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STRONG CONVERGENCE FOR SYMMETRIC RANDOM
VARIABLES

ZAHRA SHOKOOH GHAZANI

ABSTRACT. In this study we investigate the general strong law of large num-
bers for symmetric sequence of independent identically distributed random
variables. Necessary and sufficient conditions for the SLLN are obtained.

1. INTRODUCTION AND PRELIMINARIES
Let {u;, i > 1} and {w;, ¢ > 1} are two increasing sequences of positive reals
such that

lim u; =00 and {‘, P> 1} is nondecreasing sequence. (1.1)
1—»00 U;

Set T(1) = {n, w, <2} and T(t) = {n, 27! <w, < 2!} ¢ >2. Which T(¢), ¢t > 1
are mutually exclusive sets. Then implies that 0 < w; * oo and fj T(t) =
{1,2,3,...,4,...}. Hence, there exists positive itegers l;, t;, ¢ > 1 such tﬁgg lolo <

<t <t < <ty < GlT(ti) ={1,2,3,...,4,...} and

T(t) ={1,....,0h}, T(t:)={lir+1,...,L}i>2
In this paper, we examine the relationship between general strong law of large
numbers [I}, 2 B, 4, 5] and SLLN to a sequence of symmetric i.i.d random variables.

Lemma 1.1. There exists two functions f(-) and g(-) which are continuous and
increasing on [0,00) such that

g9(")

lim f(m)=o00 and =% is a nondecreasing function. 1.2

Tim_f(m) i g (1.2)
and

f(0)=g(0)=0, f(i)=u;, g(i)=w;, i>1 (1.3)

Proof. Assume ug = wg = 0. Let

fm)=uj—1 + (ui —u—r)(m—i+1), i—-1<m<i, i>1

2000 Mathematics Subject Classification. 35A07, 35Q53.

Key words and phrases. Strong law of large numbers, symmetric random variables.
(©2018 Ilirias Research Institute, Prishtiné, Kosové.

Submitted April 7, 2018. Published July 4, 2018.

Communicated by Lech Gorniewicz.



2 Z. SHOKOOH GHAZANI

and

gm)=w;—1 + (w; —w;—1)(m—i+1), i—1<m<i, i>1.
Obviously, f(+) and ¢(-) are increasing and continuous functions defined on [0, o)
satisfying (1.3]).

By ([L.1) for i — 1 <m < i and i > 1, we have
(g(m)>/ _ g'(m)f(m) —g(m)f'(m)

f(m) f?(m)
- Uj—1W; — Wi—1U; - Ui—1Uq (11% - 1:;:11) >0
f?(m) f?(m) -
where % ~ ’5—; Then (1.2)) holds. O

Lemma 1.2. Let {&,} is a sequence of symmetric random variables. For every l,
set S; = Zlnzl &n. Then for each integer M and any m > 0,

r (max|Sl| > m) < 2P (|Sm| >m).
<M

I
Mz

Proof. Assume p = inf{l < M, |S;| > m}. We have P (|Sy| > m)

N
Il
-

M=

Since for any I, {p = I} depends on &1, ..., &, we get P (|Sy| > m) =

N
Il
N

where D; = Spy — S;, 1 < M. By the triangle inequality
28| = [S1+ Dy + S; — Di| < [y + Di| + | — Dy
= |Sum| + 1S — Di
Hence
M
2PU&A>WOZ?;HPDP<M%WH>m>

>

O

Lemma 1.3. Assume {£, i > 1} is a sequence of symmetric and independent ran-
dom variables. Let lg = 0. Then
(i) If
lim Zn=ibn =0 a.s. (1.4)
1—>00 U

Hence for each sequence {5;} of integers that

0=Fp<Br< - <Bi< -,

00 Bi
DPL| D &l >eug | <oo, Ve>0. (1.5)
i=1 n=8;i_1+1

lim 72”:1 &n

i— 00 Wy

=0 a.s (1.6)

P (1S > m, p=1).

P(|Si—=Dif >m, p=1)
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if and only if

l;

3 P En| >ew; | <oo, Ve>0. (1.7
Sl >

n=l;_1+1

Proof. First we prove (i). Obviously by (1.4) we can get

Bi Bi

Z =8, 1+1 gn ‘Z =1 gn Bi—1

=i <= + (“B”) Lozt &n as., i—oo (1.8)
ug; ug; ug; Ug; 1

By using the Borel-Cantelli Lemma, (1.8)) implies (1.5). Now we prove part (ii).

By (i) it suffices to prove that (1.7) implies (1.6). By Lemma [1.2] for every i > 1,

we have

l l;

P max | >ew, | <2P >cew;, | -0 Ve>D0.

L1 <i<l; Z éz l; =~ Z gn l;
n=liy1+1 n=l;_1+1

Then by (1.7) we have

oo l

P max | >ew; | <oo, Ve>D0.
'Zl li 1 <I<l; Z 51 b ’
i=

n=l;_1+1
Hence
l
maxy; ;<i<i; Zn:li,lJrl gn
L= —0 a.s. (1.9)
wy.

i

using (1.9) we get
'Zizzl 5"

max —— <2 max
li—1<I<ly wy L1 <I<l; wli

P

i—1 ‘Ziﬁ— €n
<2 Z oo L;

wi,
p=1 :

i w;
<2 —£ L
< [;<wz> s

[3

L (2t s
§QZ(2H>L,@—‘>O, i — 00.
B=1
Then (1.6 holds. O

Lemma 1.4. Assume {&, i > 1} is a sequence of random wvariables, such that
|&i| <w, i>1. Let f(-) and g(-) are increasing and continuous functions on [0,c0)
such that f(0) = g(0) = 0 and satisfying (L.2)). Set % = lim,,,_,o+ %. For
i > 1, we define u; = f(i) and w; = g(i). Assume {Y,Y;, i > 1} is a Bernoulli
sequence such that is independent of {&;,i > 1}. Then for any i > 1 and each
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m >0,

P( >mw; | <2 ( | |

We have f (g=*(|0])) % 0 since limgeo f (971(|ED) e =

Proof. Obviously, for any ¢ > 1 and each m > 0,

71 |£7l

PR AN

n=1

n

> mu1> (1.10)

_plIS (e aaT D)y FleED), |
B (g;<wif@]G£D)mgw”ﬂ&m£”> J
(IS (L@ gl &) e | o
‘P<Z;@m Forrey) ¥ 0 D) g > J

Since f(-) and g() are increasing and continuous functions on [0,00) such that

f(0) = g(0) = 0 and (1.1) holds. Then f~!(-) is a increasing and continu-
ous function on [ ,00) and we have g~1(0) = 0, lim,, 00 g~ 1(m) = oo, and

~1(m . . . .
951%_7% < f%z; = if 0<m < g(i) = w we have [¢] < w; = g(i),
i>1.

Then it implies that, for any i > 1,
o< SETED) o),

= flg &) T fE)”

and for each ¢ > 1,

ogw.w<1 n=12,...

9@ flg=1 (&)

By using Lemma[I.I] we conclude for any ¢ > 1 and each m > 0,

i ; 3

= \g() flgmH (&) [nl
<2P ( > muz> .

Yo f(g7 (1€nl) )
27 e
Lemma 1.5. Let {&;, i > 1} is a sequence of independent and symmetric random
variables. Suppose f(-) and g(-) are increasing and continuous functions on [0, 00)
such that f(0) = g(0) =0 and (1.2) holds, then for each i > 1 and every m > 0,

(Sl )

£ PO > w)
n=1

O

g7 (Enl)) 2

€ > muz> (1.11)
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Proof. For each i > 1, let

G = Gl Sw). My = J(a7 (D)
gin

: =1,...
|§i,n|’ K ’ !

i.

Min = f(g7 " (lin])

Hence, for each m > 0,

P(Zgn >mwi> <P<
n=1
Obviously, we have

{I&n] <wi} ={g7"(I&]) < i} = {f(g7 (1] < wi))}
= {|My| < us} n=1,...,1.

i
Z gi,n
n=1

> mwi> +) " P(lnl > wi). (1.12)

Then, we have

Since {&,, n > 1} is a sequence of symmetric and independent random variables
{in,m=1,...,n}, {My,,n=1,...,i}, and {M;,,n = 1,...,i} are symmetric
and independent random variables. Assume {Y,Y;, i > 1} is a Bernoulli sequence
such that is independent of {§;, ¢ > 1}. Hence {Y,.&; n, n=1,...,i} and {&; n, n =
1,...,i} have the same distribution and {Y,M;, n = 1,...,i} and {M;,, n =
1,...,i} have the same distribution. Since [&; | < w;, n =1,...,14, by using ,
we obtain that, for each m > 0,
o))

P(ifzn >mwi> —E{P<
2E{P< 61,...7&)} (1.13)

Z Y;Lfi,n > muw;

n=1

i YTLM’L,TL
n=1

2P ( zz: Yo M | > mui>

n=1
= 2P ( > mui>

i

> Min
n=1

Since {M,,, n =1,...,i} for every i > 1, is a sequence of symmetric and indepen-

dent random variables, then

IN

> muy;

{M,I{|M,| < wu;} — M, I{|M,| > u;}, n=1,...,i}

and {M,,, n=1,...,4i} have the same distributions.
Indeed,

1> 1.

S M, — Szt Mt Fomy M H{IMo| < i) + Mo T Ma] > i)
1,n 2 9

n=1
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Hence, for each ¢ > 1 and every m > 0,

P(ZMM >mui> §P< >mui>

n=1
> MuI{| M| < ui} — My I{|My| > u;}

+ P <
n=1
> muz>

—2P<iMn

n=1
using ([1.12), (1.13)) and (1.14)) we see that (1.11]) holds.

%

>,

n=1

> mui>

(1.14)

O

Lemma 1.6 ([0]). Suppose {w;, i > 1} is a sequence of positive reals such that
lim; oo w; = 00. Assume {£,&;,1 > 1} is a sequence of i.i.d random variables.

Suppose {&}, i > 1} is an independent copy of {&;, i > 1}. Set

S=Y 6 S=3€, izl
n=1 n=1
Then

=0 a.s.

i S B8] < wi})

i—00 (o
if and only if
S; — S

lim t=0 a.s.

1—00 w;

2. MAIN RESULTS

The following theorem is our main result.

Theorem 2.1. Assume {u;, i > 1} and {w;, i > 1} are two increasing sequence
of positive reals satisfying (1.1)). Let {£,&, 1 > 1} is a symmetric sequence of i.i.d

random variables, such that

.S I
zli>ré10u—z =0 a.s. if ;P(\ﬂ > ;) < 00
Let
AZZZE(§I{|€|<’U}Z}), 1>1,

then , for each sequence {£,&;, i > 1} of i.i.d random variables

S — A . Si — A
lim =0 a.s. or lim sup =00 a.s.
1—00 w; i—00 w;
Corresponding to
o0

ZP(|§|>wi)<oo or =00
i=1

(2.1)

(2.3)
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Proof. 1t suffices to show that, the following are equivalent:

lim SiZB8i ) as, (2.4)
71— 00 ’LUi
A
lim sup Si L < oo a.s., (2.5)
1—00 w;
> P(|¢] > w) < o (2.6)
=1

We first show that (2.4) < (2.6).
Suppose {£,&;, 7 > 1} is a sequence of i.i.d random variables such that (2.4)

holds. By (2.4) and Lemma we have
i et

1—00 w;

=0 a.s.
if follows that
. __ ¢!
S8 L0 as (2.7)
w;

Hence, by the Borel-Cantelli Lemma, (2.7) implies that

Y P(—¢|>ew) = P(l& — & > ew;) < oo, Ve >0, (2.8)

i=1 i=1
we have
{161< %t > wi} < {le-¢1> 2}
and lim; o P(|¢'| < %) = 1.
Then for all large i, we can see that

Pl > ws) < 2P(€ €] > 50)

Thus (2.8), implies (2.6). This implies that = (2.6).

We now show that (2.6) = (2-4).

Let {&,&, 1 > 1} is a sequence of i.i.d random variables such that holds.
Since {w;, @ > 1} and {w;, ¢ > 1} are increasing sequences of positive reals such
that holds, byLemma, we can find two increasing and continuous functions
f() and g(-) defined on [0, c0) such that and holds. Set

57575/ 5751752 .
5 - 9 ) gz - Ta 1 Z 1
and . .
n=HaE DG = D) i

Hence {£%,&7, i > 1} is a sequence of symmetric i.i.d random variables such that
> P(EF] > wi) <23 P(I€] > wi) < o0 (2.9)
i=1 i=1

and {n,n;, ¢ > 1} is a sequence of symmetric i.i.d random variables such that

> P(nl>wi) =Y P(€°] > wi) < oo (2.10)
i=1 i=1
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Then, by Lemma [L.3] (i), (2.10) and (L.10)), we have

ZP Z M| >ceu, | <oo, >0 (2.11)
i=1 Li141

By Lemma [I.5] for every i > 1, we get,

l; L

P Z & >ew; | <4P Z M| > eu, | + P (&) > wy,)
n=l;_1+1 nl;—1+1 n=l;_1+1

I

li
<4P Z M| > euy; | + Z P (|| >w,) ¥Ye>0.
nli—1+1 n=l;_1+1

By and we have
o l;
ZP Z & > ewy,
i=1

n=l;_1+1
o) li oo l7‘,
<4y P S| zew, |+ P (€] > wy) (2.12)
i=1 n=l;_1+1 i=1 n=l;_1+1

oo l; oo
:4ZP Z M| > euy, +ZP(\§Z|>wi)<oo, Ve > 0.
i=1

n=l;_1+1 i=1
By Lemma (ii), (2.12)) implies that
Si—S. Y&

i Zn_l gn =0

S o, a.s
Then
P4
5= 5 —0 a.s.
By Lemma [L.6| u ) hold. Thus ( . .
We prove that l- ).
It is clearly seen that 1-) = (2.5)
We now show that (2.5) = (2.4)
By (2.5) we have
U >R CAEY
lim sup < 00 a.s.
1—>00 Wi
Then
p—
lim sup & =&l < oo a.s. (2.13)
1—>00 W;

By the Borel-Cantelli Lemma, for some constant 0 < a < 00, (2.13) implies that
Yoot P(|& — & > aw;) < oo; then Y .2 1P(‘ ) < oo. That is, (2.6)
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holds when & replaced by %5/ Since (2.4) and (2.6) are two equivalent statements,
then

BE== T #55

« 0 a.s.
« Ww; W;

Hence
S; — S!
— =0 a.s.
w;
Then, by Lemma (2.4) holds.

The proof is complete. (]
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