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ON THE GENERAL METHOD OF SUMMABILITY

HIKMET SEYHAN OZARSLAN, BAGDAGUL KARTAL

ABSTRACT. This paper deals with the generalization of an absolute
summability theorem of infinite series. A theorem concerned with ¢—| A, ;6 |,
summability is proved. Also, some known results are deduced.

1. INTRODUCTION

A positive sequence (b,) is said to be almost increasing if there exists a
positive increasing sequence (c,) and two positive constants K and M such that
Kc, < b, < Me, (see [1]). Let > a, be a given infinite series with partial sums
Sn =Y _, ay. The series > a, is said to be summable | N, p,,,3;6 |,, k> 1,6 >0
and f is a real number, if (see [6])

o/ p N\ Bkth—1)
> (p) | 20 = 21 [F< 00, (1.1)

n=1
where (p,,) is a sequence of positive numbers such that

n

Pn:ZpU—Mxv as n — oo, (1.2)
v=0
and
1 n
Zy = —vasv. (1.3)
Pn v=1

Let A = (an,) be a normal matrix, i.e., a lower triangular matrix of nonzero
diagonal entries. Let (¢,) be any sequence of positive real numbers. The series
> ay is summable ¢ — | A, 3;0 |, k> 1,0 > 0 and f is a real number, if

3 BERHED | A4, (s) [F< oo, (1.4)

n=1
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where

A(s) ~ Zam,sv, An(s) = Zanvsv, n=20,1,... (1.5)
v=1
and

AAL(s) = Ap(s) — Ap_1(s). (1.6)
For ¢, = % and f = 1, ¢ — | A,B;0 |, summability reduces to | A,pn;d |,
summability (see [10]). For ¢, = 5:, f =1and 6 = 0, ¢ —|A,B;d|,
summability reduces to | A, p, |, summability (see [I8]). Also, by taking ¢, = z}: -,
B=1,8=0and ay, = -, we get |V, pp| summability (see [2]). Furthermore,

by taking ¢, =n, 8 =1, =0, an, = & and p, = 1 for all values of n, then we

obtain |C, 1], summability (see [5]).
In 3], the following theorem concerned with |N , Pn|,. summability factors of an
infinite series has already been proved.

s

Theorem 1.1. Let (X,,) be a positive non-decreasing sequence and let there be
sequences () and (A\,) such that

[AX] < Y, (L.7)
Yo =0 as n— oo, (1.8)
> | Av] X, < o0, (1.9)

n=1
[An|Xn =0(1) as n— oo (1.10)

are satisfied. If (pn) is a sequence of positive numbers such that

P, =0(np,) as n— oo, (1.11)

S Pn k
B sl =0 (Xn) as m = oo, (1.12)

n=1""

k> 1, where AX, = XAy — A\py1.

then the series Y anA, is summable ’N,pn‘k,

2. MAIN RESULT

The purpose of this paper is to obtain a general theorem concerned with
@ — | A, B;0 |, summability by using almost increasing sequences. Before we give
the generalization of Theorem let us mention some notations. Let A = (any)
be a normal matrix, two lower semimatrices A = () and A = (dy,) are defined
as follows:

Apy = Zam, n,v=0,1,... and an, =0 for v>n (2.1)

and

&00 = gy = apo, &nv = Qpy — dn—l,ln n= ]-7 27 (22)
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It is well-known that

An(s) = zn:anvsv = Xn:anvau (23)
v=1 v=1

and

AAn(s) =) anvay. (2.4)

Recently, almost increasing sequences have been used to obtain some different
absolute summability theorems (see [4], [7]-[8], [12]-[14], [16]-[17], [19]). Now, we
prove the following theorem.

Theorem 2.1. Let A = (an,) be a positive normal matriz such that

Gno=1, n=0,1,..., (2.5)

Ap—1,p > Ay, forn>v+1, (2.6)

U = O <g> 7 (2.7)

|an,vi1] = O] Ay (any)])- (2.8)

Let (X,,) be an almost increasing sequence and the sequences (v,) and () satisfy

the conditions (1.7)- . If the condition @,p, = O(P,) and the conditions

m
3 BRI E = O(X,,) as m o oo, (2.9)

n=1
S GO A, (a,,)] = O (f0FHEDE) (2.10)

n=v+1

are satisfied, then the series ) apAy is summable p — | A, 356 |, k> 1,6 >0 and
—B(0k+k—1)+k >0, where Ay(Gny) = Gny — Gnvt1-
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Lemma 2.2. ([7]) Under the conditions on (X, ), (7n) and (A\,) as taken in the
statement of Theorem[2.1), the following conditions hold:

X, =0(1) as n — oo, (2.11)
> Xy < oo (2.12)
n=1

3. PROOF OF THEOREM [2.1]

Let (M,,) denotes A-transform of the series > a, Ay, namely,
M, = A,(s)\) = Zam(s)\)v = Z Oy Gy Ay,
v=1 v=1
by (2.3)), where (sA\)n, = >0_ | ay)y.

Now, using (2.4)) and Abel’s transformation, we get
n
AMn = Z OOy Ay
v=1

n—1 v n
= Z AU (&nv)\v) Z ar + GnnAn Z Qy
v=1 k=1 v=1

n—1
= § (&TLUAU - dn,v+1/\v+1) Sy + AnnAnSn
v=1
n—1
- E (&nv>\v - dn,v+1)\v+1 - CAln,i)Jrl)\v + &n,erl)\v) Sy + ann)\nsn
v=1
n—1 n—1
= E Av(&nv))\vsv + § &n,v—i-lA)\vsv + ann)\nsn
v=1 v=1

= Mn,l + Mn,? + Mn,3~
To prove that ) a,A, is summable ¢ — | A4, ;6 |,, by using (1.4), it is enough
to show that

ngfb(‘s’”k*l) | M, |F< oo, for r=1,2,3.

n=1
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First, from Holder’s inequality, we obtain

m+1 m+1 n—1 k
I P Pl A ( 1A (@n)] A |sv|>
n=2 v=1
m+1 n—1
< ﬂ(6k+k 1) Z v | |>\ | )
Now, since
Av(&nv) = &nv - &n,v+1

= Gpy — an—l,v - dn,v-{-l + an—l,v+1
= Qpy —Qn-1,v (31)

by (2.1) and (2.2)), then we have

n—1 n—1
Z |Av(dnv)‘ = Z(an—l,v - anv)
v=1 v=1

n—1 n
§ n—1,0 — An—-1,0 — E Apy + Ano + Gnp
v=0 v=0

= C_747171,0 — 0p—-1,0 — Ano + Ano + Gnn
< apn (3.2)

by using (2.1, (2.5) and (2.6). Hence, we have

szr:l‘pg(ékJrkfl) |Mn,1 |I~c < nfspﬁ(élﬁrk 1) <Z|A H)\ ‘ >
n=2
m—+1
— Z ¢B(6k+k 1)—k+1 <Z ‘A ||)\ | )
m+1
= 0@ )Z:IA Flsol® Y RO, ()]
n=v+1

= 0(1) ) @l OFHETDTR A s, )"

v=1
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Since (X,,) is an almost increasing sequence and |A,|X,, = O(1) by (1.10), then
|An| = O (%) = O(1) and |\,|*~t = O(1). Hence, we have

m—+1 m
_ —1)— k
DERCHE My [P = 0(1) ) @RI TR N sy
v=1

n=2

m—1 v
= O(1) DAY ORIk |
v=1 r=1

m
FO(U)[Am| Y on D s, |

n=1
m—1
= 0(1) ) Xy +O(1)An| X,
v=1

= O(1) as m — oo,

by using (T7). (CT0). (3 and (@1

Again, using Holder’s inequality,

m+1 m+1 n-l g
2t et < 32 a0 (£ s 8r)
n=2 n=2 v=1

m—+1 n—1 k
= 01 Z ¢£(5k+k—1) <Z’U | Ay (@no)| |A)‘v||sv|>
n=2

v=1

m+1 n—1
= 0(1) Z ‘Pg(5k+k_l) <Z Ay (@no)|| AN 5v|k>

n=2 v=1

n—1 k-1
X (Z v|Av(am)|%> :

v=1



42

H. S. OZARSLAN, B. KARTAL

Here, since (X,,) is an almost increasing sequence and vvy,X, = O(1) by Lemma

then vy, = O (%) =

m+1

PR AGLa N DY AP
n=2

O(1). Also, by using li we get

m+1 n-l
O ST ORI

v=1

m-+1 n—1
1) Z wg(ékﬁ‘rkfl)*k}“rl (Z v |Av(&nv)‘ ’Yv|5v|k>

v=1

m—+1

Zvvvlsul’“ Y enOHETUTRA (G, )

v=1 n=v-+1

ZUV |S |k B(6k+k—1)—k
v=1

m—1 v
1) Y Aloy) Y@l OFHF D7k, |F
v=1 r=1

+O(1)m’ym Z @g(6k+k71)7k|sv|k

v=1
m—1 m—1
1S oA X, +0(1) 3 7 X,
v=1 v=1
O()ymymXm

O(1) as m— oo,

by means of (1.7), (1.9), ., 23), .9), .10), @.11) and 2.12).

Finally, by using Abel’s formula and same operations as in M,, 1, we get

Zwrﬁl(élﬁ-k—l) | M5 |*

n=1

— Z@B(ék—&-k 1) k |)\n‘k‘3n|k
m k
= 0(1)2@§(5k+k71) (i;:l) ‘)\n|k71|>\n||5n|k

—1)— k
= 0(1) Y en RN [0

= 0(1) as m— oo,

by wsing (L), (10, (0, (9 and €13

This Completes the proof of Theorem

4. CONCLUSIONS

By taking (X,,) as a positive non-decreasing sequence, p,, = % and =1, we
get a theorem dealing with |A, p,, d|x summability (see [I5]). If we take, (X,,) as
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a positive non-decreasing sequence, @, = 5—:, 8 =1and § = 0, then we get a
theorem dealing with |A, p,|r summability (see [I1]). Also, if we take (X,) as a
positive non-decreasing sequence, @, = %7 B=1,0=0and a,, = %’ then we
get Theorem In this case, the condition reduces to the condition .
Also, when we take (X,,) as a positive non-decreasing sequence, ¢, = n, § = 1,
0 =0, any, = L= and p, = 1 for all values of n, then we have a result for |C, 1|

Py,
summability (see [9]).
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