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EMBEDDINGS OF NEAR VECTOR SPACES AND
APPLICATIONS IN PRE-HILBERT SPACES, FILTRATIONS,
MARTINGALES, AND METRIC SPACES

A. ABKAR, M. RASTGOO, M.B. KAZEMI, A. AZIZI

ABSTRACT. In this paper we introduce a family of embeddings jn, n > 2,
of a near vector space into a vector space. We give some examples for such
embeddings and show that j,’s invariant metric on a near vector space S
defines an isometry on the vector space Ry, (S), and if S is a near vector lattice
then jn’s are join preserving on the vector lattices Ry, (S). Finally, we will find
applications of this embeddings in Hilbert spaces, filtrations, martingales, and
metric spaces.

1. INTRODUCTION

Initially Radstréom in [6] proved that any near vector space S can be embedded
into a vector space R(S) via an embedding j, moreover, if there exists an invariant
metric on S, then R(S) admits a norm such that j is distance preserving. Later
on, S. Bochner in [I] proved that any martingale (f;, £;)ien on a near vector space
S induces a martingale (j(f;), &-)ieN on the vector space R(S).

Recently, C.C.A. Labuschagne, A.L. Pinchuck and C.J. van Alten in [5] entered
topics related to lattices in this discussion and showed that this embedding is join
preserving and embeds a near vector lattice into a vector lattice. They also proved
that if we have a Riesz metric on S, we can define a Riesz norm on R(S).

In this paper, we show that a near vector space S can be embedded into an
innumerable vector spaces R, (S), (n = 2,3,4,...) via j,’s (see Definition 2.5). By
investigating properties of R,,(S) and j,, we prove that these embeddings preserve
the inner product and the basis. Finally, we shall provide some applications in the
theory of filtrations, and martingales.

This paper is organized as follows: In Section 2, after introducing the embedding
jn and vector space R, (S), we study the impact of j, on metric spaces, Banach
spaces, Hilbert spaces and on invariant metrics. In Section 3, we study j, on a

2000 Mathematics Subject Classification. 46B85; 46B99.

Key words and phrases. Near vector space, near vector lattice, ordered near vector space,
invariant metric, inner product space, filtration, martingale.

(©2017 llirias Research Institute, Prishtiné, Kosové.

Submitted April 23, 2017. Published September 3, 2017.

Communicated by Romi Shamoyan.

145



146 A. ABKAR, M. RASTGOO, M.B. KAZEMI, A. AZIZ1

partially ordered near vector space, and finally, in Section 4, we study MS-filtration
and martingales.

2. THE EMBEDDINGS

In this section, for a given near vector space S, we shall construct countably
many embeddings j,, n = 2,3, -+, each of which will embed S into a vector space
R, (S). We begin this section by recalling the definition of a near vector space.

Definition 2.1. A nonempty set S is said to be a near vector space provided that
addition and scalar multiplication by positive numbers satisfy the following condi-
tions; more precisely, addition + : S x S — S is defined in such a way that (S, +)
is a cancellative commutative semigroup; i.e., for all z,y,z € S :

rTtz=y+z=—x=y,
rty=y+wx,
(x+y)+z=a+(y+2);

moreover, multiplication . : Ry x S — S by positive scalars is defined in such a
way that for all x,y € S and \,§ € Ry.:

Az + Ay = Az + ),
A+ 0z = Az + oz,
(A)x = A(dz),
lz = z.

Definition 2.2. Let S be a near vector space, for n = 2,3,4, ... we define ~,, on

SxSx--x8 by
n—times
(21,225 s Tn) ~n (Y1542, Yn) = T1+Y2+yz+- Ay = Y1 +reFrz e T,
Clearly ~,, is an equivalence relation on S x S x --- x S. Let
n—times
[21, 22, ooy n] = {(Y1, Y2, -y Un) € SXSX- XS 1 (T1,Z2, .., Tn) ~n (Y1,Y2, -, Yn) }s
Now define the quotient
R,(S):=(Sx8Sx--x8) ~p=
{[z1, 22, .., 2n] : (1,22, ..., Tp) €S X S x -+ x S}

Also, on the quotient R, (S), define addition by

[T1, @2, oy T | H Y15 Y25 ooy Yn) = [T14+Y1, T2HY2, oy T +yn] and, scalar multiplication
iR x R,(S) — R,(S) by

[Az1, Aza, ...y ATy, AeRy,
Mz, mo, oy xn] =< [(n— Dy, 21, 21, .0, 21], A=0,

“A(n—2)z1 + 22+ 23+ oo + T, 21,21,y 1], —A E R4

Lemma 2.3. Let S be a near vector space. Then for any xy € S, [(n—1)z1, 21, ..., 21
is the additive identity in Ry, (S).
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Proof. For any (x1,x2,...,x,) €S X S x -+ x S we have

[x1, T2, ..., xn] + [(n — Dy, 21, 21, ..., 1]
= [nxlvxl —|—I2,SE1 + T3y .0y L1 + xn] = [1'1,;'172, "'amn]y

thus, we have a right neutral member, and by using commutative property, in the
same way, we can verify that [(n — 1)x1, 21,21, ..., 21] is a left neutral member. It
can be easily proved that the neutral element is unique. Therefore R,(S) has a
unique neutral member. O

Lemma 2.4. Let S be a near vector space, then
—lx1,29, 0y xp] = [(n —2)x1 + T2 + 23 + - -+ + Ty, T1, T1, ..., T1]
is the additive inverse of [x1, 2, ..., xs] in Ry(S).

Proof. Let [x1, 22, ...,2n] € Ry (S), then

[®1, 22,y xn] + [(n —2)x1 + 22 + 23+ -+ + Ty, X1, 21, ..., 1]
=[n—Dxi+xo+as+-+z, ,21+T2x1+ T3y, T1 + Ty
=[(n — Dy, x1,21, ..., 1],
thus, it is a right inverse for [z1, 9, ..., ], and by using the commutative property,
we can verify that [(n — 2)z; + o + 25 + - -+ + @y, 21, 21, ..., 1] is a left inverse as

well. Now suppose (w1, wa, ..., w,] € R,(S) is another inverse for [x1,xa, ..., x,], SO
we have

[w1, Wa, ooy Wy] + [X1, T2, ..y xn) = [(R — D1, 21, 21, .., 1],
or
[wy + x1, we + oy oy Wy, + ] = [(n— D)y, 21, 21, ...y 1]
Thus
w4z +n—1Dz=0n—-Da; +wy + a0 +ws+2a3+- 4w, + xp,
hence
w+n—Dzy=Mn—-2)x1+x2+ x5+ -+ 2y +ws +wz+ -+ W,
and finally
(w1, wa, ...ywy] = [(n— 2)x1 + 22 + 23+ -+ + Ty, 1, T1, .oy T1]-
Therefore, each element has a unique inverse. O

Definition 2.5. Let S be a near vector space. We define
Jn S — Ry(S)
Jn(@) =[x+ n—-1)z2,2,..,2] VYa,z€S. (2.1)

Definition 2.6. If S is a near vector space and d:S xS — Ry s a metric on
S, then d is said to be an invariant metric on S, provided that

(1) addition and scalar multiplication by positive scalars are continuous operations
in the topology defined by d,

(2) d(Az, Ay) = Ad(z,y) for all N € Ry andz,y €S,

(3)d(xz+ z, y+ 2z) =d(z, y) for all x,y,z € S.
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Definition 2.7. If S is a near vector space and d is an invariant metric on S,
then we define
[-[lan: Rn(S) — Ry
Iz, 22, s @n]|l gy = d(x1, T2+ 23+ +24) (2.2)
for all [x1,x2, ..., 2] € Rp(S).

Lemma 2.8. If S is a near vector space and d is an invariant metric on S, then
Illan defined by (2.2)) is a norm on R,(S).

Proof. Suppose that for [z1,x2, ..., z,] and [y1, Y2, ..., Yn] € Rn(S) we have

(X1, X2, ooy Tn] = [Y1, Y2, s Yn)-
Then z1 +y2 +ys+ -+ Yn =y1 + T2 + 23+ - - - + x,,, and hence
Wz1, 22, s ]|y, = d(z1, x2+ 234+ 25)
=dzi 4y, 1 +x2+x3+- -+ x,)
=d(@1+y, v1+y2+ys -+ yn)
=d(y1, Y2+ ys +- - +yn)
= [y, y25 -+ Unlll g

Thus the norm is well-defined. We also have

Iz1, 22, s @n] + [Y1: Y2, o Ynlll g
= l[z1 +y1, 22 + Y2, ooy Tn + Yul |l g
=dx1+y1, w2oty2t+astys+--+x,+yn)
<d(xi+y, T1+y2tys+ooo+yn)
+d@i+y2+ys+- A Yn, T2ty trzFys oo+, +yn)
=d(yr, y2+ys+--+yn) Fdxy, x2+2a3+-+1,)
= |llzy, 225 -y @]l g + Y1, v2, - Ynlll g

Other properties of a norm are clearly satisfied. O
Now we state and prove the main result of this section.

Theorem 2.9. Let S be a near vector space, then the following statements hold:
(a) There exists a vector space R,(S) and a map j, : S — R,(S) for n =
2,3,4,--- such that

(1) jn is injective,

(2) jnlax+ By) = ajn(z) + Bin(y) for all o, € Ry and x,y € S,

(3)

= {]n(‘rl) - (]n(‘rZ) +]n(x3) +- +jn(xn)) 1X1, X2y Ty € S}
(b) If d: S xS — Ry s an invariant metric, then there exists a norm ||.||gn on
Ro(8) such that d(z, 4) = |jn(®) — jn(y)ll 4 for all 2,y € .

Proof. By Definition and Lemmas and it is clear that R,(S) is a
vector space with additive identity [(n — 1)x1,21,21, ..., 1] and additive inverse
—lz1, 29,y xp] = [(n — 2)x1 + T2 + 23 + - -+ + Ty, 21, T1, .., T1]-
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Note also that the map j, : S — R,,(.9), defined by ([2.1]), has the desired proper-
ties. For (3) suppose that x1, g, ...,z, € S and z € S,

Jn(@1) — (]n(xZ) + jn(@s) + - +]n($n)) =lr1+ (n—1)z,2,2,...,2]
—[za a3+ o, +(n—1)z,22,..,2]
=x1+(n—1)z22,...,2]
+[(n—2)(xat+a3+ 4z, +(n—1)z2)+(n—1)z,z0+2x35+ -+, +(n—1)z, 22+ 23
+-trp+(n—1Dz, ozt as+ -+, + (n—1)2]
=+ n-—Dzzot+as+ -z, +2,2,2,..., 2]
=1+ (n—1)z,294 2,23 + 2, ..., Tp + 2] = [21, X2, ..., Tp)].
Therefore
R (8) = ju(S) = (jn(S) + jn(S) + -+ jn(S)).
To prove part (b), let d be an invariant metric on S, then ||.| 4, defined by
is a norm on R, (S). Moreover, by using Lemma [2.8| we prove that |.||4, has the
desired property:
[0 (2) = dnWllgn =lllz + (n=1)2, 2,2, 2] = [y + (R = 1)z, 2, 2, .0, 2l gy,
=z + (n—1)z,2,2,...,2] + [(n = 2)(y + (n — 1)z)
+z4+-+z,y+t(n—Dz,y+(n—1)z, ...,y + (n — 1)z2]|ldn
=z +n-2y+nn—-1)zy+nz,y+nz ..,y +nz,,
=d(z+(n— Q)y +n(n—1)z, (n—1)y+ (n—1)nz)
=d(z+ (n—2)y, (n—1)y)
=d(z+(n— 7(n—2)y+y)
= d(z, y).
[

Example 2.10. Consider Ry with usual addition and scalar multiplication, we
embed (Ry,+,.) into R,(Ry). Define ~, on Ry xRy x--- xRy by

n—times
(1,22, .., Tn) ~n (Y1,Y2, s Yn) == T1+Yo+yz+-+Yn = y1 +22+T3+- -+ 2y,

We consider R,(Ry) as the equivalence classes of this equivalence relation and
define addition and scalar multiplication on R, (R4) by

[$1,$27 71'77.] + [ylay27 7yn} = [xl +y1,1'2 + Y2, .5 Tn + yn]a

[Az1, A2, ..., A2y, AeER,,
A 21,22, 00, @] 1= (2 = Dy, 21,21, 03], A=0,
_A(—[xhl‘g,...,l‘n]), —AER.;,_.

In this case (R, (R4), +,.) is a vector space with additive identity [(n—1)x1, 1,21, ..., T1]
and additive inverse —[x1, T2, ..., Tn) = [(n—2)z1 +x2+ 23+ -+ 0, 21,21, ..., 1],
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for any (x1,22,....,2,) € Ry xRy x--- xRy, Now, we can embed Ry, for n =

n—times

2,3,4, ..., into (R, (Ry),+,.) with the following embedding:
jn(@)=lz+n-1)z2,2..,2],

for all x,z € Ry
Note that d(z,y) = |z — y| is an invariant metric on Ry, and ||.||,, which is defined
as bellow, is a norm on R, (Ry)

llz1, 22, ., znlllg, = 21 — (22 + 234+ -+ + 20)]-

This embedding, preserves distance, namely:

d(z, y) = |z —y|

= llgn (@) = Jn W)l g
where dy, is the induced metric from || jn(x) — jn(Y)|l 4un-
Theorem 2.11. Let V be a vector space and {a1, ag, ..., ar} be a basis for V. Then
{in(on), jn(az), ..., (o)}

is a basis for R, (V).

Proof. The proof follows easily from the following statements:
(1) If V is a vector space, then j,(V) is onto, because, for any [x1,z2,...,2,] €
R, (V)

Jn(®1 —@ —x3 — - —y) = [11 — X2 — X3 — -+ — 2,,,0,0, ..., 0]
= [.’L‘l,.TQ, ,xn]

(2) The set {jn(a1),jn(@2), ..., jn(ak)} is linearly independent. O

In the following theorem, we prove that each j, preserves inner products and
completeness.

Theorem 2.12. Suppose that V is an inner product space over F. Then the
following assertions hold:

(a) There is an inner product on R, (V) such that j, preserves the inner product.
(b) V is a Hilbert space if and only if R, (V') is a Hilbert space.

(c) If V or R, (V) is finite dimensional, then j, is continuous on V.

(d) If V is a Hilbert space, then (zk)ken is an orthonormal basis for V if and only
if (jn(:ck))keN is an orthonormal basis for Ry, (V).

Proof. (a) Suppose that (, ) is an inner product on V; define ( , ), for
(21,2, s Tn]s (Y1, Y25 s Yn) € R (V)

by:

([1, 22, s (Y192, s ¥nl)y = (@1 F Y2+ ys+ 4 Yn, y1 + 22+ 234+, 7).

It is easy to verify that

([x1, 22, ..., 0], [yl,yz,m,yn])n = (X1 — 22— 23— —Tp, Y1 — Y2 — Y3 — " — Yn)-
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So that (jn(z), jn(y)) = ([2,0,0,....0], [y,0,0,...,0]), = (z, y).

The proof of (b) is easy and (c) follows from [7] Theorem 7B.

(d) Suppose [y1, Y2, ..., Yn] € Rn(V) is a vector that satisfies the condition
<[y1ay23 "'ayn]a ]n(mk» =0

for all £ € N. Then

(Y1 —y2—Ys— " —Yn, T) =0
SO
Y1—Y2—Ys— - —Yp=0
or
yi=Y2+tys+- -+ Yn.
Therefore

[yla Y2y eeey y’n] = ORn(V).
Similarly, if x € V' is a vector that satisfies the condition (z, zx) =0 for all k € N,
then (j,,(z), jn(zx)) = 0 and so j,(x) = Og, (v), therefore z = 0. O

3. NEAR VECTOR LATTICES

This section is devoted to the study of partially ordered near vector spaces, as
well as vector lattices.

Definition 3.1. A partially ordered set (P, <) is called a join-semilattice if the
least upper bound (join) of x and y, denoted x\V'y, exists for all x,y € P. Moreover,
if it has the greatest lower bound (meet) of x and y; denoted x Ay, then P is called
a lattice.

Definition 3.2. Let S be a near vector space. If (S, <) is a partially ordered set
such that < is compatible with addition and multiplication by positive scalars; i.e.,
for all x,y,

T+ z<y+z,

<
x_yz{ ar < ay.

Then S is called an ordered near vector space. If S is an ordered near vector space
and (S, <) is a join-semilattice for which

(xVy)+z=(r+2)V(y+=2), zyz€S8,

then S is called a near vector lattice.

A Riesz space, a lattice-ordered vector space or a vector lattice is defined simi-
larly.

Definition 3.3. Let d : S x S — R be an invariant metric on a near vector
lattice S. Then d is said to be a Riesz metric on S provided that

(i) <y<z=d(z, y) <d(z, z), and

(it) d(z, y) =d(2(x Vy), +y) for all z,y,z € S.

Moreover if ||.||: E — Ry is a (semi) norm, then ||||: E — R4 is called a Riesz
(semi) norm, provided that x,y € E and 0 <y < z, then ||y||< ||z|, and |||z|||= ||=]|
forallx € E.
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Let (S, <) be an ordered near vector space, we define
[1‘1,332, axn] Sn [ylvaa ayn] — T +y2 +y3+ . +yn S Y1 +.%‘2 +$3+ . '+xna
for all [x1, za, ..., zs], [U1, Y2, -, Yn] € Rn(S).

Lemma 3.4. Let (S, <) be an ordered near vector space, then (R, (S),<, ) is an
ordered vector space.

Proof. For all [z1,Z2, ..., Tnl, [Y1, Y2, s Unl, [215 22, -y 20] € R (S) if
(€1, @2, ooy Tn] <i [U1,Y2y s Un] <n [21, 22, ..., 2n] then we have

Ti+y2Fys+--Fyp <y t+rotas -+,
and

Ntztzmtotam<atyatyst++yn
which imply

Tity2tyst+-Fyntzatzst o+ Syitaetastotratratrto+2,
and
Yitztztoo ot Tt rste T, < 2ty tys o yn Ttz 2.
From these inequalities we get
T1+Ye+ys+--Fyntzetzzst-tzp < 21ty tyst+ooFYn Fr2+T3+ T
Thus

[1+y2+ys+ -+ Yn,To+ Y2, 23 + Y3, ooy Tn + Yn] <n [21, 22, .-, Zn)s

and, [z1, %2, ..., Tn] <n [21, 22, ..., 2n]. Other properties of an ordered vector space

easily follow. (I

If E is a vector lattice, then E, := {x € E : x > 0} denotes the positive cone of
E. Furthermore, 2t := 2V 0, 2~ := (—z) V0 and |z| := z V (—z) are the positive
part, negative part and absolute value of « € E, respectively.

Theorem 3.5. If S is a near vector lattice, then we have:
(a) R, (S) is a vector lattice, with positive cone

R(S), = {lz1, 22,y zn] s 22 + 23+ + 1, <11},
in which the following equalities hold:

(1) [z1,22, .. a:n]+ =[x1V(xa+a3+ -+ ), 22,3, ..., Tn),

(2) [z1,22, @] = [(21 V(22 + 23+ -+ 20)) + (0 — 21, 21,21, .0, 71,
(3) z1, 22,y xn]| =221 V (x2 + 23+ -+ Tp)), 1 + T2, T3, Ta, ooy Ty
(4) [z1, 22, @] VY1, y2, o yn] = (31t y2 +ys + - + yn)

V(i + o2+ 234 - +2n), T2 4+ Y2, 83 + Y3, -0y T + Ynl,
(5) [z1,Z2, s ) A Y1, Y2y o Un) = [T1 + 23+ T4 + - + Ty + Y1,
(x14+y2t+ys+--+yn) V(i +a2+a3+ -+ xp), T3, Ta, ..., Tp),

(6) [z1,22,....xp] A —[x1, T2, ..., xn] = —|[21, T2, .o, Tn][,
() —[z1,22, ey 2] Al(n— Dy, x1, 21, .y 1] = —[2T1, T, oo, Tn]—
[X1, @2, oy n] ™

(b) The embedding j,, : S — R, (S) is join preserving.
(¢c) Ifd: S xS — R, is an invariant metric, then d is a Riesz metric on S if and
only if |||, s a Riesz norm on the vector lattice R, (S).
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Proof. To prove (1), we note that [x1V (xo+23+- - +2,), T2, 23, ..., T,] is an upper
bound for {[z1,xa, ..., zy], [(n — D)z, z1, 21, ..., 1] }; since

i) xes+axz+-+x, <1V (3 + 23+ -+ 2,) We obtain
(n—1Dx; +x0 + 23, ... + 25 < (:E1V(x2+x3+~~~+zn))+(n—1)x1,so
[(n— Dz, 21,21,y 21] <p (21 V (2 + 23 + -+ - + Ty), T2, T3, .oy T

i) vy < a1 V(re+x3+ -+ ), SO
Tttt an S (@ V (@2t et b an) Faat ezt + o,
therefore [z1, Za, ..., @p] <p [X1 V (2 + 23+ -+ Tp), T2, T3, ..., Ty

1it) If [y1,y2, ..., yn] is also an upper bound for
{[x1, @2, ..y xn], [(n — Va1, z1, 21, ...y 1]}y
then [z1, 29, ..., Tn] <n [Y1,Y2, -, Yn), SO
Tit+y2+yst+-Fyp <y trotarz -+,
Hence [z2 + @3 + - + T, T2, T3, ooy Tn) <n [Y1, Y2, .., Yn], which implies that
Totrs+ - F+rptytys+-Fy<y1t+rotarzt-+ T,

Therefore, from these inequalities we conclude that
(@1+y2tys+-Fyn) V(@2 +zs+ - FTnty2tys+ o +yn) S yrtzetastefan,,
S0

(z1V(z2+as+-+an) + W2 t+ys+-+uyn) <y1+a2+a3+ - + 2y, hence
[1 V(22 + 23+ + Tpn), T2, T3y ooy Tn) <p [Y1,Y2, -, Yn), therefore

[1, 22, ...,acn]+ =[x VIt x4+ Ty, T, X3, ..o, T

To prove (2), note that

=[(n—2)x1 +x2 423+ + Tn, Ty, 21, .0y 1] T

-z +xo+ a3+ +xn) V(n—1)xy,21,21, ..., 21]
-zt a0+ +xn) vV ((n -2) —l—xl) + 1,21, .., 1]
21V (z2 a3+ + ) + (n—2)z1, 21,21, .., 1)

[€1, T2, ..., Ty

This also proves that R, (S) is a vector lattice. It is clear that R, (S) is a vector
lattice with positive cone R(S), := {[z1, 22, ..., %] t 2 + 23+ - + 25 < 21}

For (3), if E is a vector lattice, we make use of the following well-known equality
(see [, p. 17) in the sequel:

2(xVy)—(z4y) = |x —yl, s0 2(xV0)— (£40) = | — 0| for all z,y € E. Therefore
|z| = 22% —x for all x € E.

Since, (z —y)T =azVy—y foral z,y € E (see [5]) we conclude that z Vy =
(x —y)T 4+ y. So (4) is proved.

Parts (5) and (6) can be proved by using the fact that, zVy+x Ay =z 4y for all
x,y € E (see [B]) because t Ay =z +y — (zVy) so

(X1, T2,y @] A —[21, 22, ..oy ] = —|[x1, T2, oy ] |-

Now (4) and (5) imply that R, (.S) is a vector lattice. It is clear that R, (S) is a vec-
tor lattice with positive cone R(S), = {[z1, 22, ..., zn] : ¥ + 23+ + 2, < 11}
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To prove (7) we use the fact that t Vy+az Ay =x+y for all z,y € FE (see [A]), so
if x := —z and y := 0 then we have

—[z1, 22, ey A (R — Va1, 21, 21, .., 1] = —[T1, T2y oy Tp] — [T1, T2y ooey Tn]
As for part (b), let z,y € S. Then for any z € S:
Jn(@) Vinly) =[x+ (n —1)z,2,2,.., 2] V]y+(n—1)z2,2, ..., 2]
[(z+ (2 n—l)) ) (y+2(n—1)z2),22,2z,...,2z]
[(zVy)+ (2(n—1))z,22 2z,...,2,z]
[(x\/y) (n—1)z,2,2, ..., 2]
= jn(z Vy).

To prove (c¢), suppose that d is a Riesz metric on S and 1,22, ..., Tpy Y1, Y2, -, Yn €
S and

[yZ +y3 + - +yn7y2ay37"'7yn] Sn [$17Z‘2a"'axn] Sn [ylay27"'7yn]7
then z1 +y2 +ys+ -+ + Yo <Y1 +x2 + 23 + -+ + x, and,

Ty+ T3+ Tnty2tystot Y STt Y2+ Yzt Yne
It now follows that
Totx3t- -+ rptyetystooFyp S Trtyetystoo Y S Y1+ T2 3+ T,
S0
dxz+ax3+ -+ xn+y2+ys+ -+ Yo, 21+ Y2+ Y3+ +yn)
<d@z+azz+ +TptY2+ys+-+Yn, Y1 T2+ 33+ +3y), hence
d(xy + 23+ -+ xn, v1) <d(y2 +y3+ -+ Yn, y1), thus
d(zy, zo+a3+ -+ x,) <d(y1, y2+ys+ -+ yn), and finally
||[.L“1,332,...,$n]||dn <n H[ylvaa -~-7yn]||dn'

And from the fact that
[[z1, 22, oy xp]| = [2(x1 V (x2a + 25 + -+ + Tp)), X1 + T2, X3, Ta,y ooy T
we have

||[x1,$27...,l'n]||dn (x1a$2+$3+~~+xn)

=d2(z1V (2 a3+ +an)), 1 a2+ 1)
|[2<.’E1 N (332 +eee Tt -'lfn))7.'1,‘1 + 2,3, 7$nH|dn

I

[1‘1,1‘2, ,Jin]lHdn
Therefore |||, is a Riesz norm on R, (S).

Conversely, if |||, is a Riesz norm on R,(S), z,y,z € S and < y < z, then for
all x1,x2,...,Ton_¢ € S if y < z, then

T+2y+z+r1+ T2+ + T g < THYy+22+31 +22+ 0 + Top_g.

Hence,

W+ an—s3+Tp2+ -+ Ton_6,TTn_3,Tn_2, .., L2n—)
<nly+2z4+xi+T0+ -+ Tpoa, T, Y, 2, T1, T2, ey Tl
)
Iy 4+ Tn-s3+Tn_2+ -+ Ton—6,, Tn—3, Tn-2, s T2n—6) || gn,

Sn ||[y +2z+ 1 +x2+ -+ Tn—4,T,Y, 2, L1, L2, ..y xn—4]||dn7
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and

Ay + Tn—g+Tp—2+ -+ Ton—g, T+ Tn_3+Tn2+ -+ Tan_g) <

dly+2z+az1+a2+ - 4+ Tp-g, 2+y+z+az1 +22+ -+ Tp_y).
Therefore d(z, y) < d(x, z). Moreover,

d(zy, 20+ 23+ +20) = ||[21, T2, .o T || g,
= Hl[mlvx?w'ﬂxn]'”dn
= I2(z1 V (x2 + - + ), 21 + 22,23, s Tl g,
=d2(z1 V (xa+ -+ xp)), 1+ + )

which shows that d is a Riesz metric on S. O

By the same argument as in the previous theorem we obtain the following theo-
rem.

Theorem 3.6. If S is a vector lattice, then the followings hold:

(1) [Jcl,xg,...,xn]+ =[x1V(za+a3+- +a,),22+23+ -+ 2,,0,0,...,0],
) [z, e, xn] = [(xl V(ze + 23+ —i—xn)),xl,0,0, ey 0]
) |z, 22, e ]| = [Q(xl\/(x2+m3+~-~+xn)),x1+x2+~~—|—xn,0,0,...,0],
) w2, w] VY yes syl = (@1 F Y2 Fys o+ yn)

V(1 +2a+a3+-4Tn), T2+ T3+ + T, Yo+ Y3+ +Yn, 0,0, ..., 0],
(5) [z, s @p] Ay, v2, s ] = B+ v, (@1 +y2 +Hys + 0+ yn)
V(y1 + 2+ 3+ +x,),0,0,...,0].

Example 3.7. As in the previous example, consider Ry with the usual ordering
and the join V given by xVy = max{z,y}. Now we have a vector lattice. Moreover,
R, (Ry) for each n = 2,3,4,... is a vector lattice and embedding j, which is join
preserving:

(@1, 22, 0y 0] <p (Y1, Y25 Un] = 21+ Y2+ Y3+ Fyn Syt aeFas o+ ay,,

[T1, 22, ooy 0] V (Y1, y2, s yn] = [max{(z1+y2+yz+- -4 yn), (1 + 22+ 23+ +
%)}aﬂ72+y2,$3+y3,--~,$n+yn],

(€1, 22, o ] A [y1, Y2, s Yn] = [01 + 23+ 24 + - + 2 +y1, man{(z1 +y2 +yz +
oty V(e xn) b X3, T, e, Ty

Note that the metric defined on Ry is a Riesz metric and the norm on R,(R,)
for each n=2,3,4, ..., is a Riesz norm.

Theorem 3.8. LetAsl and Sy be near vector spaces and T : S1 — Sy be addition
preserving. Define T : R, (S1) — R, (S2) by

T([x1, 22, ...y xn)) = [T(21), T(x2), ..., T(2n)] for all x1,x9,...,2, € S1.

(a) If T is Ry -linear, then T is linear-.
(b) If dy is an invariant metric on S1, do is an invariant metric on Sy and T is
non-expansive, then ||T)< 1
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Proof. For (a) we only need to prove if o € Ry, then

T(a[xl, T, ,xn]) = T( —af(n—2)z1 + 22+ a3+ + Tp, 21, 21, ...,xl])
= T([( —a(n— 2))351 — Ty — QT3 — *++ — ATy, —QT], —QT], ..., —aazl])
=[(—a(n-2))(T(x1)) = (T (x2) + T(x3) + - -- + T(xn)), —aT(21),
—aT(x2),...,—aT(x,)] = a[T(x1), T (z2), ..., T(x,)]
= aT([zl,zg,...,xn]).

For (b) first we define:

||T||: Sup{HT[xlﬁx% "'wxn]Hdz: H[xl’x% ""xn]Hdl < 1}
where
| T[w1, %2y oy @n]llas = d2(T (1), T(a2) + T(x3) + - + T(x))
<di(z1, 22+ 3+ +2p)
H[$17x2a-'-axn]”dl

Since T is non-expansive. So
1T < 1.
O

Let S5 be a near vector lattice and S7 a nonempty subset of S;. Then S is said
to be a sub-near vector lattice of Sy provided that S; is closed under the operations
addition, multiplication by positive scalars and join. The notion of sub-near vector
space is defined similarly.

Corollary 3.9. If Sy is a sub-near vector space (lattice) of a near vector space
(lattice) Sa, then R, (S1) is a vector subspace (sublattice) of R, (S2).

Proof. Since S is closed under addition and multiplication operations, it is clear
that R, (S7) is closed under this operations, so that R, (S1) is a vector sublattice
of R, (S2). O

4. FILTRATION, MARTINGALES AND METRIC SPACES
In this section we study the embedding theorem on filtration and Martingales.

Definition 4.1. Let (P, d) be a metric space and [ be a function on P. Then f is
called a non-expansive idempotent if for each x and y in P, d(f(x), f(y)) < d(z,y)

and f(f(2)) = f(a).

Definition 4.2. Let (X, d) be a metric space and f be a linear function on X. Then
f is called a contractive linear projection if for each x and y in X, d(f(x), f(y)) <

d(x,y) and f(f(x)) = f(x).

Definition 4.3. Let X be a Banach space. If T; : X — X is a contractive linear
projection and T; = T;Ty, = T} T; for each i < k where i,k € N, then the sequence of
projections (T;) is called a BS-filtration on X. If (T;) is a BS-filtration on X, the
pair (f;,T;) is called a martingale in X if T;fi = fi for each i <k, and (f;) C X.

This motivates the following definition.
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Definition 4.4. Let (P,d) be a complete metric space. A Sequence (&;) of non-
expansive idempotents on P is called an MS-filtration on P if we have

&L =ELE =& Vi <k.
Moreover if there exists (f;) C P such that f; = & fr for alli <k, then (f;,&;) is

called a martingale in P.

It is obvious that R(&;) C R(E;+1) where (&;) is an MS-filtration on P and R(&;)
denotes the range of &;.

Definition 4.5. In Definition[{.4] if we replace (P, d) by (S, d) where S is a complete
near vector space with respect to the invariant metric d, each (&;) is Ry -linear, and
each R(E;) is a (closed) near vector subspace of S, then this set is denoted by
(S7 d, &-) and is called a complete MS-filtration space.

Lemma 4.6. Let (S, d, Ei) be a complete MS-filtration space, then (E:,) is a BS-
filtration on R, (S), where n = 2,3,4, ... and each (E;,) is the continuous extension
of Ein defined by

Sm([xl, o, ,LL‘n]) = [(21‘1,(21‘2, ,&xn]

Moreover, |32, R(Einljncs)) = dn(Usey R(Ei)); the former closure is the ||.|,,
-closure in R, (S) and the latter is the d-closure in S.

Proof. Since &; is R -linear and non-expansive, it follows from Theorem [3.8| that
c‘:’m is linear and ||8;n|| < 1. As &&L = E,E = &; for all i < k, then Einkin =
Ekné’m = Sm for all 1 < k. . ~
As () is the continuous extension to R, (S) o of &y, it follows that (&) is a
linear contractive projection with ||| < 1 and &&, = && = & for all i < k.
Consequently, (£;,) is a BS-filtration on R, (S).
It remains to show that (S, R(Einlj.(s)) = dn(Uss, R(E;)). We first note that
R( ~in|jn(S ) = Jn (R(&)) for all ¢ € N, because
Let [k + (n — Dw,w,w, ...,w] € R( ”7«|]n(S)) Then, there are x,z € S such that
Ein(2) = Ein(2) = w and 5m( ) = En(x) = k. Thus

[k + (n— 1w, w,w,...,w] n (@ (nflzzz . 2])
w(lz+ (n—=1)zz22,..,2])
— [E:(2) + (n — VE(2), E:(), (=), o E:(2)
- n(gl ) € dn(RED)-
Jr ) Then, there are x,z € S such that
& ( )—k. Thus
6ia) + (1= DELE) 61 62, &)
Ea+ (n— 1)2),6(2),E(2), o E(2)]
([z+ (n—1)z,2,2,..,2])
([ (n_l)zvzvz 72]) ( m‘ ]n(s))
Consequently, [J;2, R(5;n|jn(s)) = U2, n(R(&;)). By the completeness of S and
the continuity of j,, it is readily verified that (J;2; jn(R(&)) = jn(Uie; R(E))-
Thus ;2 R(Enlin(S)) = jn (U2, R(E:)). O

&;
&;

Let [k + (n — Dw,w,w, ...,
gzn(z) = c‘:'m(z) = w and Em( )
k+ (n—1w,w,w,..,w)

[
&
Sy
Ein
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Lemma 4.7. Let (S, d, &) be a complete MS-filtration space, then (f;,&;) is a
martingale in S (and (f;) is d-convergent) if and only if (jn(f,;), c‘:'m) s a martingale
in R,(S) (and Jn((f3)) is ||.||a-convergent).

Proof. Recall that jn(z) = [z +(n—1)z,2,2,....2] for all z € S and for any z € S.
If (f;, &) is a martingale in S, then (jn(fi), m) is a martingale in R, (S), because,
for i < k,

Eindn(fx) =&mlf +(n—1)z,2,2, ..., 2]
= [Eifi + (n = 1)&i2, &2, &2, ..., Eiz]
= [fl + (n - 1)Za By Zyueny Z]
Conversely, suppose (jn(fi), ém) is a martingale in R, (S). Then, for i < k we have
gk (JN(fl)) = ]Tb(fl)’ SO [gkf7/+<n_1)gkza 5k‘za 5k‘za EEES) 5k2] = [fl+(n_1)z7 By Zyaeny Z]a
and hence & fi+(n—1)Ez+(n—1)z = fi+(n—1)z+(n—1)&z. Therefore & f; = fi,
from which we conclude that &; fr = f;; this in turn means that (jn (fi),&-n) is a
martingale in S. It now follow§ that the martingale (f;,&;) is d-convergent if and
only if the martingale (jn(f;),Ein) is ||.|lan-convergent in R, (S), because

T () = G (Pllge = T s+ (1= D222 2] = [F + (1= D)2, 222,
= zlggo lfi + (n—=1)z2,2,.., 2]
+n=2)f+(n=1)n—-1z f+(n—-1)z ..,

= }lglo ||[fz + (TL - Q)fa s ’f]”d'n,

= lim d(fi + (n—=2)f, (n—1)f)
= lliglo a(fs, ).

This completes the proof. (I

Definition 4.8. Let (S, d, SZ-) be a complete MS-filtration space. Denote by My(S, E;)
the set of all martingales (f;,&;) in S for which (f;) is d-convergent. Define daq by

dm ((fir &), (9i, 1)) = sup d(fi, gi)
ieN

for all (fi, i), (gi,E) € Ma(S,E;). Define addition and positive scalar multiplica-
tion on My(S,&;), by

(fi:&) + (9, &) = (fi + 9, &), M [fi &) = (M fi, &)
for all (fi, &), (9i, &) € Ma(S, &) and X € Ry
It is readily verified that (Mg(S,&;),dr) is a metric space and My4(S,&;) is
a near vector space. We use Radstrom’s embedding result on the complete MS-
filtration spaces (S, d, EZ-) and M4(S, ;). The first problem to deal with is the fact

that R, (S) need not be norm complete. So, instead of R,,(S) we consider its norm
completion R, (S5).

Definition 4.9. Let X be a Banach space and (T};);en be a BS-filtration on X.
Denote by Mp.(X,T;) the set of martingales (f;,T;) in X for which (f;) is norm
convergent. The addition and scalar multiplication are defined by

(fi, 1) + (95, T3) = (fi + i, T3), A fi, T;) = (N i, T;)
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for each (fi,T3), (gi, T;) € Mpe(X,T;) and A € R. Moreover, the norm in the vector
space M,o(X,T;) is defined by

1(fi, Ti)llag = sup [|fill.
1€EN

Note that ||.||p is a norm on M,,.(X,T;) which makes M,,.(X, T;) into a Banach
space (see [3]). The following result shows how My(S,&;) and M,,.(X,T;) are
related via the Radstréom completion of S.

Theorem 4.10. Let (S, d, Si) be a complete MS-filtration space and (fi,e;) €
M4(S, E;). Then the map K : Mq4(S,&;) — Mnc(f%n(S’),gm) defined by

K((f;,&)) = (jn(fi)7gin)
is an Ry -linear isometry (into) and Mq(S,&;) is complete.

Proof. 1t is clear that K is injective and R -linear. We verify that K is an isometry.
Let (fl7 57,)’ (gz; gz) S Md(S, gl) Then

dpm((fi €)s (96, Ei)) = sup d(fi,9:)
i€EN

= SUB d(fi +(n—2)g;+nn—1)z (n—1)g; + ((n — 1)n)z)
i€

= sup I[fi +(n—2)gi + n(n — 1)z, g; + 12, ..., gi + n2]||an
i
iEN

+n—1n-Dz,9.+(n—1Dz,....9; + (n — 1)2]||an
= SHE mfl + (TL - 1)2727 S Z] - [gi + (TL - 1)2’ Zyeesy Z]”dn
1€

=(([fi+ (n=1)z,2,....,2] = [g; + (n— D)z, 2, ..., z]),ffm) [l a1
= ||(.7n(fz)7g~zn) - (]n(gz),gm)HM

Since ./\/lnc(Rn(S),gm) is complete and j,(S) is closed in RH(S), it follows that
Mqy(S, &) is complete. O
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