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GLOBAL OPTIMAL SOLUTIONS FOR HYBRID
GERAGHTY-SUZUKI PROXIMAL CONTRACTIONS

N. HUSSAIN, M. HEZARJARIBI, P. SALIMI

ABSTRACT. Best proximity point theorem furnishes sufficient conditions for
the existence and computation of an approximate solution = that is optimal in
the sense that the error d(x, T'x) assumes the global minimum value d(A, B). In
this paper, in the setting of semi-preordered metric spaces, we introduce a new
notion of hybrid weak Geraghty and Suzuki Type proximal contractions and
establish certain best proximity point results for such contractions. Further,
we deduce new fixed point results in semi-preordered metric spaces and discuss
some illustrative examples to highlight the realized improvements. Presented
theorems extend and improve certain well known results from the literature.

1. INTRODUCTION

Banach contraction principle states that a self-mapping f on a complete met-
ric space (X,d) such that d(fz, fy) < cd(z,y) for all z,y € X, where ¢ € [0,1),
has a unique fixed point. Since then, the Banach contraction principle has been
generalized in several directions, see [14] 18, [T9] 23 29] and references cited therein.

On the other hand, Kirk [23] explored several significant generalizations of the

Banach contraction principle to the case of non-self mappings. Let A and B be
nonempty subsets of a metric space (X,d). A mapping T : A — B is called a k-
contraction if there exists k € [0, 1) such that d(T'z, Ty) < kd(z,y), for all z,y € A.
Notice that k-contraction coincides with Banach contraction mapping if one take
A=B.
Moreover, a non-self contraction mapping may not have a fixed point. In this case,
it is quite natural to find an element x such that d(z, T'z) is minimum, which implies
that  and Tz are in close proximity to each other. Precisely, in light of the fact
that d(x, Tx) is at least d(A, B) = inf{d(z,y) : ¢ € A,y € B}, we are interested in
establishing the existence of an element = for which d(z,Tz) = d(A, B). Such an
element is designated as a best proximity point of the non-self-mapping 7. Obvi-
ously, a best proximity point reduces to a fixed point if the considered mapping is
a self-mapping.
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This research subject has attracted attention of many authors, as confirmed refer-
ring to [3, @, B [7, @, (12, 13} 05} 06, (7, 20, 24, 25, 26, 27, B3, 35]. It should be
noted that best proximity point theorems furnish an approximate solution to the
equation Tz = x, when T has no fixed point.

Here, we collect some notions and notations which will be used throughout the
rest of this work. We denote by Ay and By the following sets:

Ag={x € A:d(z,y) = d(A,B) for some y € B},
By={y € B:d(x,y) =d(A,B) for some z € A}.

In 2003, Kirk et al. [24] presented sufficient conditions for determining when the
sets Ay and By are nonempty.

Let F denote the class of all functions § : [0, +00) — [0, 1) satisfying the following
condition:

(1.1)

B(t,) — 1 implies t,, — 0, as n — +o0. (1.2)

Definition 1.1 ([12]). Let (A, B) be a pair of nonempty subsets of a metric space
(X,d). A mapping T : A — B is said to be a Geraghty-contraction if there exists
B € F such that

AT, Ty) < B((d(z,v)) d(z,y), for all 2,y € A (13)
In [26], Raj defined the following definition.

Definition 1.2. Let (A, B) be a pair of nonempty subsets of a metric space (X, d)
with Ag # 0. Then the pair (A, B) is said to have the P-property if and only if for
all x1,x9 € Ay and y1,y2 € By,

d(z1,y1) = d(A, B)
d<x2,§2> =d(A,B) } = d(z1,22) = d(y1, 42)- (1.4)

Recently, Zhang et al. [35] introduced the following notion which is weaker than
P-property.

Definition 1.3. Let (A, B) be a pair of nonempty subsets of a metric space (X, d)
with Ag # (0. Then the pair (A, B) is said to have the weak P-property if and only
if for any x1,x2 € Ay and y1,y2 € By,

d(w1,y1) = d(A, B) and d(z2,y2) = d(A, B) = d(x1,22) < d(y1,y2)- (1.5)

Existence of best proximity and fixed points in partially ordered metric spaces
has been considered recently by many authors (see, [1L[2,[I7] and references therein).
In this paper, in the setting of semi-preordered metric spaces, we introduce a new
notion of ordered hybrid weak Geraghty-Suzuki contraction mapping and establish
some best proximity point theorems for such mappings. Further, we deduce new
fixed point results in semi-preordered metric spaces and discuss some illustrative
examples to highlight the realized improvements. Presented theorems extend and
improve certain well known results from the literature.

2. BEST PrOXIMITY POINT RESULT

Let © denote the set of all functions 6 : R*" — R satisfying;
(©1) 6 is continuous and increasing in all its variables;
(©2) O(ty, o, t3,t4) = 0 iff t1.to.t3.t4 = O.
Also for more details on O see [22].
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We extend the above notion as follow which is suitable for best proximity point
contractions.

Let (X, d) be a metric space and A and B are two subsets of X and ©* denote
the set of all functions 6* : [d(A, B),)* — R* satisfying:
(©71) 6* is continuous and increasing in all its variables;
(©%) 0% (ty,ta, t5,ta) = 0iff t; Vi Vi Vs = d(A, B).

Let X be a nonempty set. A preorder < on X is a binary relation which is
reflexive and transitive [3]. Let (X, <) be a preordered set and let T : X — X be a
mapping. We say that T is non-decreasing if for each z,y € X, x 2y = Tx < Ty.

A semi-perorder < on X is a binary relation which is transitive. Let (X, <) be a
semi-preordered set and 7' : X — X be a mapping. We say that 7" is non-decreasing
ifforeachz,y e X,z Sy=Tz <Ty.

Definition 2.1. Let (X, d, =) be a semi-preordered metric space. A non-self map-
ping T : A — B is said to be proximally non-decreasing if and only if

d(xl, Tyl) = d(A, B),

d(‘r27Ty2) :d(A7B>7 = T jIQ,

U1 = Y2,

where T1,%2,Y1,Y2 € A.

Definition 2.2. Let A, B be two nonempty subsets of a semi-preordered metric

space (X,d, <) where Ag # 0. A mapping T : A — B is said to be a hybrid weak

Geraghty-contraction if there exists f € F and 6* € ©* such that

ATz, Ty) < B(M(z,4)) M(z, )+ (N (x5, 6%)) N(z,5,6%) for all x,y € Awithx <y
(2.1)

where 7 : [0,00) = [0,00) is a bounded function,

d(z,Tx) + d(y, Ty)

2

d(xz, Ty) + d(y, Tx)
5 —d(A, B)}

M(z,y) = max {d(az, Y), —d(A, B),

and

N(z,y,0) = 6" <d(:177 Tz),d(y, Ty),d(x, Ty),d(y, Tx)>

Note that a semi-preordered metric space (X, d, <) is called totally semi-preordered
if for all z,y € X we have x <y or y < x.

Theorem 2.3. Let A and B be nonempty subsets of a semi-preordered metric space
(X,d, <) such that Ag is nonempty and complete. Assume that T' is hybrid weak
Geraghty-contraction mapping satisfying the following assertions:
(i) T(Ao) C By and the pair (A, B) satisfies the weak P-property;
(ii) T is a proxzimally non-decreasing;
(iii) there exist elements o and x1 in Ay such that,

d(z1,Tzo) = d(A, B) and xy < x1;

(iv) if {xn} is an increasing in Ag such that x, — x € Ag as n — oo, then
T, 2 x for allmn € N.
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Then there exists an x* in A such that d(x*, Tx*) = d(A, B). Moreover, best proz-
imity point of T is unique whenever (X, d, =) is a totally semi-preordered metric

space.

Proof. By (iil) there exist elements zy and 7 in Ag such that,

d(z1,Tzg) = d(A, B) and xg = a1

On the other hand T'(Ap) C By so, there exists x5 € Ag such that,

d(.Z‘Q,T.Z‘l) = d(A, B)

As T is proximally non-decreasing, so we have x1 < x5. That is,

d(l’g,Tﬂ?l) = d(A,B), Bl j T2

Again, as T(Ag) C By, so there exists x3 € Ag such that,

d(SL’3, TLL'Q) = d(A, B)

Thus we have,

d(.ﬁEQ,TLEl) = d(A, B), d(.T,g,TJL‘Q) = d(A,B), 1 X To.

Similarly we have, xo < z3. Hence,

d(.’L‘g,TﬁEQ) = d(A,B), X2 j xIs3.

Finally, we deduce,

d(xpy1,Txy) =d(A, B), , < 2,41 for all n € NUO.

Since (A, B) has the weak P-property, we derive that

d(xn, nt1) < dTxp-1,Tx,) for any n € N.

(2.2)

(2.3)
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Applying, (2.2) and (2.3) we obtain,

M(xp—1, ©,)=max {d(xnl,acn),

Thus,

Also,

d(.Tn_l, Txn—l) + d(xna Txn)
2

—d(A, B),

d($n,1,T$n) +d(xn7T‘rn71) _d
2

(1.5}

< max < d(zp_1,x,),

d(xn—la xn) + d(xna Txn—l) + d(mna xn+l) + d(xn+la Txn) _d

. (4,B),

d(l‘n_l, xn-&-l) + d($n+1, Txn) + d(xnz Txn—l)
2

—d(A, B)}

= max < d(n_1,Zn),
d(@n—1,2n) + d(A, B) + d(Tn, Tpt1) + d(A, B) d
2

d(@n—1,2011) + (A, B) + d(A,B)
2

(A7B)u

(1.5}

d(xnfla xn) + d(l‘n, -TnJrl) d<xn71a -rnJrl) }

= max{d(xnl,xn), 5 , 5

d(xn—la xn) + d(wi xn+1)

< max{d(z,—_1, ), 5 }
< max{d(a:n_l, xn)a d(l‘n, xn—&-l)}-
M(zp—1,2n) < max{d(xn_1,%n),d(Tn, Tni1)} (2.4)

N(xn—la T, 9) = 0" (d($n_1, T.’L‘n_l)7 d(l‘n, T-Tn)a d(l‘n_l, T-/En)a

d(xn, Txn_1)>

(2.5)
= 0* (d(xnl, Txp_1),d(xn, Txy)
,d(a:n_l,Txn),d(A,B)) =0.
If there exists ng € N such that d(zyn,, Tny+1) = 0, then
0=d(Tngs Tng+1) = A(TTpng—1,T%n,), (2.6)

and consequently, Tx,,_1 = T'x,,. Therefore, we conclude that

d(A,B) = d(ng, Tong—1) = d(Tng, Tny)- (2.7)
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That is, 2o is best proximity point of 7. For this we suppose d(x,, ,+1) > 0 for
any n € N. In view of the fact that T is a hybrid weak Geraghty-contraction, we
have

< d(Txp-1,Txy)
< /B(M(xn—lv xn))M(xn—lv xn) + ’Y(N(In—la LTy 9*))N($n_1, LTy 9*)
< M(zn-1,2n) + V(N (Tn-1, Tn, 0%))N (21, Tn, 0%).

AT, Tpt1)
(2.8)
From , and we deduce,
d(xp, Tpy1) < max{d(Tn_1,%n), d(Tn, Tni1)}
Now if, max{d(zn—1,%n), d(Tpn, Tni1)} = d(Tp, Tpnt1) then,
A(Xp, Tpt1) < AT, Tpg1)s
which is a contradiction. Hence,
d(xp—1,2n) < M(zp_1,2n) < max{d(Tn_1,%n),d(@n, Tni1)} = d(@n_1,Zn),
and so
M(zp—1,2n) = d(Tp—1,2n) (2.9)
for all n € N. Now, by we get,

= d(Tmn—h Txn)
< B(d(zpn-1,2n))d(Tn-1,Tn) (2.10)
< d("En,l, wn)

d(xm In-i-l)

for all n € N. Consequently, {d(zn,2Zn+1)} is a nonincreasing sequence which is
bounded below and so lim, oo d(Zpn, Tny1) := L exists. Let L > 0. Then, from
(2.10)), we have

d(Tpy1, Tnio)

d(n, Tni1) < Bld(@n, Tnt1)) < 1

for each n > 1, which implies

lim B(d(zn, Tnt1)) = 1.

n—oo

On the other hand, since 8 € F, we conclude

L= li_>m d(xp, Tpy1) = 0. (2.11)
Since, d(xy,, Tx,—1) = d(A, B) holds for all n € N and (A, B) satisfies the weak P-
property, so for all m, n € N with m < n we obtain, d(z,, ) < d(Txm-1,TTn-1).
Note that
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d(@m, Txy) + d(xn, Txy,)
2

(4, B)

M(xy, x,)= max {d(xm, T ),

d(@m, Try) + d(@n, Tom) d
2

—d(A, B),

< max {d(wm, Tn),

d(:Em, xm+l) + d(xm+la Txm) + d($m xn—&-l) + d(:En+1, Txn)

—d(A, B),

2
d(Zm, Tny1) + d(Tnq1, Try) ‘;d(xm Tmt) £ A(@m1, Tom) d(A, B)}

d d ny+n
= max d(xmyxn)a (xm7xm+1);_ (x v +1)7d($m7$n+1)}
d ms m d ny n
< max § d(Tm, Tn), (m, @ +1);_ (. +l)ad(scma$n) +d($mmn+1)}.

As li_>m d(xp, Tne1) = 0, we have,

hmm,n—mo d(xmy xn) S hmm,n—mo M($m, xn) < hmm,n—mo d(xma :L’n),

that is,

hmm,n—mo M(Jﬁm, xn) = hmm,n—mo d($m7 -Tn) (212)

Also,
0 < N(Xpy n, 0%) = 0" d(@pm, Tm), d(xn, Txy), d(wm,Txn),d(mn,Txm))
<O d(@m, Tm+1) + d(@mt1, Txm),
A Xp, Txy), d(Tm, T2y), d(zn, TTm)

= 0* (d(xnu x’fﬂ-‘rl) + d(A7 B)7 d(xn’ Tx'n)? d(xm7 Txn): d(xTIJ Tan)
(2.13)

and so, by lim d(x,,2,+1) = 0, we deduce,
n—oo

0< lim N(@m,zn,0%) <limpy, oo 0* (d(mm,xmﬂ) +d(A, B),d(xn, Txy,), d(@m, Tx,),
m,n—00
d(xy, Txm))

< limyy, n—yo0 0* (d(A, B),d(xn, Txy), d(@m, Txy), d(z,, Txm)) =0.

That is,
lim  N(zp,,z,,0%) =0. (2.14)
m,n— oo

Now on the contrary, assume that

e = limsupd(zy,, zy) > 0. (2.15)

m,n—o0

By using the triangle inequality, we can write

A(Xpy X)) < d(Tpy Tpt1) + A(Tnt1, Tng1) + d(@mt1, Tm)- (2.16)
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From ([2.29) and (2.16) we have,
ATy ) < d(@n,pt1) + d(T2pn, Tem) + d(@mt1, Tm)
< d(zn,Tnt1) + BM (zn, m)) M (20, ) (2.17)
+’Y(N(mn7 xma 9*))N($n, xmv 9*) + d(xm+17 wm)

Now, (2.12), @-14), 2.17) and nh_>ngo d(Tp, Tpe1) = 0, imply

lim d(z,,zm) < lim B(M(zy,zm)) lig M (2, )

m,n— oo m,n— oo

+  lim y(N(zn,zm,0%)) lm N(xm,,z,,0%)
m,n— 0o

m,n— 0o

- m,lriLIEoo IB(M(:ET” l'm)) m,lfrizgoo d(l‘m, l'n)

By (ET5) we get
1< lim  B(M (2, Tm)).

m,n— oo
Therefore, lim,, o0 B(M(Tn,Zm)) = 1, and so limy, 00 M (2y, ) = 0. This
implies, lim,;, ,—y00 d(Tn,Tm) = 0 which is a contradiction. Therefore, {z,} is a
Cauchy sequence. Since (z,) C Ap and (Ag, d) is a complete metric space, we can
find z* € Ag such that z,, - z* as n — co. From (iv) we know that, x,, < x for
all n € N. We shall show that d(z*,T2z*) = d(A, B). Suppose, to contrary that,
d(xz*,Tx*) # d(A, B). From with z = z,, and y = =* we get,

d(Txy, Ta*) < B(M(zn, x*)) M(zn, 2*) + (N (zy, 2, 0))N(zn, z*,6).  (2.18)
On the other hand,
d(zn, Tzn) +d(@”, Ta*) d
2

M(zy,, z*) :max{d(xn,x*), (A, B),

d(xp, Tx*) + d(x*, Tx,)
. —d(A, B)}

< max{d(ﬂcmx*), d(Tp, Tpt1) + d(mn+21,Txn) + d(z*, Tx*) _d(A, B),

d(xn7gj*) + d(x*,Tx*) + d2(:C*’In+1) + d(xn+1,T$n) B d(A,B)}

d(@n, Tnt1) +d(A, B) +d(z*, Ta*) d

2 (AvB)v

= max{d(wn,x*),

d(‘rnax )+d(x 7T‘T );d(l‘ axn+1)+d(A>B) d(A,B)}

and so,

d(z*,Tz*) — d(A, B)

lim M (z,,z*) < . (2.19)
k—o0 2
Also we have,
d(z*, Tx*) (*,Txy) + d(Txy, Tx*)

<d
<d(z*,zp+1) + d(@ny1, Tay) + d(Tz,,, Tx*)
<d(x*,zpy1) + d(A, B) + d(Txp, Tx*).
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Taking limit as n — oo in the above inequality we have,
d(x*,Tz*) — d(A, B) <limy, o0 d(Txy, Tx*). (2.20)
Further we get,
d(zp, Txy) < d(Tp, Tng1) + d(@pt1, TTn) = d(Tn, Tni1) + d(A, B).
Taking limit as n — oo in the above inequality we get

lim d(z,,Tz,) < d(A, B),

n—roo

and so lim,,_, d(xn,Tx,) = d(A, B). Now we have

lim N(z,,z*,0%) =

n—oo

= 9*( lim d(xn, Tx,),d(z", Te"), lim d(z,, Tx"),

n—o00 n—oo
lim d(z*, Txn)>
n—oo

= 6" (d(A,B),d(x*,Tx*), lim d(x,,Tz*), lim d(:c*,T:rn)> =0

n—oo n—oo

that is,
lim N(x,,z*,0) =0. (2.21)

n— oo

From (2.18), (2.19)), (2.20) and (2.21) we deduce that

d(z*,Tz*) —d(A,B) < lim d(Tz,,Tz")

n—oo
< lim B(M(zp,z")) im M(x,,x™)
n—o0 n—oo
—l—nh_>ngO Y(N(zp,x",0 );(HI%I%N*(;C”’;AQ) (2.22)
. * T ,1T - 9
= Tim_ B(M (@, 2))( : )

<d(z*,Tx*) —d(A, B),

which is a contradiction. Therefore, d(z*,Tx*) = d(A, B), and z* is a best prox-
imity point of T. We now show the uniqueness of the best proximity point of 7.
Suppose that x* and y* are two distinct best proximity points of T'. This implies

d(z*,Tz*) =d(A, B) = d(y*, Ty"). (2.23)
Using the weak P-property, we have
d(z”,y") < d(Tz", Ty"), (2.24)

which implies
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d(x*, Tx*) + d(y*, Ty*)

—d(A, B),

M(z*,y*) = max {d(x*, v,

d(@*,Ty") + d(y*, Ta")
. — d(A, B)}

2

2

< max {d(l‘*vy*))Ov

d(z*,Ta*) + d(Tx", Ty") + d(y*, Ty*) + d(Ty", Tx*)

d(a*, Ty*) + d(y", Tz")

2
< max{d(x*,y*),(),

d(A, B) +d(z*,y*) + d(A, B) + d(y*, z*)
2

,d(

Also,

NGy o) — 9(d<x*,Tz*>7d(y*,Ty*>,d(x*,Ty*>,d<y*,Tx*>)

= ¢ (d(A,B),d(A, B),d(a:*,Ty*),d(y*,Tx*)> =0

As T is hybrid weak Geraghty-contraction, we obtain
d(z*, y") d(Tz", Ty")
B(M (%, y"))M(z",y")

+ IN A

Bd(z*,y*))d(z", y*)

IN

)} = da ).

Y(N(z*,y",0%))N(z*, y*,0%)

Bld(z",y"))d(z",y*) < d(z”,y")

which is a contradiction. This completes the proof of the theorem.
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If in Theorem 2.3 we take, 3(t) = r where r € [0,1) and y(t) = L where L > 0,

then we obtain following best proximity point result.

Corollary 2.4. Let (A, B) be a pair of nonempty subsets of a semi-preordered
metric space (X,d, =) such that Ay is nonempty and complete. Let T : A — B be

non-self mapping satisfying T'(Ap) C By and
d(Tz,Ty) <rM(z,y) + LN(z,y,0%)

for all z,y € A with x <y, where r € [0,1), L > 0, 6* € ©*. Suppose that the pair

(A, B) has the weak P-property and following assertions hold:

(i) T is a proxzimally non-decreasing;
(ii) there exist elements xo and x1 in Ag such that,

d(z1,Txzo) = d(A, B) and xy < x1;

(iii) of {xn} is an increasing in Ag such that v, — x € Ag as n — oo, then

T, 2 x for allmn € N.
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Then there exists an x* in A such that d(x*, Tx*) = d(A, B). Moreover, best proz-
imity point of T is unique whenever (X, d, =) is a totally semi-preordered metric
space.

Ifin Corollarywe take, O(ty,to, t3, ts) = min{ty, to, t3, t4 } —d(A, B), we obtain
following best proximity result.
Corollary 2.5. Let (A, B) be a pair of nonempty subsets of a semi-preordered
metric space (X,d, =) such that Ay is nonempty and complete. Let T : A — B be
non-self mapping satisfying T'(Ap) C By and

d(Tz,Ty) < rM(z,y) + LN(z,y)

for all z,y € A with x <y, where r € [0,1), L >0,
d(z, Tx) + d(y, Ty)

M (z,y) = max {d(m, Y), 5 —d(A, B),
d(z,Ty) + d(y, Tx)
5 —d(A4, B)}

and
N(z,y) = min{d(z, Tx),d(y, Ty),d(z, Ty),d(y, Tx)} — d(A, B).
Suppose that the pair (A, B) has the weak P-property and following assertions
hold:
(i) T is a proximally non-decreasing;
(ii) there exist elements xo and x1 in Ag such that,

d(x1,Txo) = d(A, B) and zg = x1;
(iii) if {zn} is an increasing in Ao such that x, — x € Ay as n — oo, then
Ty, =X x for allm € N.
Then there exists an x* in A such that d(x*, Tx*) = d(A, B). Moreover, best proz-

imity point of T is unique whenever (X, d, =) is a totally semi-preordered metric
space.

Now we give an example to illustrate our results.

Example 2.6. Let X = R and d(z,y) = |x — y| be a metric on X and x < y if
and only if (z,y) € [0,4] x [0,4]. Clearly < is a semi-perorder. Indeed, if © <y
and y = z, then (z,y), (y,2) € [0,4] x [0,4] and so, x,y,z € [0,4]. That is, x = z.
Also suppose A = [—4,4] and B = (—o0, =5 U [5,00) are two subsets of R. Define
T:A— B by

-5, ifz € [—4,—3)
30, ifr € [-3,-2)
Te=1< 2°4+10 ifr€[-2,-1)
r* + 14 ifr € [-1,0)
5, ifx € [0,4]
, B (0,00) = [0,1) by B(t) = 5, 0% : [1,00)" = R by 6*(t1,ta,13,t4)

min{ty,t2,t3,t4} — 1 and v : [0,00) = [0,00) by v(t) = 4. Clearly, d(A,B) = 1,
Ao ={—4,4}, By = {-5,5} and T(Ao) C By. Further, the pair (A, B) satisfies the
weak P-property but it does not satisfy P-property. Since, d(4,—4) # d(5,—5) but
d(4,5) =d(—4,-5) =d(A,B) = 1. Now, if v,y € A withx < y. Then, z,y € [0,4].
Hence,

d(Tz,Ty) < B(M(z,y)) M (2, y) + 7 (N(z,y,07))N(z,y,07)
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holds true. That is, T is a hybrid weak Geraghty-contraction. Now, if,

d(.’lﬁl,Tyl) = d(A,B) =1
d(l‘Q,TyQ) = d(A,B) =1

Y1 2 Y2,
then,
d(Il,Tyl) = d(A,B) =1
d(I’Q,TyQ) = d(A,B) =1
y1,y2 € [0,4],
and so,
d($1,5) = (A, B) =1
d(z9,5) =d(A,B) =1
Y1,Y2 € [074]7

that is, x1 = 29 = 4 € [0,4]. i.e., 1 < xo. Hence, all conditions of Theorem
hold and T has a best prorimity point. Here, xt = —4 and x = 4 are two best
proximity points of T', as the defined semi-preorder is not total.

Definition 2.7. Let A, B be two nonempty subsets of a metric space (X, d) where
Ag # 0. A mapping T : A — B is said to be a hybrid weak Geraghty-contraction if
there exists f € F and 0* € ©* such that

d(Tz, Ty) < B(M(z,y)) M (z,y) +~v(N(z,y,0%))N(z,y,0) for all x,y €A,

(2.25)
where 7y : [0,00) = [0,00) is a bounded function,
T T
e e ]
2 )

and

N(z,y,0") =46 (cl(:lc7 Tx),d(y, Ty),d(z,Ty), d(y, Tx)) )

If in Theorem [2.3] we take <= X x X, then we deduce following Theorem.

Theorem 2.8. Let (A, B) be a pair of nonempty subsets of a metric space (X, d)
such that Ag is nonempty and complete. Let T : A — B be hybrid weak Geraghty-
contraction satisfying T(Ag) C By. Suppose that the pair (A, B) has the weak P-
property. Then there exists a unique x* in A such that d(z*,Tz*) = d(A, B).

If in Theorem 2.8 we take, 3(t) = r where r € [0,1) and y(t) = L where L > 0,
then we obtain following best proximity point result.

Corollary 2.9. Let (A, B) be a pair of nonempty subsets of a metric space (X, d)
such that Ay is nonempty and (Ao, d) is a complete metric space. Let T : A — B
be non-self mapping satisfying T (Ap) C By and

d(Tx,Ty) <rM(z,y) + LN (z,y,0")

for all z,y € Ay, where r € [0,1), L > 0, 0* € ©*. Suppose that the pair (A, B)
has the weak P-property. Then there exists a unique point x* in A such that
d(z*,Tz*) = d(A, B).
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If in Corollary [2.9) we take, 0(t1, t2, t3, t4) = min{ty, t2, t3,ta} — d(A, B), we have
following Corollary.

Corollary 2.10. Let (A, B) be a pair of nonempty subsets of a metric space (X, d)
such that Ag is nonempty and (Ao, d) is a complete metric space. Let T : A — B
be non-self mapping satisfying T'(Ap) C By and

d(Tx,Ty) < rM(x,y) + LN (2,y)
for all z,y € Ay, where r € [0,1), L >0,
d(z,Tz) +d(y, Ty) .

M(z,y) = max {d(x, Y), 5 (A, B),
d(x, Ty) + d(y, Tx)
5 —d(A, B)}

and
N(z,y) = min{d(z, Tx),d(y, Ty),d(z, Ty),d(y, Tx)} — d(A, B)

for all z,y € A. Suppose that the pair (A, B) has the weak P-property. Then
there exists a unique point x* in A such that d(z*,Tx*) = d(A, B).

Corollary 2.11. (Zhang et al. [35]) Let (A, B) be a pair of nonempty subsets of a
metric space (X,d) such that Ay is nonempty. Let T : A — B be non-self mapping
satisfying T(Ao) C By and

d(Tx,Ty) < rd(z,y)

for all x,y € A, where r € [0,1). Suppose that the pair (A, B) has the weak P-
property and A is complete. Then there exists a unique point z* in A such that
d(z*,Tx*) = d(A, B).

Corollary 2.12. (Theorem 9 of Suzuki [32]) Let (A, B) be a pair of nonempty

subsets of a complete metric space (X, d) such that Ay is nonempty and (Ao, d) is a

complete metric space. Let T : A — B be non-self mapping satisfying T(Ag) C By

and

d(z,Tx) + d(y, Ty) p
2

for all z,y € A where r € [0,1). Suppose that the pair (A, B) has the weak P-
property. Then there exists a unique point =* in A such that d(z*,Txz*) = d(A, B).

d(Tz,Ty) <r (A, B) (2.26)

Corollary 2.13. Let (A, B) be a pair of nonempty subsets of a complete metric
space (X, d) such that Ag is nonempty and (Ao, d) is a complete metric space. Let
T : A — B be non-self mapping satisfying T(Ag) C By and

d(x, Ty) +d(y, Tx)
2

d(Tz,Ty) <r [ —d(A, B) (2.27)
for all x,y € Ay where r € [0,1). Suppose that the pair (A, B) has the weak P-
property. Then there exists a unique point x* in A such that d(z*, Txz*) = d(A, B).

Also, if in Theorem we take, 8(t) = ﬁ, O(t1,ta,t3,ts) = min{ty, to, t3,t4}

and y(t) = ﬁ where K > 1, then we deduce following result.
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Corollary 2.14. Let (A, B) be a pair of nonempty subsets of a complete metric
space (X, d) such that Ag is nonempty and (Ap,d) is a complete metric space. Let
T : A — B be non-self mapping satisfying T(Ag) C By and

M(x,y) N(z,y,0)
d(Tz, Ty) <
(T, y)_K+M(ﬂc,y) K+ N(z,y,0)

for all x,y € Ag where K > 1, 0 € O,

(2.28)

d(z,Tz) +d(y, Ty) _
2

d(z,Ty) + d(y, Tx)
5 — d(4, B)}

M(z,y) = max {dm ), (4.B),

and
N(z,y,0) =10 (d(aﬁ, Tx)—d(A, B),d(y, Ty)—d(A, B),d(x, Ty)—d(A, B),d(y, Tz)—d(A, B))

for all x,y € A. Suppose that the pair (A, B) has the weak P-property. Then there
exists a unique point z* in A such that d(xz*,Tz*) = d(A, B).

Now we provide some Suzuki type best proximity results in the setting of semi-
preordered metric spaces.

Definition 2.15. Let A, B be two nonempty subsets of a semi-preordered metric
space (X,d, <) where Ay # 0. A mapping T : A — B is said to be a ordered weak
Geraghty-Suzuki contraction if there exists f € F such that

S (2, T) < d(r,y) = (T, Ty) < BM(x,9))[M(z,y) —d(A, B),  (229)

for all x,y € A with x <y, where d*(z,y) = d(x,y) — d(A, B) and
M(z,y) = max {d(z,y),d(z, Tx),d(y, Ty)}.

Theorem 2.16. Let A and B two be nonempty subsets of a semi-preordered metric
space (X, d, <) such that Ay is nonempty and complete. Assume that T is ordered
weak Geraghty-Suzuki contraction satisfying the following assertions:
(i) T(Ap) C Bg and the pair (A, B) satisfies the weak P-property;
(ii) T is a proximally non-decreasing;
(iil) there exist elements xo and x1 in Ag such that,

d(z1,Tzo) = d(A, B) and xy < x1;
(iv) if {xn} is an increasing in Ag such that x, — x € Ag as n — oo, then
T, 2 x for allmn € N.

Then there exists an x* in A such that d(x*, Tx*) = d(A, B). Moreover, best proz-
imity point of T is unique whenever (X, d, =) is a totally semi-preordered metric
space.

Proof. The argument goes along similar lines as the proof of Theorem and main
theorem of [31]. O
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Definition 2.17. Let (A, B) be a pair of nonempty subsets of a metric space (X, d).
A mapping T : A — B is said to be a generalized Geraghty-Suzuki contraction if
there exists f € F such that

5" (0, T2) < d(z,y) = d(Ta, Ty) < H(M(z,9))[M(z,y) ~ d(A, B)],
for all x,y € A, where d*(z,y) = d(z,y) — d(A, B) and
M(x,y) = max {d(x, y),d(xz, Tx),d(y, Ty)}
If in Theorem we take <= X x X, then we deduce following Corollary.

Corollary 2.18. (Main Theorem of [31]) Let (A, B) be a pair of nonempty closed
subsets of a complete metric space (X, d) such that Ay is nonempty. LetT : A — B
be a generalized Geraghty-Suzuki contraction such that T'(Ag) C By. Suppose that
the pair (A, B) has the P-property. Then there exists a unique =* in A such that
d(z*,Tz*) = d(A, B).

3. FIXED POINT RESULTS

As an application of our results established above, we deduce new fixed point
theorems. By taking A = B = X in Theorem we obtain following fixed point
results.

Theorem 3.1. Let (X,d, <X) be a complete semi-preordered metric space and T :
X — X be a nondecreasing hybrid weak Geraghty-contraction mapping satisfying
the following assertions:

(i) there exists xg in X such that, xo < Txo;

(i) of {zn} is an increasing sequence in X such that v, — x € X asn — oo,

then x, < x for all n € N.

Then there exists an x* in X such that z* = Tx*. Moreover, fized point of T is
unique whenever (X, d, <) is a totally semi-preordered metric space.

Corollary 3.2. Let (X,d, <) be a complete semi-preordered metric space and T :
X — X be a nondecreasing mapping satisfying the following assertions:

(i) there exists xo in X such that, xo < Txo;
(i) if {zn} is an increasing sequence in X such that v, — x € X asn — oo,
then x, < x for alln € N;
(iii)
d(Tz,Ty) < rM(z,y) + LN(z,y)
forall x,y € X with x <y,
where r € [0,1), L >0,
d(z,Tx) +d(y, Ty) _ ,

M(z,y) = max{d(:my), 5 (A, B),
d(z,Ty) + d(y, T'z)
5 —d(A, B)}

and
N(xa y) = min {d(‘r7 T‘T)v d(ya Ty)a d(xa Ty)7 d(?/a Tx)} - d(A7 B)
Then there exists a fixed point of T in X. Moreover, fixed point of T is unique
whenever (X, d, =) is a totally semi-preordered metric space.
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Theorem 3.3. Let (X, d) be a complete metric space. Assume that T : X — X is
a self-mapping satisfying,
d(Tz,Ty) < B(M(z,y))M(z,y) + v(N(z,y,0))N(z,y,0) (3.1)
for all z,y € X, where vy : [0,00) — [0,00) is a bounded function, § € F, 6 € O,

M (z,y) = max {d(x, Y), d(z, Tx) +d(y, Ty) d(z,Ty) +d(y, Tx) }

2 ’ 2
and

NGo.06) = 0(de, ), . 7). de. Ty) (. T) ).
for all x,y € X. Then T has a unique fixed point.

Corollary 3.4. Let (X,d) be a complete metric space and T : X — X be self-
mapping such that

-~ K+ M(z,y) K+ N(z,y) (3.2)

for all x,y € X where K > 1,

M(z,y) = max {d(x, n d(z, Tz) ‘QF dly, Ty) d(z,Ty) —; d(y,T) } |
N(z,y) = min{d(z,Tz),d(y, Ty),d(z,Ty),d(y, Tz)}.

Then T has a unique fized point.

Corollary 3.5. (Theorem 2 [10], Theorem 2.4 [11]) Let (X,d) be a complete metric
space and T : X — X be a self-mapping such that

d(Tz,Ty) <rd(z,y)+ L-N(x,y)
for all z,y € X, where r € [0,1), L >0, and
N(z,y) = min{d(z,Tz),d(y,Ty),d(z,Ty),d(y,Tz)}.
Then T has a unique fized point.

Finally, from our results, as a corollary, we obtain the next well known Zamfirescu
theorem ([28],[34]).

Corollary 3.6. (Zamfirescu [34]) Let (X,d) be a complete metric space and T :
X — X a map for which there exist real numbers a,b and c satisfying 0 < a <
1,0 < b,c < 1/2 such that for each pair x,y € X, at least one of the following is
true:

(1) d(Tz,Ty) < ad(z,y);
(2) d(Tz, Ty) < bld(x, Tx) + d(y, Ty)];
(3) d(Tz,Ty) < cld(z,Ty) + d(y, Tx)].

Then T has a unique fixed point p and the Picard iteration {x,}5%, defined by
Tpy1 =Txn,n=0,1,2/... converges to p, for any xg € X.

Acknowledgments. This article was funded by the Deanship of Scientific Re-
search (DSR), King Abdulaziz University, Jeddah. Therefore, the first author ac-
knowledges with thanks DSR, KAU for financial support.



26

(1]
2]

(3]

(4]
(5]
(6]
(7]
(8]
(9]
(10]
(11]
(12]
(13]

[14]
(15]

(16]
(17)
(18]

19]

20]

(21]

(22]

23]
24]
[25]

[26]

N. HUSSAIN, M. HEZARJARIBI, P. SALIMI

REFERENCES

Abkar A., Gabeleh M., Best prozimity points for cyclic mappings in ordered metric spaces.
J. Optim. Theory. Appl. 150(1), 188-193 (2011). doi:10.1007/s10957-011-9818-2

Ravi P. Agarwal, N. Hussain and M.A. Taoudi, Fized point theorems in ordered Banach
spaces and applications to nonlinear integral equations, Abstract and Applied Analysis, vol.
2012, Article ID 245872, 15 pp.

A. Amini-Harandi, M. Fakhar, H. R. Hajisharifi, N. Hussain, Some new results on fized
and best proximity points in preordered metric spaces, Fixed Point Theory and Applications,
2013, 2013:263.

A. Amini-Harandi, N. Hussain and F Akbar, Best proximity point results for generalized
contractions in metric spaces, Fixed Point Theory and Applications, 2013, 2013:164.

J. Anuradha, P. Veeramani, Proximal pointwise contraction. Topol. Appl. 156, 2942-2948
(2009)

M.A.Al-Thagafi, N.Shahzad, Convergence and existence results for best proximity points.
Nonlinear Anal. 70,3665-3671 (2009)

H. Aydi, E. Karapinar, I. M. Erhan, P. Salimi, Best proximity points of generalized almost
P-Geraghty contractive non-self-mappings, Fixed Point Theory and Appl. 2014, 2014:32
S.Sadiq Basha, Best proximity point theorems generalizing the contraction principle, Nonlin-
ear Analysis, 74 (2011), 5844-5850.

S.S.Basha, P. Veeramani, Best proximity pair theorems for multifunctions with open fibres.
J. Approx. Theory 103, 119-129 (2000)

V. Berinde, Approzimating fixed points of weak contractions using the Picard iterations,
Nonlinear Analysis Forum, 9 (2004), 43-53.

V. Berinde, Some remarks on fized points theorem for C‘iric’—type almost contractions,
Carpathian J. Math. 25(2009) 157-162.

J Caballero, J Harjani and K Sadarangani, A best proximity point theorem for Geraghty-
contractions, Fixed Point Theory and Applications 2012, 2012: 231

A.A.Eldred, P. Veeramani, Existence and convergence of best proximity points. J. Math. Anal.
Appl. 323, 1001-1006 (2006)

M. Geraghty, On contractive mappings. Proc. Am. Math. Soc. 40, 604-608 (1973)

N. Hussain, A. Latif, P. Salimi, Best prozimity point results for modified Suzuki o — -
proximal contractions, Fixed Point Theory and Appl., 2014, 2014:10

N. Hussain, A. Latif, P. Salimi, Best Prozimity Point Results in G-Metric Spaces, Abstract
and Applied Analysis, Article ID 837943, 8 pages.

N. Hussain, M. A. Kutbi, P.Salimi, Best prozimity point results for modified a-1-proximal
rational contractions, Abstract and Applied Analysis, Vol., 2013, Article ID 927457.

N. Hussain, M. A. Kutbi and P.Salimi, Fized point theory in a-complete metric spaces with
applications, Abstract and Applied Analysis, Vol. 2014, Article ID 280817, 11 pp.

N. Hussain, M. A. Kutbi, S. Khaleghizadeh and P. Salimi, Discussions on recent results for
a--contractive mappings, Abstract and Applied Analysis, Vol. 2014, Article ID 456482, 13
pp.

E. Karapmar, Best prozimity points Of cyclic mappings, Appl. Math. Lett., 25 (2012), No:
11, 1761-1766.

342-353.

E. Karapmar, Best prozimity points of Kannan type cylic weak ¢-contractions in ordered
metric spaces, Analele Stiintifice ale Universitatii Ovidius Constanta, 20(2012), no:3, 51-64.
P. Kumam, A. Rolddn, On ezistence and uniqueness of g-best proximity points under
(¢, 0, a, g)-contractivity conditions and consequences, Abstract and Applied Analysis, Vol-
ume 2014, Article ID 234027, 14 pp.

W.A. Kirk, Contraction mappings and extensions, in: W.A. Kirk, B. Sims (Eds.), Handbook
of Metric Fixed Point Theory, Kluwer Academic Publishers, Dordrecht, 2001, pp. 1-34.

W. A. Kirk, S. Reich, P. Veeramani, Proziminal retracts and best proximity pair theorems,
Numer. Funct. Anal.Optim. 24 (2003) 851-862.

V. S. Raj, A best proximity theorem for weakly contractive mon-self mappings. Nonlinear
Anal. 74, 4804-4808 (2011)

V. S. Raj, Banach’s contraction principle for non-self mappings,(preprint).



HYBRID WEAK GERAGHTY AND SUZUKI TYPE... 27

[27] V. S. Raj, P. Veeramani, Best prozimity pair theorems for relatively nonexpansive mappings.
Appl. Gen. Topol. 10, 21-28 (2009)

[28] B. E. Rhoades, A comparison of various definitions of contractive mappings, Trans. Amer.
Math. Soc., 226(1977), 257-290.

[29] P.Salimi, E.Karapinar, Suzuki-Edelstein type contractions via auziliary functions, Mathe-
matical Problems in Engineering, 2013, Article ID 648528.

[30] P.Salimi, A.Latif, N.Hussain, Modified a--contractive mappings with applications, Fixed
Point Theory and Applications 2013, 2013:151.

[31] P. Salimi, P. Vetro, A Best Prozimity Point Theorem for Generalized Geraghty—Suzuki Con-
tractions, Bulletin of the Malaysian Mathematical Sciences Society, 2015, 1-12

[32] T. Suzuki, The existence of best prozimity points with the weak P-property, Fixed Point
Theory and Applications 2013, 2013:259.

[33] C. Vetro, Best prozimity points: convergence and existence theorems for p-cyclic mappings.
Nonlinear Anal. 73, 2283-2291 (2010).

[34] T. Zamfirescu, Fized point theorems in metric spaces, Arch. Math. (Basel), 23 (1972), 292-
298

[35] J.Zhang, Y.Su, Q. Cheng, A note on ’A best prozimity point theorem for Geraghty-
contractions’, Fixed Point Theory and Applications, 2013, 2013: 99.

NAwAB HUSSAIN
DEPARTMENT OF MATHEMATICS, KING ABDUL Az1z UNIVERSITY, P.O. Box 80203, JEDDAH 21589,
SAUDI ARABIA

E-mail address: nhusain@kau.edu.sa

M. HEZARJARIBI
DEPARTMENT OF MATHEMATICS, PAYAME NOOR UNIVERSITY, P.0.BOX.19395-3697, TEHRAN, IRAN
E-mail address: masoomeh.hezarjaribi@pnu.ac.ir

P. SAaLimt
YOUNG RESEARCHERS AND ELITE CLUB, RASHT BRANCH, ISLAMIC AZAD UNIVERSITY, RASHT,
IRAN

E-mail address: salimipeyman@gmail.com



