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ON THE GENERAL METHOD OF SUMMABILITY

HİKMET SEYHAN ÖZARSLAN, BAĞDAGÜL KARTAL

Abstract. This paper deals with the generalization of an absolute

summability theorem of infinite series. A theorem concerned with ϕ−| A, β; δ |k
summability is proved. Also, some known results are deduced.

1. Introduction

A positive sequence (bn) is said to be almost increasing if there exists a
positive increasing sequence (cn) and two positive constants K and M such that
Kcn ≤ bn ≤ Mcn (see [1]). Let

∑
an be a given infinite series with partial sums

sn =
∑n
v=1 av. The series

∑
an is said to be summable | N̄ , pn, β; δ |k, k ≥ 1, δ ≥ 0

and β is a real number, if (see [6])

∞∑
n=1

(
Pn
pn

)β(δk+k−1)
| zn − zn−1 |k<∞, (1.1)

where (pn) is a sequence of positive numbers such that

Pn =

n∑
v=0

pv →∞ as n→∞, (1.2)

and

zn =
1

Pn

n∑
v=1

pvsv. (1.3)

Let A = (anv) be a normal matrix, i.e., a lower triangular matrix of nonzero
diagonal entries. Let (ϕn) be any sequence of positive real numbers. The series∑
an is summable ϕ− | A, β; δ |k, k ≥ 1, δ ≥ 0 and β is a real number, if

∞∑
n=1

ϕβ(δk+k−1)n | ∆̄An(s) |k<∞, (1.4)
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inequality; infinite series; Minkowski inequality; summability factors.
c©2018 Ilirias Research Institute, Prishtinë, Kosovë.

Submitted June 13, 2018. Published July 31, 2018.

Communicated by N. Braha.
This work was supported by Research Fund of the Erciyes University, Project Number: FDK-

2017-6945.

36



ON THE GENERAL METHOD OF SUMMABILITY 37

where

A(s) ∼
∑

anvsv, An(s) =

n∑
v=1

anvsv, n = 0, 1, ... (1.5)

and

∆̄An(s) = An(s)−An−1(s). (1.6)

For ϕn = Pn

pn
and β = 1, ϕ − | A, β; δ |k summability reduces to | A, pn; δ |k

summability (see [10]). For ϕn = Pn

pn
, β = 1 and δ = 0, ϕ − | A, β; δ |k

summability reduces to | A, pn |k summability (see [18]). Also, by taking ϕn = Pn

pn
,

β = 1, δ = 0 and anv = pv
Pn

, we get |N̄ , pn|k summability (see [2]). Furthermore,

by taking ϕn = n, β = 1, δ = 0, anv = pv
Pn

and pn = 1 for all values of n, then we

obtain |C, 1|k summability (see [5]).

In [3], the following theorem concerned with
∣∣N̄ , pn∣∣k summability factors of an

infinite series has already been proved.

Theorem 1.1. Let (Xn) be a positive non-decreasing sequence and let there be
sequences (γn) and (λn) such that

|∆λn| ≤ γn, (1.7)

γn → 0 as n→∞, (1.8)

∞∑
n=1

n |∆γn|Xn <∞, (1.9)

|λn|Xn = O(1) as n→∞ (1.10)

are satisfied. If (pn) is a sequence of positive numbers such that

Pn = O(npn) as n→∞, (1.11)

m∑
n=1

pn
Pn
|sn|k = O (Xm) as m→∞, (1.12)

then the series
∑
anλn is summable

∣∣N̄ , pn∣∣k , k ≥ 1, where ∆λn = λn − λn+1.

2. Main result

The purpose of this paper is to obtain a general theorem concerned with
ϕ − | A, β; δ |k summability by using almost increasing sequences. Before we give
the generalization of Theorem 1.1, let us mention some notations. Let A = (anv)

be a normal matrix, two lower semimatrices Ā = (ānv) and Â = (ânv) are defined
as follows:

ānv =

n∑
i=v

ani, n, v = 0, 1, ... and ānv = 0 for v > n (2.1)

and

â00 = ā00 = a00, ânv = ānv − ān−1,v, n = 1, 2, ... (2.2)
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It is well-known that

An(s) =

n∑
v=1

anvsv =

n∑
v=1

ānvav (2.3)

and

∆̄An(s) =

n∑
v=1

ânvav. (2.4)

Recently, almost increasing sequences have been used to obtain some different
absolute summability theorems (see [4], [7]-[8], [12]-[14], [16]-[17], [19]). Now, we
prove the following theorem.

Theorem 2.1. Let A = (anv) be a positive normal matrix such that

an0 = 1, n = 0, 1, ..., (2.5)

an−1,v ≥ anv, for n ≥ v + 1, (2.6)

ann = O

(
pn
Pn

)
, (2.7)

|ân,v+1| = O(v|∆v(ânv)|). (2.8)

Let (Xn) be an almost increasing sequence and the sequences (γn) and (λn) satisfy
the conditions (1.7)-(1.10). If the condition ϕnpn = O(Pn) and the conditions

m∑
n=1

ϕβ(δk+k−1)−kn |sn|k = O(Xm) as m→∞, (2.9)

∞∑
n=v+1

ϕβ(δk+k−1)−k+1
n |∆v(ânv)| = O

(
ϕβ(δk+k−1)−kv

)
(2.10)

are satisfied, then the series
∑
anλn is summable ϕ− | A, β; δ |k, k ≥ 1, δ ≥ 0 and

−β(δk + k − 1) + k > 0, where ∆v(ânv) = ânv − ân,v+1.
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Lemma 2.2. ([7]) Under the conditions on (Xn), (γn) and (λn) as taken in the
statement of Theorem 2.1, the following conditions hold:

nγnXn = O(1) as n→∞, (2.11)

∞∑
n=1

γnXn <∞. (2.12)

3. Proof of Theorem 2.1

Let (Mn) denotes A-transform of the series
∑
anλn, namely,

Mn = An(sλ) =

n∑
v=1

anv(sλ)v =

n∑
v=1

ānvavλv,

by (2.3), where (sλ)n =
∑n
v=1 avλv.

Now, using (2.4) and Abel’s transformation, we get

∆̄Mn =

n∑
v=1

ânvavλv

=

n−1∑
v=1

∆v (ânvλv)

v∑
k=1

ak + ânnλn

n∑
v=1

av

=

n−1∑
v=1

(ânvλv − ân,v+1λv+1) sv + annλnsn

=

n−1∑
v=1

(ânvλv − ân,v+1λv+1 − ân,v+1λv + ân,v+1λv) sv + annλnsn

=

n−1∑
v=1

∆v(ânv)λvsv +

n−1∑
v=1

ân,v+1∆λvsv + annλnsn

= Mn,1 +Mn,2 +Mn,3.

To prove that
∑
anλn is summable ϕ − | A, β; δ |k, by using (1.4), it is enough

to show that

∞∑
n=1

ϕβ(δk+k−1)n |Mn,r |k<∞, for r = 1, 2, 3.
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First, from Hölder’s inequality, we obtain

m+1∑
n=2

ϕβ(δk+k−1)n |Mn,1 |k ≤
m+1∑
n=2

ϕβ(δk+k−1)n

(
n−1∑
v=1

|∆v(ânv)| |λv| |sv|

)k

≤
m+1∑
n=2

ϕβ(δk+k−1)n

(
n−1∑
v=1

|∆v(ânv)| |λv|k |sv |
k

)

×

(
n−1∑
v=1

|∆v(ânv)|

)k−1
.

Now, since

∆v(ânv) = ânv − ân,v+1

= ānv − ān−1,v − ān,v+1 + ān−1,v+1

= anv − an−1,v (3.1)

by (2.1) and (2.2), then we have

n−1∑
v=1

|∆v(ânv)| =

n−1∑
v=1

(an−1,v − anv)

=

n−1∑
v=0

an−1,v − an−1,0 −
n∑
v=0

anv + an0 + ann

= ān−1,0 − an−1,0 − ān0 + an0 + ann

≤ ann (3.2)

by using (2.1), (2.5) and (2.6). Hence, we have

m+1∑
n=2

ϕβ(δk+k−1)n |Mn,1 |k ≤
m+1∑
n=2

ϕβ(δk+k−1)n ak−1nn

(
n−1∑
v=1

|∆v(ânv)| |λv|k |sv |
k

)

= O(1)

m+1∑
n=2

ϕβ(δk+k−1)−k+1
n

(
n−1∑
v=1

|∆v(ânv)| |λv|k |sv |
k

)

= O(1)

m∑
v=1

|λv|k|sv|k
m+1∑
n=v+1

ϕβ(δk+k−1)−k+1
n |∆v(ânv)|

= O(1)

m∑
v=1

ϕβ(δk+k−1)−kv |λv|k−1|λv||sv|k.
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Since (Xn) is an almost increasing sequence and |λn|Xn = O(1) by (1.10), then

|λn| = O
(

1
Xn

)
= O(1) and |λn|k−1 = O(1). Hence, we have

m+1∑
n=2

ϕβ(δk+k−1)n |Mn,1 |k = O(1)

m∑
v=1

ϕβ(δk+k−1)−kv |λv| |sv|k

= O(1)

m−1∑
v=1

∆|λv|
v∑
r=1

ϕβ(δk+k−1)−kr |sr|k

+O(1)|λm|
m∑
n=1

ϕβ(δk+k−1)−kn |sn|k

= O(1)

m−1∑
v=1

γvXv +O(1)|λm|Xm

= O(1) as m→∞,

by using (1.7), (1.10), (2.9) and (2.12).

Again, using Hölder’s inequality,

m+1∑
n=2

ϕβ(δk+k−1)n |Mn,2 |k ≤
m+1∑
n=2

ϕβ(δk+k−1)n

(
n−1∑
v=1

|ân,v+1||∆λv||sv|

)k

= O(1)

m+1∑
n=2

ϕβ(δk+k−1)n

(
n−1∑
v=1

v |∆v(ânv)| |∆λv||sv|

)k

= O(1)

m+1∑
n=2

ϕβ(δk+k−1)n

(
n−1∑
v=1

v |∆v(ânv)||∆λv|| sv|k
)

×

(
n−1∑
v=1

v|∆v(ânv)|γv

)k−1
.
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Here, since (Xn) is an almost increasing sequence and vγvXv = O(1) by Lemma

2.2, then vγv = O
(

1
Xv

)
= O(1). Also, by using (3.2), we get

m+1∑
n=2

ϕβ(δk+k−1)n |Mn,2 |k = O(1)

m+1∑
n=2

ϕβ(δk+k−1)n ak−1nn

(
n−1∑
v=1

v |∆v(ânv)| γv|sv|k
)

= O(1)

m+1∑
n=2

ϕβ(δk+k−1)−k+1
n

(
n−1∑
v=1

v |∆v(ânv)| γv|sv|k
)

= O(1)

m∑
v=1

vγv|sv|k
m+1∑
n=v+1

ϕβ(δk+k−1)−k+1
n |∆v(ânv)|

= O(1)

m∑
v=1

vγv|sv|kϕβ(δk+k−1)−kv

= O(1)

m−1∑
v=1

∆(vγv)

v∑
r=1

ϕβ(δk+k−1)−kr |sr|k

+O(1)mγm

m∑
v=1

ϕβ(δk+k−1)−kv |sv|k

= O(1)

m−1∑
v=1

v|∆γv|Xv +O(1)

m−1∑
v=1

γvXv

+ O(1)mγmXm

= O(1) as m→∞,

by means of (1.7), (1.9), (2.7), (2.8), (2.9), (2.10), (2.11) and (2.12).

Finally, by using Abel’s formula and same operations as in Mn,1, we get

m∑
n=1

ϕβ(δk+k−1)n |Mn,3 |k =

m∑
n=1

ϕβ(δk+k−1)n aknn|λn|k|sn|k

= O(1)

m∑
n=1

ϕβ(δk+k−1)n

(
pn
Pn

)k
|λn|k−1|λn||sn|k

= O(1)

m∑
n=1

ϕβ(δk+k−1)−kn |λn| |sn|k

= O(1) as m→∞,

by using (1.7), (1.10), (2.7), (2.9) and (2.12).
This completes the proof of Theorem 2.1.

4. Conclusions

By taking (Xn) as a positive non-decreasing sequence, ϕn = Pn

pn
and β = 1, we

get a theorem dealing with |A, pn, δ|k summability (see [15]). If we take, (Xn) as
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a positive non-decreasing sequence, ϕn = Pn

pn
, β = 1 and δ = 0, then we get a

theorem dealing with |A, pn|k summability (see [11]). Also, if we take (Xn) as a
positive non-decreasing sequence, ϕn = Pn

pn
, β = 1, δ = 0 and anv = pv

Pn
, then we

get Theorem 1.1. In this case, the condition (2.9) reduces to the condition (1.12).
Also, when we take (Xn) as a positive non-decreasing sequence, ϕn = n, β = 1,
δ = 0, anv = pv

Pn
and pn = 1 for all values of n, then we have a result for |C, 1|k

summability (see [9]).
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[13] H. S. Özarslan, A. Keten, A new application of almost increasing sequences, An. Ştiinţ.
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[17] H. S. Özarslan, B. Kartal, A generalization of a theorem of Bor, J. Inequal. Appl. 179 (2017)
8pp.

[18] W. T. Sulaiman, Inclusion theorems for absolute matrix summability methods of an infinite
series. IV, Indian J. Pure Appl. Math. 34 (11) (2003) 1547-1557.

[19] W. T. Sulaiman, On a new application of almost increasing sequences, Bull. Math. Anal.

Appl. 4 (3) (2012) 29-33.
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