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GLOBAL OPTIMAL SOLUTIONS FOR HYBRID

GERAGHTY-SUZUKI PROXIMAL CONTRACTIONS

N. HUSSAIN, M. HEZARJARIBI, P. SALIMI

Abstract. Best proximity point theorem furnishes sufficient conditions for

the existence and computation of an approximate solution x that is optimal in
the sense that the error d(x, Tx) assumes the global minimum value d(A,B). In

this paper, in the setting of semi-preordered metric spaces, we introduce a new

notion of hybrid weak Geraghty and Suzuki Type proximal contractions and
establish certain best proximity point results for such contractions. Further,

we deduce new fixed point results in semi-preordered metric spaces and discuss

some illustrative examples to highlight the realized improvements. Presented
theorems extend and improve certain well known results from the literature.

1. Introduction

Banach contraction principle states that a self-mapping f on a complete met-
ric space (X, d) such that d(fx, fy) ≤ c d(x, y) for all x, y ∈ X, where c ∈ [0, 1),
has a unique fixed point. Since then, the Banach contraction principle has been
generalized in several directions, see [14, 18, 19, 23, 29] and references cited therein.

On the other hand, Kirk [23] explored several significant generalizations of the
Banach contraction principle to the case of non-self mappings. Let A and B be
nonempty subsets of a metric space (X, d). A mapping T : A → B is called a k-
contraction if there exists k ∈ [0, 1) such that d(Tx, Ty) ≤ kd(x, y), for all x, y ∈ A.
Notice that k-contraction coincides with Banach contraction mapping if one take
A = B.
Moreover, a non-self contraction mapping may not have a fixed point. In this case,
it is quite natural to find an element x such that d(x, Tx) is minimum, which implies
that x and Tx are in close proximity to each other. Precisely, in light of the fact
that d(x, Tx) is at least d(A,B) = inf{d(x, y) : x ∈ A, y ∈ B}, we are interested in
establishing the existence of an element x for which d(x, Tx) = d(A,B). Such an
element is designated as a best proximity point of the non-self-mapping T . Obvi-
ously, a best proximity point reduces to a fixed point if the considered mapping is
a self-mapping.
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This research subject has attracted attention of many authors, as confirmed refer-
ring to [3, 4, 5, 7, 9, 12, 13, 15, 16, 17, 20, 24, 25, 26, 27, 33, 35]. It should be
noted that best proximity point theorems furnish an approximate solution to the
equation Tx = x, when T has no fixed point.

Here, we collect some notions and notations which will be used throughout the
rest of this work. We denote by A0 and B0 the following sets:

A0 = {x ∈ A : d(x, y) = d(A,B) for some y ∈ B},
B0 = {y ∈ B : d(x, y) = d(A,B) for some x ∈ A}. (1.1)

In 2003, Kirk et al. [24] presented sufficient conditions for determining when the
sets A0 and B0 are nonempty.

Let F denote the class of all functions β : [0,+∞)→ [0, 1) satisfying the following
condition:

β(tn)→ 1 implies tn → 0, as n→ +∞. (1.2)

Definition 1.1 ([12]). Let (A,B) be a pair of nonempty subsets of a metric space
(X, d). A mapping T : A → B is said to be a Geraghty-contraction if there exists
β ∈ F such that

d(Tx, Ty) ≤ β((d(x, y)) d(x, y), for all x, y ∈ A. (1.3)

In [26], Raj defined the following definition.

Definition 1.2. Let (A,B) be a pair of nonempty subsets of a metric space (X, d)
with A0 6= ∅. Then the pair (A,B) is said to have the P -property if and only if for
all x1, x2 ∈ A0 and y1, y2 ∈ B0,

d(x1, y1) = d(A,B)
d(x2, y2) = d(A,B)

}
⇒ d(x1, x2) = d(y1, y2). (1.4)

Recently, Zhang et al. [35] introduced the following notion which is weaker than
P -property.

Definition 1.3. Let (A,B) be a pair of nonempty subsets of a metric space (X, d)
with A0 6= ∅. Then the pair (A,B) is said to have the weak P -property if and only
if for any x1, x2 ∈ A0 and y1, y2 ∈ B0,

d(x1, y1) = d(A,B) and d(x2, y2) = d(A,B)⇒ d(x1, x2) ≤ d(y1, y2). (1.5)

Existence of best proximity and fixed points in partially ordered metric spaces
has been considered recently by many authors (see, [1, 2, 17] and references therein).
In this paper, in the setting of semi-preordered metric spaces, we introduce a new
notion of ordered hybrid weak Geraghty-Suzuki contraction mapping and establish
some best proximity point theorems for such mappings. Further, we deduce new
fixed point results in semi-preordered metric spaces and discuss some illustrative
examples to highlight the realized improvements. Presented theorems extend and
improve certain well known results from the literature.

2. Best Proximity Point Result

Let Θ denote the set of all functions θ : R+4 → R+ satisfying:
(Θ1) θ is continuous and increasing in all its variables;
(Θ2) θ(t1, t2, t3, t4) = 0 iff t1.t2.t3.t4 = 0.
Also for more details on Θ see [22].
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We extend the above notion as follow which is suitable for best proximity point
contractions.

Let (X, d) be a metric space and A and B are two subsets of X and Θ? denote
the set of all functions θ? : [d(A,B),∞)4 → R+ satisfying:
(Θ?

1) θ? is continuous and increasing in all its variables;
(Θ?

2) θ?(t1, t2, t3, t4) = 0 iff t1 ∨ t2 ∨ t3 ∨ t4 = d(A,B).

Let X be a nonempty set. A preorder � on X is a binary relation which is
reflexive and transitive [3]. Let (X,�) be a preordered set and let T : X → X be a
mapping. We say that T is non-decreasing if for each x, y ∈ X, x � y ⇒ Tx � Ty.

A semi-perorder � on X is a binary relation which is transitive. Let (X,�) be a
semi-preordered set and T : X → X be a mapping. We say that T is non-decreasing
if for each x, y ∈ X, x � y ⇒ Tx � Ty.

Definition 2.1. Let (X, d,�) be a semi-preordered metric space. A non-self map-
ping T : A→ B is said to be proximally non-decreasing if and only if d(x1, T y1) = d(A,B),

d(x2, T y2) = d(A,B),
y1 � y2,

=⇒ x1 � x2,

where x1, x2, y1, y2 ∈ A.

Definition 2.2. Let A,B be two nonempty subsets of a semi-preordered metric
space (X, d,�) where A0 6= ∅. A mapping T : A → B is said to be a hybrid weak
Geraghty-contraction if there exists β ∈ F and θ? ∈ Θ? such that

d(Tx, Ty) ≤ β
(
M(x, y)

)
M(x, y)+γ

(
N(x, y, θ?)

)
N(x, y, θ?) for all x, y ∈ Awith x � y

(2.1)
where γ : [0,∞)→ [0,∞) is a bounded function,

M(x, y) = max

{
d(x, y),

d(x, Tx) + d(y, Ty)

2
− d(A,B),

d(x, Ty) + d(y, Tx)

2
− d(A,B)

}
and

N(x, y, θ) = θ?
(
d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)

)
.

Note that a semi-preordered metric space (X, d,�) is called totally semi-preordered
if for all x, y ∈ X we have x � y or y � x.

Theorem 2.3. Let A and B be nonempty subsets of a semi-preordered metric space
(X, d,�) such that A0 is nonempty and complete. Assume that T is hybrid weak
Geraghty-contraction mapping satisfying the following assertions:

(i) T (A0) ⊆ B0 and the pair (A,B) satisfies the weak P-property;
(ii) T is a proximally non-decreasing;
(iii) there exist elements x0 and x1 in A0 such that,

d(x1, Tx0) = d(A,B) and x0 � x1;

(iv) if {xn} is an increasing in A0 such that xn → x ∈ A0 as n → ∞, then
xn � x for all n ∈ N.
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Then there exists an x∗ in A such that d(x∗, Tx∗) = d(A,B). Moreover, best prox-
imity point of T is unique whenever (X, d,�) is a totally semi-preordered metric
space.

Proof. By (iii) there exist elements x0 and x1 in A0 such that,

d(x1, Tx0) = d(A,B) and x0 � x1

On the other hand T (A0) ⊆ B0 so, there exists x2 ∈ A0 such that,

d(x2, Tx1) = d(A,B).

As T is proximally non-decreasing, so we have x1 � x2. That is,

d(x2, Tx1) = d(A,B), x1 � x2

Again, as T (A0) ⊆ B0, so there exists x3 ∈ A0 such that,

d(x3, Tx2) = d(A,B).

Thus we have,

d(x2, Tx1) = d(A,B), d(x3, Tx2) = d(A,B), x1 � x2.

Similarly we have, x2 � x3. Hence,

d(x3, Tx2) = d(A,B), x2 � x3.

Finally, we deduce,

d(xn+1, Txn) = d(A,B), xn � xn+1 for all n ∈ N ∪ 0. (2.2)

Since (A,B) has the weak P -property, we derive that

d(xn, xn+1) ≤ d(Txn−1, Txn) for any n ∈ N. (2.3)
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Applying, (2.2) and (2.3) we obtain,

M(xn−1, xn) = max

{
d(xn−1, xn),

d(xn−1, Txn−1) + d(xn, Txn)

2
− d(A,B),

d(xn−1, Txn) + d(xn, Txn−1)

2
− d(A,B)

}

≤ max

{
d(xn−1, xn),

d(xn−1, xn) + d(xn, Txn−1) + d(xn, xn+1) + d(xn+1, Txn)

2
− d(A,B),

d(xn−1, xn+1) + d(xn+1, Txn) + d(xn, Txn−1)

2
− d(A,B)

}

= max

{
d(xn−1, xn),

d(xn−1, xn) + d(A,B) + d(xn, xn+1) + d(A,B)

2
− d(A,B),

d(xn−1, xn+1) + d(A,B) + d(A,B)

2
− d(A,B)

}

= max

{
d(xn−1, xn),

d(xn−1, xn) + d(xn, xn+1)

2
,
d(xn−1, xn+1)

2

}

≤ max{d(xn−1, xn),
d(xn−1, xn) + d(xn, xn+1)

2
}

≤ max{d(xn−1, xn), d(xn, xn+1)}.

Thus,

M(xn−1, xn) ≤ max{d(xn−1, xn), d(xn, xn+1)}. (2.4)

Also,

N(xn−1, xn, θ) = θ?
(
d(xn−1, Txn−1), d(xn, Txn), d(xn−1, Txn),

d(xn, Txn−1)

)
= θ?

(
d(xn−1, Txn−1), d(xn, Txn)

, d(xn−1, Txn), d(A,B)

)
= 0.

(2.5)

If there exists n0 ∈ N such that d(xn0
, xn0+1) = 0, then

0 = d(xn0 , xn0+1) = d(Txn0−1, Txn0), (2.6)

and consequently, Txn0−1 = Txn0 . Therefore, we conclude that

d(A,B) = d(xn0
, Txn0−1) = d(xn0

, Txn0
). (2.7)
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That is, x0 is best proximity point of T . For this we suppose d(xn, xn+1) > 0 for
any n ∈ N. In view of the fact that T is a hybrid weak Geraghty-contraction, we
have

d(xn, xn+1) ≤ d(Txn−1, Txn)
≤ β(M(xn−1, xn))M(xn−1, xn) + γ(N(xn−1, xn, θ

?))N(xn−1, xn, θ
?)

< M(xn−1, xn) + γ(N(xn−1, xn, θ
?))N(xn−1, xn, θ

?).
(2.8)

From (2.4), (2.5) and (2.8) we deduce,

d(xn, xn+1) < max{d(xn−1, xn), d(xn, xn+1)}.

Now if, max{d(xn−1, xn), d(xn, xn+1)} = d(xn, xn+1) then,

d(xn, xn+1) < d(xn, xn+1),

which is a contradiction. Hence,

d(xn−1, xn) ≤M(xn−1, xn) ≤ max{d(xn−1, xn), d(xn, xn+1)} = d(xn−1, xn),

and so

M(xn−1, xn) = d(xn−1, xn) (2.9)

for all n ∈ N. Now, by (2.8) we get,

d(xn, xn+1) = d(Txn−1, Txn)
≤ β(d(xn−1, xn))d(xn−1, xn)
< d(xn−1, xn)

(2.10)

for all n ∈ N. Consequently, {d(xn, xn+1)} is a nonincreasing sequence which is
bounded below and so limn→∞ d(xn, xn+1) := L exists. Let L > 0. Then, from
(2.10), we have

d(xn+1, xn+2)

d(xn, xn+1)
≤ β(d(xn, xn+1)) ≤ 1

for each n ≥ 1, which implies

lim
n→∞

β(d(xn, xn+1)) = 1.

On the other hand, since β ∈ F , we conclude

L = lim
n→∞

d(xn, xn+1) = 0. (2.11)

Since, d(xn, Txn−1) = d(A,B) holds for all n ∈ N and (A,B) satisfies the weak P -
property, so for all m, n ∈ N with m < n we obtain, d(xm, xn) ≤ d(Txm−1, Txn−1).
Note that



16 N. HUSSAIN, M. HEZARJARIBI, P. SALIMI

M(xm, xn) = max

{
d(xm, xn),

d(xm, Txm) + d(xn, Txn)

2
− d(A,B),

d(xm, Txn) + d(xn, Txm)

2
− d(A,B)

}
≤ max

{
d(xm, xn),

d(xm, xm+1) + d(xm+1, Txm) + d(xn, xn+1) + d(xn+1, Txn)

2
− d(A,B),

d(xm, xn+1) + d(xn+1, Txn) + d(xn, xm+1) + d(xm+1, Txm)

2
− d(A,B)

}
= max

{
d(xm, xn),

d(xm, xm+1) + d(xn, xn+1)

2
, d(xm, xn+1)

}
≤ max

{
d(xm, xn),

d(xm, xm+1) + d(xn, xn+1)

2
, d(xm, xn) + d(xn, xn+1)

}
.

As lim
n→∞

d(xn, xn+1) = 0, we have,

limm,n→∞ d(xm, xn) ≤ limm,n→∞M(xm, xn) ≤ limm,n→∞ d(xm, xn),

that is,

limm,n→∞M(xm, xn) = limm,n→∞ d(xm, xn). (2.12)

Also,

0 ≤ N(xm, xn, θ
?) = θ?

(
d(xm, Txm), d(xn, Txn), d(xm, Txn), d(xn, Txm)

)
≤ θ?

(
d(xm, xm+1) + d(xm+1, Txm),

d(xn, Txn), d(xm, Txn), d(xn, Txm)

)
= θ?

(
d(xm, xm+1) + d(A,B), d(xn, Txn), d(xm, Txn), d(xn, Txm)

)
(2.13)

and so, by lim
n→∞

d(xn, xn+1) = 0, we deduce,

0 ≤ lim
m,n→∞

N(xm, xn, θ
?) ≤ limm,n→∞ θ?

(
d(xm, xm+1) + d(A,B), d(xn, Txn), d(xm, Txn),

d(xn, Txm)

)
≤ limm,n→∞ θ?

(
d(A,B), d(xn, Txn), d(xm, Txn), d(xn, Txm)

)
= 0.

That is,

lim
m,n→∞

N(xm, xn, θ
?) = 0. (2.14)

Now on the contrary, assume that

ε = lim sup
m,n→∞

d(xn, xm) > 0. (2.15)

By using the triangle inequality, we can write

d(xn, xm) ≤ d(xn, xn+1) + d(xn+1, xm+1) + d(xm+1, xm). (2.16)
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From (2.29) and (2.16) we have,

d(xn, xm) ≤ d(xn, xn+1) + d(Txn, Txm) + d(xm+1, xm)
≤ d(xn, xn+1) + β(M(xn, xm))M(xn, xm)
+γ(N(xn, xm, θ

?))N(xn, xm, θ
?) + d(xm+1, xm).

(2.17)

Now, (2.12), (2.14), (2.17) and lim
n→∞

d(xn, xn+1) = 0, imply

lim
m,n→∞

d(xn, xm) ≤ lim
m,n→∞

β(M(xn, xm)) lim
m,n→∞

M(xm, xn)

+ lim
m,n→∞

γ(N(xn, xm, θ
?)) lim

m,n→∞
N(xm, xn, θ

?)

= lim
m,n→∞

β(M(xn, xm)) lim
m,n→∞

d(xm, xn).

By (2.15) we get
1 ≤ lim

m,n→∞
β(M(xn, xm)).

Therefore, limm,n→∞ β(M(xn, xm)) = 1, and so limm,n→∞M(xn, xm) = 0. This
implies, limm,n→∞ d(xn, xm) = 0 which is a contradiction. Therefore, {xn} is a
Cauchy sequence. Since (xn) ⊂ A0 and (A0, d) is a complete metric space, we can
find x∗ ∈ A0 such that xn → x∗ as n → ∞. From (iv) we know that, xn � x for
all n ∈ N. We shall show that d(x∗, Tx∗) = d(A,B). Suppose, to contrary that,
d(x∗, Tx∗) 6= d(A,B). From (2.29) with x = xn and y = x∗ we get,

d(Txn, Tx
∗) ≤ β

(
M(xn, x

∗)
)
M(xn, x

∗) + γ
(
N(xn, x

∗, θ)
)
N(xn, x

∗, θ). (2.18)

On the other hand,

M(xn, x
∗) = max

{
d(xn, x

∗),
d(xn, Txn) + d(x∗, Tx∗)

2
− d(A,B),

d(xn, Tx
∗) + d(x∗, Txn)

2
− d(A,B)

}

≤ max

{
d(xn, x

∗),
d(xn, xn+1) + d(xn+1, Txn) + d(x∗, Tx∗)

2
− d(A,B),

d(xn, x
∗) + d(x∗, Tx∗) + d(x∗, xn+1) + d(xn+1, Txn)

2
− d(A,B)

}

= max

{
d(xn, x

∗),
d(xn, xn+1) + d(A,B) + d(x∗, Tx∗)

2
− d(A,B),

d(xn, x
∗) + d(x∗, Tx∗) + d(x∗, xn+1) + d(A,B)

2
− d(A,B)

}
and so,

lim
k→∞

M(xn, x
∗) ≤ d(x∗, Tx∗)− d(A,B)

2
. (2.19)

Also we have,

d(x∗, Tx∗) ≤ d(x∗, Txn) + d(Txn, Tx
∗)

≤ d(x∗, xn+1) + d(xn+1, Txn) + d(Txn, Tx
∗)

≤ d(x∗, xn+1) + d(A,B) + d(Txn, Tx
∗).
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Taking limit as n→∞ in the above inequality we have,

d(x∗, Tx∗)− d(A,B) ≤ limn→∞ d(Txn, Tx
∗). (2.20)

Further we get,

d(xn, Txn) ≤ d(xn, xn+1) + d(xn+1, Txn) = d(xn, xn+1) + d(A,B).

Taking limit as n→∞ in the above inequality we get

lim
n→∞

d(xn, Txn) ≤ d(A,B),

and so limn→∞ d(xn, Txn) = d(A,B). Now we have

lim
n→∞

N(xn, x
∗, θ∗) =

= θ∗
(

lim
n→∞

d(xn, Txn), d(x∗, Tx∗), lim
n→∞

d(xn, Tx
∗),

lim
n→∞

d(x∗, Txn)

)

= θ∗
(
d(A,B), d(x∗, Tx∗), lim

n→∞
d(xn, Tx

∗), lim
n→∞

d(x∗, Txn)

)
= 0

that is,

lim
n→∞

N(xn, x
∗, θ) = 0. (2.21)

From (2.18), (2.19), (2.20) and (2.21) we deduce that

d(x∗, Tx∗)− d(A,B) ≤ lim
n→∞

d(Txn, Tx
∗)

≤ lim
n→∞

β(M(xn, x
∗)) lim

n→∞
M(xn, x

∗)

+ lim
n→∞

γ(N(xn, x
∗, θ∗)) lim

n→∞
N(xn, x

∗, θ∗)

= lim
n→∞

β(M(xn, x
∗))(

d(x∗, Tx∗)− d(A,B)

2
)

< d(x∗, Tx∗)− d(A,B),

(2.22)

which is a contradiction. Therefore, d(x∗, Tx∗) = d(A,B), and x∗ is a best prox-
imity point of T. We now show the uniqueness of the best proximity point of T.
Suppose that x∗ and y∗ are two distinct best proximity points of T . This implies

d(x∗, Tx∗) = d(A,B) = d(y∗, Ty∗). (2.23)

Using the weak P -property, we have

d(x∗, y∗) ≤ d(Tx∗, Ty∗), (2.24)

which implies
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M(x∗, y∗) = max

{
d(x∗, y∗),

d(x∗, Tx∗) + d(y∗, T y∗)

2
− d(A,B),

d(x∗, Ty∗) + d(y∗, Tx∗)

2
− d(A,B)

}
= max

{
d(x∗, y∗), 0,

d(x∗, T y∗) + d(y∗, Tx∗)

2
− d(A,B)

}
≤ max

{
d(x∗, y∗), 0,

d(x∗, Tx∗) + d(Tx∗, T y∗) + d(y∗, T y∗) + d(Ty∗, Tx∗)

2
− d(A,B)

}
≤ max

{
d(x∗, y∗), 0,

d(A,B) + d(x∗, y∗) + d(A,B) + d(y∗, x∗)

2
− d(A,B)

}
= d(x∗, y∗).

Also,

N(x∗, y∗, θ∗) = θ

(
d(x∗, Tx∗), d(y∗, Ty∗), d(x∗, T y∗), d(y∗, Tx∗)

)
= θ∗

(
d(A,B), d(A,B), d(x∗, T y∗), d(y∗, Tx∗)

)
= 0

As T is hybrid weak Geraghty-contraction, we obtain

d(x∗, y∗) ≤ d(Tx∗, Ty∗)

≤ β(M(x∗, y∗))M(x∗, y∗)

+ γ(N(x∗, y∗, θ∗))N(x∗, y∗, θ∗)

= β(d(x∗, y∗))d(x∗, y∗)

≤ β(d(x∗, y∗))d(x∗, y∗) < d(x∗, y∗)

which is a contradiction. This completes the proof of the theorem. �

If in Theorem 2.3 we take, β(t) = r where r ∈ [0, 1) and γ(t) = L where L ≥ 0,
then we obtain following best proximity point result.

Corollary 2.4. Let (A,B) be a pair of nonempty subsets of a semi-preordered
metric space (X, d,�) such that A0 is nonempty and complete. Let T : A → B be
non-self mapping satisfying T (A0) ⊆ B0 and

d(Tx, Ty) ≤ rM(x, y) + LN(x, y, θ∗)

for all x, y ∈ A with x � y, where r ∈ [0, 1), L ≥ 0, θ∗ ∈ Θ∗. Suppose that the pair
(A,B) has the weak P -property and following assertions hold:

(i) T is a proximally non-decreasing;
(ii) there exist elements x0 and x1 in A0 such that,

d(x1, Tx0) = d(A,B) and x0 � x1;

(iii) if {xn} is an increasing in A0 such that xn → x ∈ A0 as n → ∞, then
xn � x for all n ∈ N.
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Then there exists an x∗ in A such that d(x∗, Tx∗) = d(A,B). Moreover, best prox-
imity point of T is unique whenever (X, d,�) is a totally semi-preordered metric
space.

If in Corollary 2.4 we take, θ(t1, t2, t3, t4) = min{t1, t2, t3, t4}−d(A,B), we obtain
following best proximity result.

Corollary 2.5. Let (A,B) be a pair of nonempty subsets of a semi-preordered
metric space (X, d,�) such that A0 is nonempty and complete. Let T : A → B be
non-self mapping satisfying T (A0) ⊆ B0 and

d(Tx, Ty) ≤ rM(x, y) + LN(x, y)

for all x, y ∈ A with x � y, where r ∈ [0, 1), L ≥ 0,

M(x, y) = max

{
d(x, y),

d(x, Tx) + d(y, Ty)

2
− d(A,B),

d(x, Ty) + d(y, Tx)

2
− d(A,B)

}
and

N(x, y) = min {d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)} − d(A,B).

Suppose that the pair (A,B) has the weak P -property and following assertions
hold:

(i) T is a proximally non-decreasing;
(ii) there exist elements x0 and x1 in A0 such that,

d(x1, Tx0) = d(A,B) and x0 � x1;

(iii) if {xn} is an increasing in A0 such that xn → x ∈ A0 as n → ∞, then
xn � x for all n ∈ N.

Then there exists an x∗ in A such that d(x∗, Tx∗) = d(A,B). Moreover, best prox-
imity point of T is unique whenever (X, d,�) is a totally semi-preordered metric
space.

Now we give an example to illustrate our results.

Example 2.6. Let X = R and d(x, y) = |x − y| be a metric on X and x � y if
and only if (x, y) ∈ [0, 4] × [0, 4]. Clearly � is a semi-perorder. Indeed, if x � y
and y � z, then (x, y), (y, z) ∈ [0, 4] × [0, 4] and so, x, y, z ∈ [0, 4]. That is, x � z.
Also suppose A = [−4, 4] and B = (−∞,−5] ∪ [5,∞) are two subsets of R. Define
T : A→ B by

Tx =


−5, ifx ∈ [−4,−3)
30, ifx ∈ [−3,−2)
x2 + 10 ifx ∈ [−2,−1)
x4 + 14 ifx ∈ [−1, 0)
5, ifx ∈ [0, 4]

, β : (0,∞) → [0, 1) by β(t) = t
1+t , θ∗ : [1,∞)4 → R+ by θ∗(t1, t2, t3, t4) =

min{t1, t2, t3, t4} − 1 and γ : [0,∞) → [0,∞) by γ(t) = 4. Clearly, d(A,B) = 1,
A0 = {−4, 4}, B0 = {−5, 5} and T (A0) ⊆ B0. Further, the pair (A,B) satisfies the
weak P -property but it does not satisfy P -property. Since, d(4,−4) 6= d(5,−5) but
d(4, 5) = d(−4,−5) = d(A,B) = 1. Now, if x, y ∈ A with x � y. Then, x, y ∈ [0, 4].
Hence,

d(Tx, Ty) ≤ β
(
M(x, y)

)
M(x, y) + γ

(
N(x, y, θ∗)

)
N(x, y, θ∗)
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holds true. That is, T is a hybrid weak Geraghty-contraction. Now, if, d(x1, T y1) = d(A,B) = 1
d(x2, T y2) = d(A,B) = 1
y1 � y2,

then,  d(x1, T y1) = d(A,B) = 1
d(x2, T y2) = d(A,B) = 1
y1, y2 ∈ [0, 4],

and so,  d(x1, 5) = d(A,B) = 1
d(x2, 5) = d(A,B) = 1
y1, y2 ∈ [0, 4],

that is, x1 = x2 = 4 ∈ [0, 4]. i.e., x1 � x2. Hence, all conditions of Theorem
2.3 hold and T has a best proximity point. Here, x = −4 and x = 4 are two best
proximity points of T , as the defined semi-preorder is not total.

Definition 2.7. Let A,B be two nonempty subsets of a metric space (X, d) where
A0 6= ∅. A mapping T : A→ B is said to be a hybrid weak Geraghty-contraction if
there exists β ∈ F and θ∗ ∈ Θ∗ such that

d(Tx, Ty) ≤ β
(
M(x, y)

)
M(x, y) + γ

(
N(x, y, θ∗)

)
N(x, y, θ) for all x, y ∈ A,

(2.25)
where γ : [0,∞)→ [0,∞) is a bounded function,

M(x, y) = max

{
d(x, y),

d(x, Tx) + d(y, Ty)

2
− d(A,B),

d(x, Ty) + d(y, Tx)

2
− d(A,B)

}
and

N(x, y, θ∗) = θ

(
d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)

)
.

If in Theorem 2.3 we take �= X ×X, then we deduce following Theorem.

Theorem 2.8. Let (A,B) be a pair of nonempty subsets of a metric space (X, d)
such that A0 is nonempty and complete. Let T : A → B be hybrid weak Geraghty-
contraction satisfying T (A0) ⊆ B0. Suppose that the pair (A,B) has the weak P -
property. Then there exists a unique x∗ in A such that d(x∗, Tx∗) = d(A,B).

If in Theorem 2.8 we take, β(t) = r where r ∈ [0, 1) and γ(t) = L where L ≥ 0,
then we obtain following best proximity point result.

Corollary 2.9. Let (A,B) be a pair of nonempty subsets of a metric space (X, d)
such that A0 is nonempty and (A0, d) is a complete metric space. Let T : A → B
be non-self mapping satisfying T (A0) ⊆ B0 and

d(Tx, Ty) ≤ rM(x, y) + LN(x, y, θ∗)

for all x, y ∈ A0, where r ∈ [0, 1), L ≥ 0, θ∗ ∈ Θ∗. Suppose that the pair (A,B)
has the weak P -property. Then there exists a unique point x∗ in A such that
d(x∗, Tx∗) = d(A,B).
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If in Corollary 2.9 we take, θ(t1, t2, t3, t4) = min{t1, t2, t3, t4}− d(A,B), we have
following Corollary.

Corollary 2.10. Let (A,B) be a pair of nonempty subsets of a metric space (X, d)
such that A0 is nonempty and (A0, d) is a complete metric space. Let T : A → B
be non-self mapping satisfying T (A0) ⊆ B0 and

d(Tx, Ty) ≤ rM(x, y) + LN(x, y)

for all x, y ∈ A0, where r ∈ [0, 1), L ≥ 0,

M(x, y) = max

{
d(x, y),

d(x, Tx) + d(y, Ty)

2
− d(A,B),

d(x, Ty) + d(y, Tx)

2
− d(A,B)

}
and

N(x, y) = min {d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)} − d(A,B)

for all x, y ∈ A. Suppose that the pair (A,B) has the weak P -property. Then
there exists a unique point x∗ in A such that d(x∗, Tx∗) = d(A,B).

Corollary 2.11. (Zhang et al. [35]) Let (A,B) be a pair of nonempty subsets of a
metric space (X, d) such that A0 is nonempty. Let T : A→ B be non-self mapping
satisfying T (A0) ⊆ B0 and

d(Tx, Ty) ≤ rd(x, y)

for all x, y ∈ A, where r ∈ [0, 1). Suppose that the pair (A,B) has the weak P -
property and A is complete. Then there exists a unique point x∗ in A such that
d(x∗, Tx∗) = d(A,B).

Corollary 2.12. (Theorem 9 of Suzuki [32]) Let (A,B) be a pair of nonempty
subsets of a complete metric space (X, d) such that A0 is nonempty and (A0, d) is a
complete metric space. Let T : A→ B be non-self mapping satisfying T (A0) ⊆ B0

and

d(Tx, Ty) ≤ r
[
d(x, Tx) + d(y, Ty)

2
− d(A,B)

]
(2.26)

for all x, y ∈ A where r ∈ [0, 1). Suppose that the pair (A,B) has the weak P -
property. Then there exists a unique point x∗ in A such that d(x∗, Tx∗) = d(A,B).

Corollary 2.13. Let (A,B) be a pair of nonempty subsets of a complete metric
space (X, d) such that A0 is nonempty and (A0, d) is a complete metric space. Let
T : A→ B be non-self mapping satisfying T (A0) ⊆ B0 and

d(Tx, Ty) ≤ r
[
d(x, Ty) + d(y, Tx)

2
− d(A,B)

]
(2.27)

for all x, y ∈ A0 where r ∈ [0, 1). Suppose that the pair (A,B) has the weak P -
property. Then there exists a unique point x∗ in A such that d(x∗, Tx∗) = d(A,B).

Also, if in Theorem 2.8 we take, β(t) = 1
K+t , θ(t1, t2, t3, t4) = min{t1, t2, t3, t4}

and γ(t) = 1
K+t where K > 1, then we deduce following result.
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Corollary 2.14. Let (A,B) be a pair of nonempty subsets of a complete metric
space (X, d) such that A0 is nonempty and (A0, d) is a complete metric space. Let
T : A→ B be non-self mapping satisfying T (A0) ⊆ B0 and

d(Tx, Ty) ≤ M(x, y)

K +M(x, y)
+

N(x, y, θ)

K +N(x, y, θ)
(2.28)

for all x, y ∈ A0 where K > 1, θ ∈ Θ,

M(x, y) = max

{
d(x, y),

d(x, Tx) + d(y, Ty)

2
− d(A,B),

d(x, Ty) + d(y, Tx)

2
− d(A,B)

}
and

N(x, y, θ) = θ

(
d(x, Tx)−d(A,B), d(y, Ty)−d(A,B), d(x, Ty)−d(A,B), d(y, Tx)−d(A,B)

)
for all x, y ∈ A. Suppose that the pair (A,B) has the weak P -property. Then there
exists a unique point x∗ in A such that d(x∗, Tx∗) = d(A,B).

Now we provide some Suzuki type best proximity results in the setting of semi-
preordered metric spaces.

Definition 2.15. Let A,B be two nonempty subsets of a semi-preordered metric
space (X, d,�) where A0 6= ∅. A mapping T : A → B is said to be a ordered weak
Geraghty-Suzuki contraction if there exists β ∈ F such that

1

2
d∗(x, Tx) ≤ d(x, y)⇒ d(Tx, Ty) ≤ β(M(x, y))[M(x, y)− d(A,B)], (2.29)

for all x, y ∈ A with x � y, where d∗(x, y) = d(x, y)− d(A,B) and

M(x, y) = max
{
d(x, y), d(x, Tx), d(y, Ty)

}
.

Theorem 2.16. Let A and B two be nonempty subsets of a semi-preordered metric
space (X, d,�) such that A0 is nonempty and complete. Assume that T is ordered
weak Geraghty-Suzuki contraction satisfying the following assertions:

(i) T (A0) ⊆ B0 and the pair (A,B) satisfies the weak P-property;
(ii) T is a proximally non-decreasing;
(iii) there exist elements x0 and x1 in A0 such that,

d(x1, Tx0) = d(A,B) and x0 � x1;

(iv) if {xn} is an increasing in A0 such that xn → x ∈ A0 as n → ∞, then
xn � x for all n ∈ N.

Then there exists an x∗ in A such that d(x∗, Tx∗) = d(A,B). Moreover, best prox-
imity point of T is unique whenever (X, d,�) is a totally semi-preordered metric
space.

Proof. The argument goes along similar lines as the proof of Theorem 2.3 and main
theorem of [31]. �
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Definition 2.17. Let (A,B) be a pair of nonempty subsets of a metric space (X, d).
A mapping T : A → B is said to be a generalized Geraghty-Suzuki contraction if
there exists β ∈ F such that

1

2
d∗(x, Tx) ≤ d(x, y)⇒ d(Tx, Ty) ≤ β(M(x, y))[M(x, y)− d(A,B)],

for all x, y ∈ A, where d∗(x, y) = d(x, y)− d(A,B) and

M(x, y) = max
{
d(x, y), d(x, Tx), d(y, Ty)

}
.

If in Theorem 2.16 we take �= X ×X, then we deduce following Corollary.

Corollary 2.18. (Main Theorem of [31]) Let (A,B) be a pair of nonempty closed
subsets of a complete metric space (X, d) such that A0 is nonempty. Let T : A→ B
be a generalized Geraghty-Suzuki contraction such that T (A0) ⊆ B0. Suppose that
the pair (A,B) has the P -property. Then there exists a unique x∗ in A such that
d(x∗, Tx∗) = d(A,B).

3. Fixed point results

As an application of our results established above, we deduce new fixed point
theorems. By taking A = B = X in Theorem 2.3, we obtain following fixed point
results.

Theorem 3.1. Let (X, d,�) be a complete semi-preordered metric space and T :
X → X be a nondecreasing hybrid weak Geraghty-contraction mapping satisfying
the following assertions:

(i) there exists x0 in X such that, x0 � Tx0;
(ii) if {xn} is an increasing sequence in X such that xn → x ∈ X as n → ∞,

then xn � x for all n ∈ N.
Then there exists an x∗ in X such that x∗ = Tx∗. Moreover, fixed point of T is
unique whenever (X, d,�) is a totally semi-preordered metric space.

Corollary 3.2. Let (X, d,�) be a complete semi-preordered metric space and T :
X → X be a nondecreasing mapping satisfying the following assertions:

(i) there exists x0 in X such that, x0 � Tx0;
(ii) if {xn} is an increasing sequence in X such that xn → x ∈ X as n → ∞,

then xn � x for all n ∈ N;
(iii)

d(Tx, Ty) ≤ rM(x, y) + LN(x, y)

for all x, y ∈ X with x � y,

where r ∈ [0, 1), L ≥ 0,

M(x, y) = max

{
d(x, y),

d(x, Tx) + d(y, Ty)

2
− d(A,B),

d(x, Ty) + d(y, Tx)

2
− d(A,B)

}
and

N(x, y) = min {d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)} − d(A,B).

Then there exists a fixed point of T in X. Moreover, fixed point of T is unique
whenever (X, d,�) is a totally semi-preordered metric space.
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Theorem 3.3. Let (X, d) be a complete metric space. Assume that T : X → X is
a self-mapping satisfying,

d(Tx, Ty) ≤ β(M(x, y))M(x, y) + γ(N(x, y, θ))N(x, y, θ) (3.1)

for all x, y ∈ X, where γ : [0,∞)→ [0,∞) is a bounded function, β ∈ F , θ ∈ Θ,

M(x, y) = max

{
d(x, y),

d(x, Tx) + d(y, Ty)

2
,
d(x, Ty) + d(y, Tx)

2

}
and

N(x, y, θ) = θ

(
d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)

)
.

for all x, y ∈ X. Then T has a unique fixed point.

Corollary 3.4. Let (X, d) be a complete metric space and T : X → X be self-
mapping such that

d(Tx, Ty) ≤ M(x, y)

K +M(x, y)
+

N(x, y)

K +N(x, y)
(3.2)

for all x, y ∈ X where K > 1,

M(x, y) = max

{
d(x, y),

d(x, Tx) + d(y, Ty)

2
,
d(x, Ty) + d(y, Tx)

2

}
,

N(x, y) = min {d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)} .
Then T has a unique fixed point.

Corollary 3.5. (Theorem 2 [10], Theorem 2.4 [11]) Let (X, d) be a complete metric
space and T : X → X be a self-mapping such that

d(Tx, Ty) ≤ rd(x, y) + L ·N(x, y)

for all x, y ∈ X, where r ∈ [0, 1), L ≥ 0, and

N(x, y) = min {d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)} .
Then T has a unique fixed point.

Finally, from our results, as a corollary, we obtain the next well known Zamfirescu
theorem ([28],[34]).

Corollary 3.6. (Zamfirescu [34]) Let (X, d) be a complete metric space and T :
X 7→ X a map for which there exist real numbers a, b and c satisfying 0 ≤ a <
1, 0 ≤ b, c < 1/2 such that for each pair x, y ∈ X, at least one of the following is
true:

(1) d(Tx, Ty) ≤ ad(x, y);

(2) d(Tx, Ty) ≤ b[d(x, Tx) + d(y, Ty)];

(3) d(Tx, Ty) ≤ c[d(x, Ty) + d(y, Tx)].

Then T has a unique fixed point p and the Picard iteration {xn}∞n=0 defined by
xn+1 = Txn, n = 0, 1, 2, ... converges to p, for any x0 ∈ X.
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