — [0, 00) which satisfy
the following conditions:

(a) v is nondecreasing;

(b) % is continuous;

() w(t) =0t =0

(d) 9 is subadditive, that is, ¥(s + ) < (s) +(¢) for all s,t>1 .

Note that ¥ C .
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Definition 5. Let A, B be two nonempty subsets of a metric space (X,d). A
mapping T : A — B is said to be a ¥-Geraghty contraction if there exist B € F and
1 € U such that for all x,y € A,

d(T, Ty) < B(Y(d(x, y)))P(d(x,y))-

Definition 6. Let A, B be two nonempty subsets of a metric space (X,d). A
mapping T : A — B is said to be weakly contraction type mapping if there exists
¢ € ® such that for all z,y € A,

2. MAIN RESULTS

Let H(X) be the family of functions h: X x X x X x X — [0, 1) satisfying the
following condition:

lim A(xn, yYn, Un,vs) =1 = lim d(z,,yn) =0,

n— oo n— oo
for all sequences {x,},{yn}, {un}, {vn} C X that the sequence {d(x,,y,)} is de-
creasing and convergent.
Example 3. Let h : R xR xR xR — [0,1), defined by
t

t+ 22 +y? + u?

(ii) ho(z,y,u,v) =k, for some k € (0,1).
Then hy, ha € H(R).

Example 4. Let (X,d) be a metric space and B € F. Define h: X x X — [0,1),
by

(i) hi(z,y,u,v) = e for some t € (0,00).

h(z,y,u,v) = B(d(z,y)).
If {«’En}v {yn}, {Un}v {Un} be sequences in X such that lim,,_, s h(xn’ Yn, Un, vn) =1,
then

lim B(d(2n, yn)) = 1.

n—roo
Thus
lim d(2y,,y,) = 0.

n—o0

This implies that h € H(X).
We start this section with the following definition.

Definition 7. Let A and B be two nonempty subsets of a metric space (X,d), and
a: X x X —[0,00) be a function. A mapping T : A — B is said to be generalized
prozimal a-h-¢-contraction if there exists h € H(X) such that for all x,y,u,v € A,

Mo ) b = el ) < henn )60z, 0),

where ¢ € © and for any x,y,u,v € A,
d(m? U) + d(ya u) }
— s I

Now we prove the following theorem that extends, improves and generalizes some
earlier results in the literature on fixed point and best proximity point theorems.

Mll (.’I/" y7 /U/’ v) = max {d(x7 y)7 d(‘r’ u)? d(y7 ,U)7
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Theorem 2.1. Let A and B be two nonempty closed subsets of complete metric
space (X,d), a: X x X = R be a function, and let T : A — B be a mapping. Let
h € H(X) and ¢ € ® be mappings such that the following conditions are satisfied:

(i) T is generalized proxzimal a-h-¢-contraction type mapping and

lim A(Zpn, Yn, Un,vp) =1 = hm d(up,vy) =0,

n— oo

for all sequences {xn}, {yn}, {un}, {vn} C X;
(ii) T(Ap) C By and T is triangular a—prozimal admissible;
iii) T has RJ—property;

(

(iv) If {z,} is a sequence in A such that a(x,, 1) > 1 for all n and x, —
x € A as n — oo, then there exists a subsequence {xy, } of {xn} such that
a(zp,,x) > 1 for all k;

(v) there exist xo,x1 € A such that
d(z1,Txzo) = d(A, B) and a(xg,z1) > 1.
Then, there exists an element x* € Ag such that

d(z*,Tx*) = d(A, B).

Moreover, if a(x,y) > 1 for all x,y € Pr(A), then x* is the unique best proximity

point of T.

Proof. Let x1,x9 € A be such that
d(z1,Tzo) = d(A, B) and a(zg,z1) > 1.

)=
Hence 1 € Ag. Since T(Ag) C By, there exists a2 € Ag such that d(zs, Tx1) =
d(A, B). Now, we have

Since T' is a—proximal admissible, then a(x1,x2) > 1. Thus, we have
d(zq,Txz1) = d(A, B) and a(z1,z2) > 1.
Continuing this process, by induction, we can construct a sequence {x,,} C Ag such

that
d(xpi1,Txy) = d(A, B) and a(xn, zp41) > 1, for all n € N. (2.1)
Therefore for any n € N, we have
a(Tp—1,2,) > 1,

d(xp, Txn_1) = d(A,
d($n+1, Txn) ( )

Since T is a generalized proximal a-h-¢-contraction type mapping, we have

P(d(@n, Tnt1)) (@n—1,Tn)P(d(Tn, Tns1))
h(l‘n,h T,y Ln, xn«kl)(b(Ma(mnfl, Ty Tn, anrl))

¢(Ma(xn—1,xn7xn,$n+1))~ (22)

VAN VAN VAN
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Also, we have

d Tn—1,Tn +d Ty, Ty
Mo (Tn—1,Zn, Tn, Tny1) = max{d(@n—1,2n), d(@n_1,2n),d(Tn, Tni1), (Zn 1 “2) ( )}
d(x,—
= max {d(xn—laxn),d(xn7$n+1)7w}
d n—1,+%n d nsTn
< max {d(zn—1, %), d(Tn, Tni1), (Tp_1,2 )—;— (T, T +1)}'
= max{d(Zn-1,Zn), d(Zn, Tn41)}- (2.3)

If My(Xp—1,Tn, Tn,Tnt1) = d(Tpn,Tnt1), applying , we deduce that

P(d(zn,Tnt1)) < G(Ma(Tn-1,Tn, Tn,Tni1))

= ¢(d(xn, Tny1)),

which is a contradiction. Thus, we conclude that

Mo (Tp—1,Tp, Ty, Tpy1) = d(Tp—1,2y), Vn €N (2.4)
Now, from and (2.4)), we get that

d(d(xn, Tnt1)) < o(d(Tpn-1,2n)), VYVneN.
Taking into account that ¢ is nondecreasing, implies that
d(Tpn, Tnt1) < d(Tp—1,2,), VneN.

We deduce that the sequence {d(zy,Zn+1)} is nonnegative and decreasing. Con-
sequently, there exists r > 0 such that lim, . d(z,,Zn+1) = 7. Suppose that
there exists ng € N such that d(z,,, Tn,+1) = 0. This implies that x,, = Tng41-
Applying , we deduce that

d(Tng, TTny) = d(Tpg+1, Txny) = d(A, B).

This is the desired result. Now, let for any n € N, d(z,,, x,4+1) # 0. In the sequel,
we prove that » = 0. In the contrary case suppose that r > 0. Then from and
, we have

#(d(2n, Tnt1))
P(d(xn-1,2n))

which implies that lim,, o A(Zn—1, Zpn, Tn, Tnt1) = 1. Therefore

O< S h(xn—hxn:xnyxn-‘rl)a

nh_{lgo d(xp—1,2,) = 0.

This implies that » = 0, which is a contradiction. Therefore lim,,_,o, d(zy, Tpy1) =
0. Now, we shall prove that {x,} is a Cauchy sequence in the complete metric
space (X, d). Suppose, on the contrary, that {z,,} is not a Cauchy sequence. Thus,
there exists € > 0 such that, for all k € N there exist my > ni > k such that

A(Tn,,, Ty, ) > €.
Also, choosing m;. as small as possible, it may be assumed that
Xy, s Tmy—1) < €.
Hence for each k € N, we have
€ < d(Xn,, Tm,,) ATy, s Timp—1) + ATy —1, Tmy, )

€+ d(Tmp—1,Tm,)-
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Letting £ — oo in the above inequality, we get

nhﬁnéo A Xy, s Ty, ) = €.

Note that, for any k € N,

Ty, Ty ) > 1,

d(xﬂkJrl’ Txnk) = d(4, B),

d(zmy+1, TTm,) = d(4, B).
Then for any k € N, we have
¢(d(xnk+1a xmk-‘rl)) < a(xnk ) xmk)¢(d(xnk+17 xmk-‘rl)) (2'5)
< @y Tings T+ 15 Tigg 1) O(Ma (T s Ty T 15 Trng 1)) -

Also, for any k € N, we have

Ma(xnmxmwxnkJrhxkarl) = maX {d(xnkal'mk)ad(xnkaxnkJrl)ad(xmkaxmk+1)a
d(xnk>$mk+1) + d(xmk’$nk+1) }
2
max {d(xnk ) xmk)? d<xnk ’ xnk"l‘l)? d(ka ’ xmk+1)7

d(xnk ) xmk) + d(xmk ) ‘ka+1)

IN

2
d(xm L ) + d(xn LT +1)
+ k k 5 k k }
Since limy 00 d(Zn,, , Tn,+1) = 0, then
klinolo Ma(xnk y Lmyy Tng+1, ‘ka-‘rl) = kh_{l;o d(xnk y Ly, ) (2'6)

By using the triangular inequality and taking the limit as n — co, we derive
kli_{go d(xnk ) xmk) < kh_{go(d(xnk ) xnk+1) + d(xnk+1’ xmk+1) + d(ajmk+1’ xmk))

= lim d(Tn,+1, Tmy+1)- (2.7)

k—o0

Combining (2.5)), (2.6 and (2.7) with the continuity of ¢, we get

klim (AT, Ty, ) < Hm A(@n,, Ty, s Trgo+15 Tmp+1) M G(d(Xn,,, Ty, ))-
—00 k—o0 k—oo
Since limy 00 d(Zn, , Tm, ) = € > 0, we deduce that

lim h(mnkaxmmxnk+lv xmk“l‘l) =1
k—oc0

Since h € H(X), then

lim d(zp,,Tm,) =0,
k—oo

which is a contradiction. Thus, {z,} is a Cauchy sequence. Since {z,,} C A and A
is a closed subset of the complete metric space (X, d), there exists 2* € A such that
lim, o ¢, = x*. RJ—property of T, implies that z* € Ag. Since T(Ag) C By,
there exists w € Ag such that d(w,Tz*) = d(A, B). We shall prove that w = z*. In
the contrary case, let w # x*. Property (iv) implies that, there exists a subsequence
{zp,} of {x,} such that a(z,,,z) > 1 for all £ € N. Without loss of generality, we
assume that
a(zy,z”) > 1 for alln € N.
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For any n € N, we have d(x,11,Tx,) = d(A4, B) and d(w,Txz*) = d(A, B). Using
the fact that T is a generalized proximal a-h-¢-contraction type mapping, for any
n € N, we have

d(d(xn+1,w)) < al@n, 2°)P(d(Tn41,w))
S h((En,.’IJ*,"En+1,w)¢(Ma(fEn,(E*,$n+1,’w))
< S(Ma(@n, ", Tni1, w)). (2.8)

Also, for any n € N, we have

d n»y d *7 n
Mo (zp, 2", Tpy1, w) = max {d(acn,x*)7d(xn,xn+1),d(m*,w), (@n, w) +2 (27,2 H).}

Let there exists subsequence {x,, } C {z,} such that
Ma(xnk7$*7xnk+lvw) =d(z",w), VkeN.
Thus for any k € N, we have

¢(d(x7lk+1’w)) a(xnk,x*)gb(d(xnkﬂ,w))

<
< h(.’L‘n,.’L‘*,.’I}nJrh’U))¢(d(l’*,'LU)).

Taking the limit of both sides as n — oo, implies that lim, o0 A(@n, 2*, Tpi1, w) =
1. Therefore lim,, oo d(Zp11, w) = 0 and so * = w, which is a contradiction. Thus
there exists k € N such that

d ns d *a n
Ma($n,$*, xn+17w) = max {d(xna x*)vd(xnaanrl); (5C w) +2 (x ° +1) }, Vn > k.
(2.9)
Together with (2.8)), (2.9) and by Taking the limit as n — oo, we deduce that
N d(z*,w
st w)) < o(L1),

This is a contradiction. Therefore z* = w, which implies that
d(z*,Tz*) = d(w, Tz*) = d(A, B).

Hence z* is the best proximity point of T'.
For the uniqueness, let a(x,y) > 1 for all 2,y € Pr(A). Suppose that z; and o
are two best proximity points of T with x; # x5. Therefore

d(l?l, T.’El) = d(A, B),
d((EQ, T.’Eg) = d(A, B)
Also, we have

d(zq,x2) —;— d(wz,m)} = d(x1,x2).

Since a(x1,x2) > 1 and T is a generalized proximal a-h-¢- contraction type map-
ping, we get

M, (21, 2,21, x2) = max {d(z1,2), d(21, 21), d(z2, 22),

P(d(z1,22)) < a(z,22)d(d(z1,22)
< h(x1, 22,71, 72)P(d(21, 72))
p(d(z1,22)),

which is a contradiction. Hence the best proximity point is unique. [

A
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By Example[I]a continuous map has RJ—property and if T’ be continuous, then
condition (iv) is not needed.

Theorem 2.2. Let A and B be two nonempty closed subsets of complete metric
space (X,d), a: X x X = R be a function, and let T : A — B be a mapping. Let
h € H(X) and ¢ € ® be mappings such that the following conditions are satisfied:

(i) T is generalized proximal a-h-¢-contraction type mapping;
(ii) The conditions (ii) and (v) of Theorem[2.] are satisfied;
(ii) T is continuous.
Then, there exists an element x* € Ag such that

d(z*,Tz*) = d(A, B).
Moreover, if a(x,y) > 1 for all x,y € Pr(A), then x* is the unique best proximity
point of T.
Proof. Let xg,z1 € A be such that

d(z1,Txz) = d(A, B) and a(zg,z1) > 1.

Therefore x; € Ag. Since T'(Ag) C By, there exists x5 € Ag such that d(xs, Tx1) =
d(A, B). Now, we have

azg,z1) > 1,

d(.’bl, TLE()) = d(A, B),

d(x9,Tx1) = d(A, B).

Since T is a—proximal admissible, then «(z1,z2) > 1. Thus, we have
d(xe,Tx1) = d(A, B) and a(x1,z2) > 1.

Continuing this process, by induction, we can construct a sequence {x,,} C Ay such
that

d(xpi1,Txy) = d(A, B) and a(xy, zp41) > 1, for all n € N.
Following the lines in the proof of Theorem there exists a sequence {x,} such
that d(zp41,Tx,) = d(A, B) for all n € N, and the sequence {z,} converges to
some z* € A. Since T is continuous, then

d(z*,Tz*) = lim d(zp41,Tx,) = d(A, B).
n—oo

Therefore z* is the best proximity point of T. If a(x,y) > 1 for all z,y € Pr(A),
following the lines in the proof of Theorem we get that the best proximity point
is unique. (I

In Theorem [2.1} if we take ¢(t) =t for all ¢ > 0, and o(x,y) =1 for all z,y € X
then we have the following corollary.

Corollary 2.3. Let A and B be two nonempty closed subsets of complete metric
space (X,d), and o : X x X — R be a function, and let T : A — B be a mapping.
Let h € H(X) be a mapping such that the following conditions are satisfied:

(i) T is a generalized proximal h-contraction type mapping, that is
d(u,Tx) = d(A, B)

d(v’Ty) = d(A’B) } = d(u,v) < h(x,y,u,U)Ma(x,y,u,v),

d(z,v) +d(y,u

where M, (x,y,u,v) = max {d(m,y),d(x,u),d(y,v), 5 )}7 for

all x,y,u,v € A;
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(ii) The mapping T is continuous or for all sequences {xn}, {yn}, {un}, {vn} C
X,

hm h(xn;ynvun7’0n) = 1 — hm d(unavn) —_ O7

n—oo n— oo

(iii) T(Ao) C By and T has RJ-property;
(iv) there exist xo,x1 € A such that

d(x1,Txg) = d(A, B) and axg,z1) > 1.

Then, there exists a unique element x* € Ay such that
d(z*,Tx") = d(A, B).
To illustrate our results given in Theorem we present the following example.

Example 5. Consider X = R? with the usual metric. Let A and B be the subsets
of X defined by

A= {0} x[0,5] and B = {1} x [0,5].

Obviously, d(A,B) = 1 and A, B are nonempty closed subsets of X. Moreover, it
is easily seen that Ag = A and Bo = B. Let T : A — B be the mapping defined as

T(0,z) = (1, % In(1+z)), forall (0,z)€ A.

Also, define a: X x X — R as follows

|1 zyed
oz, y) = { 0 otherwise.

In the sequel, we check that T is a generalized proximal a-h-¢- contraction type
mapping. Define h: X x X x X x X = [0,1) and ¢ : [0,00) — [0,00) by

1
1 Ty 1
Mz, y,u,v) =< 1+ §|x -y and ¢(t) = 575, for allt > 0.

0 otherwise.

Then h € H and ¢ € . If x,y € A, then t = d(z,y) € [0,5]. Also, it is easy to
show that

%(111(1 1) < %th for all t € [0,5). (2.10)

Let x = (0,20),y = (0,90),u = (0,u0),v = (0,v9) € A satisfy the following condi-
tions

{ d(u, Tx)

d(A, B),
d(v,Ty) B).

d(A, B)
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Then ug = +1In(zo + 1) and vo = £ 1In(yo + 1). Since f(t) =
nondecreasing function, thus from , we have

e~

ar: " [0,00) is a

)|

1.1
< §(§1D(1 + |20 — yol)

_lwo—wol

2+ |zo — yol
1

= (

IN

)L

2d(z,y)

1
1+ §d(ac,y)

S h(m,y,u, U)(%Ma(l‘,y,u,v))
= h(x7yau7 U)¢(Ma($,y7u,v))-

Hence T is a generalized prozimal a-h-¢-contraction type mapping. Obuiously,
other conditions of Theorem[2.1] are satisfied. Therefore T has a unique best proz-
imity point. Note that x* = (0,0) is the best prozimity point of T

3. PARTICULAR CASES

As applications of our results we consider some special cases and prove some
several well-known best proximity point theorems.

Corollary 3.1. Let A and B be two nonempty closed subsets of complete metric
space (X,d), a : X x X — R be a function, and let T : A — B be a mapping.
Suppose that the following conditions are satisfied:

(i) There exist p € ® and B € F such that for all z,y,u,v € A,
d(u,Tx) = d(A, B) .
M=o n) b = al.woldu.e) < BoM (.. u0) oM, y.u.0)
(ii) The conditions (ii), (i), (iv) and (v) of Theorem are satisfied or the
conditions (ii), (v) of Theorem[2.1] are satisfied and T is continuous.

Then, there exists an element x* € Ay such that
d(z*,Tx*) = d(A, B).

Moreover, if a(x,y) > 1 for all x,y € Pr(A), then x* is the unique best proximity
point of T.

Proof. Define h: X x X x X x X — [0,00) by
h(x7 y’ u? U) = /B(¢(Ma(x7 y’ u’ v))? for all x? y7 u7 v E X'
suppose that {2, }, {yn}, {un}, {vn} C X are such that lim, _co A(Zp, Yn, Un, V) =

1. Then
lim ¢(Ma<xnayn7un7vn) =0.

n—oo
Since ¢ is continuous and ¢~1{0} = 0, then lim,, oo My (%0, Yn,Un,v,) = 0. This
implies that
lim d(x,,y,) = lim d(up,v,) =0. (3.1)

n—oo n—o0
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Hence h € H(X), and so by (3.1), we have
a(z,y)p(d(u,v)) < h(z,y,u,v)¢(Ma(z,y,u,v)), for all z,y,u,v € A.

Therefore T' is generalized proximal a-h-¢-contraction type mapping and all hy-
potheses of Theorems [2.1] and [2:2] are satisfied. Thus 7" has a best proximity point
z* e X. O

Corollary 3.2. ([22]) Let A and B be two nonempty closed subsets of complete
metric space (X,d), a : X x X — R be a function, and let T : A — B be a
mapping. Suppose that the following conditions are satisfied:

(i) There exist ¢ € ® and 8 € F such that for all z,y,u,v € A,

T ) b = aleeldu) < SO, 00 o)

where
M(z,y,u,v) = max{d(z,y), d(z, u),d(y,v)};
(ii) The conditions (ii), (i), (iv) and (v) of Theorem are satisfied or the

conditions (ii), (v) of Theorem[2.1] are satisfied and T is continuous.

Then, there exists an element x* € Ay such that
d(z*,Tz*) = d(A, B).
Moreover, if a(x,y) > 1 for all xz,y € Pr(A), then x* is the unique best proximity
point of T.
Proof. Define h: X x X x X x X — [0,00) by
h(:r7 y? u’ U) = /8(¢(M(x’ y’ u? U))? for all :177 y? u’ v E X'

Similarly the proof of Corollary we can show that all hypotheses of Theorem

and Theorem [2.2] are satisfied, which implies that 7" has a best proximity point
¥ e X. O

Corollary 3.3. ([27]) Let (A, B) be a pair of two nonempty closed subsets of a
complete metric space X such that Ag is nonempty. Let T : A — B be a weakly
contractive mapping such that T(Ag) C By. Assume that the pair (A, B) has the
P-property. Then there exists a unique x* in A such that d(z*, Tx*) = dist(A, B).

Proof. Let ¢(t) = t, for all t € [0,00), and a(x,y) = 1, for all 2,y € X. Define
h: X xXxXxX—][0,1), by
h(z,y,u,v) = d(z,y)
0

ifx=uy.
Let {n}, {yn}, {tun}, {vn} C X be such that sequence {d(z,,y,)} is decreasing and
limy, 00 d(@p, yn) = . Suppose that lim, oo h(Zn, Yn, Un, vn) = 1. We show that

limy, o0 d(@n,yn) = 0. In the contrary case, let lim, o d(zy,y,) = > 0. Since
1) is continuous, thus
A(@n, Yn) — Y(d(Tn,yn)) T — (1)

li = 1i = =1
nl—>néo h(xnvynaunvvn) n1—>H;o d(ﬂfn,yn) , )

which implies that ¢(r) = 0, and so r = 0. This is a contradiction. Therefore

lim d(2y,,y,) = 0.
n—oo
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This implies that h € H(X). Now, let for some x,y,u,v € A,
d(u,Tx) = d(A, B) and d(v, Ty) = d(A4, B).

The pair (A, B) has the P-property and T is a weakly contractive mapping which
implies that
d(u,v) d(Tz,Ty)
d(z,y)
h(z,y,u,v)d(z,y)
S h(ac,y,u,v)Ma(:L’,y,u,v).

IN

d(z,y)

Therefore T is a continuous generalized proximal h-contraction type mapping. Since
Ap # 0 and T(Ag) C By, therefore there exist xg,z; € A such that d(z1,Tz) =
d(A, B). Therefore all hypotheses of Corollary are satisfied and so the mapping
T has a unique best proximity point. ([

Corollary 3.4. ([21]) Let (A, B) be a pair of two nonempty closed subsets of a
complete metric space X such that Ag is nonempty. LetT : A — B be a 1-Geraghty
contraction type mapping such that T(Ag) C By. Assume that the pair (A, B)
has the P-property. Then there exists a unique z* in A such that d(z*,Tz*) =
dist(A, B).

Proof. Let ax,y) =1, for all z,y € X. Define h: X x X x X x X — [0,1), by

_ [ B@(d(x,y))) if x#vy,
repun ={ g ez (33)
Let {xn}, {yn}, {un},{vn} € X Dbe such that sequence {d(z,,yn)} is decreasing
and lim, o d(@n,y,) = 7. Suppose that lim, o h(Zn, Yn,Un,v,) = 1. Then

limy, 00 B((d(zn,yn))) = 1. This implies that lim, o ¥ (d(2n,yn)) = 0. There-
fore limy,—, oo (d(2y, yn)) = 0. which implies that ¢ (r) = 0, and so » = 0. This is a
contradiction. Therefore

lim d(zy,yn) =0.
n—oo
This implies that h € H(X). Now, let for some x,y,u,v € A,
d(u,Tz) = d(A, B) and d(v, Ty) = d(A, B).

Since the pair (A, B) has the P-property and T is a weakly contractive mapping ,
therefore

P(d(u,v)) P(d(Tz, Ty))

< Bd(z,y))y(d(z,y))
= h(x’yauvv)¢(d(xay))
< h(zyy, u, )My (2, y, u,v)).

Therefore T is a continuous generalized proximal a-¢-h-contraction type mapping.
We can show that all hypotheses of Theorem are satisfied. Therefore T has a
unique best proximity point. (I

Similarly we can prove next theorem
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Corollary 3.5. ([12]) Let (A, B) be a pair of two nonempty closed subsets of a
complete metric space X such that Ay is nonempty. Let T : A — B be a Geraghty
contraction type mapping such that T(Ag) C By. Assume that the pair (A, B)
has the P-property. Then there exists a unique x* in A such that d(x*,Tx*) =
dist(A, B).
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