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NUMERICAL MODELING OF MARINE POLLUTION:

APPLICATION TO HYDROCARBONS DISTRIBUTION

IN TANGIER BAY

SIHAM ABOURIDA, SAIIDA LAZAAR, MOHAMED NAJIB ZAGHLOUL

Abstract. The study of marine pollution has become a major necessity and

aims to offer solutions for the preservation of the marine environment. Our

work attempts to make a contribution to solve this problem. More precisely,
we are mainly concerned with a mathematical modeling and a numerical sim-

ulation of marine pollution in Tangier Bay which undergoes an alarming state.

The mathematical model is built on convection and dispersion equations cou-
pled with a hydrodynamic model based on incompressible Navier-Stokes equa-

tions. The numerical solving of the convection term uses the Characteristic–
Galerkin method. Finally, some numerical tests based on a finite element

discretization are presented here and are performed by FreeFem++ software.

The numerical results indicate that high concentrations of hydrocarbons are
located at the mouth of Mghogha river, in the harbor sheltered areas and in

the transitory ships boarding area.

1. Introduction

Many works dealing with modeling marine pollution threat are worldwide grow-
ing up. Some case studies are listed here in order to give a general idea about
the state of the art on modelling the pollution of marine environments. In the
Daya Bay, southeast of China, numerical modeling, using Monte Carlo method,
has been carried out in order to predict the drift and the propagation of oil af-
ter the oil spill paroxysmal accident, [6]. In the Middle East, the Arabian Gulf is
another area concerned by marine pollution due to the high petroleum transporta-
tion, the industrialization and the urban development along of its shores. This area
was concerned by a numerical modeling of hydrocarbons discharges by using finite
differences scheme, [8]. In [12], the investigation consisted of building a two dimen-
sional non-linear hydrodynamic finite differences model and an advection-diffusion
model in order to simulate the behavior of discharged pollutants into coastal la-
goon system of Topolobampo, located in northwestern of Mexico. In the Atlantic
Ocean, the Gibraltar Strait is a strategic transit pathway characterized by complex
maritime routes (Algeciras-Ceuta, Algeciras-Tangier and Tarifa-Tangier), and by a
hazardous transport of radioactive materials. In this context, this area has been
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subject of some modeling studies of the pollutants behavior and their dispersion
into shallow marine environment, [3, 13]. Mathematical models were solved by ap-
plying a finite volume method and a Lagrangian approach. Recently the Algeciras
Bay, in the northern side of Gibraltar Strait was the subject of a numerical study
for understanding the pollutant dynamics and their spreading into the Bay. All
equations were solved by explicit finite differences schemes, [15]. Eastward of the
Gibraltar Strait, the Gulf of Cadiz was concerned by a recent study [14] where hy-
drodynamic, sediment and metal transport models were simulated by explicit finite
differences schemes. In the southern side of the Gibraltar Strait, Tangier Bay ob-
ject of this work undergoes an alarming pollution state due to Tangier-Med Harbor.
Only seldom studies were realized for modeling the fate of pollutants dispersed in
coastal and marginal marine environments near Tangier Bay, [2, 4]. Therefore, it
becomes necessary to increase scientific investigation in order to quantify marine
pollution and to suggest various reliable sustained remediations. In this context,
the present work improves an already published research [9] in order to update it by
more accurate results. The main objective is to define and to implement a new hy-
drodynamic model coupled with a transport model in order to simulate pollutants
distribution in Tangier Bay using FreeFem++, [7]. We take into account the effect
of the waves currents velocity in the study area and different sources of pollution
coming from rivers and sea.
The paper is organized as follows. Section 2 describes the mathematical formulation
of the problem. Section 3 presents a numerical formulation of the problem with a
finite element method and section 4 relates some computational results. Section 5
closes the paper with a conclusion and some perspectives.

2. Mathematical formulation of the problem

In this study, an incompressible fluid is considered and two models are presented
in order to simulate contaminants transport in Tangier Bay. The first one is a
hydrodynamic model based on Navier-Stokes equations, it provides the velocity
field and water levels. The second one is based on convection-dispersion equations
for the assessment of the concentration and its distribution.
The hydrodynamic model describes the water movement in a marine environment
taking into account all the factors affecting the contaminant transport, namely, the
pressure, the gravity, the Coriolis and the friction forces due to the viscosity, [5].
This model derives from Navier-Stokes equations coupled with mass conservation
equations (continuity equations for incompressible flow) and momentum conserva-
tion equations. We consider the following problem where Ω denotes the domain of
simulation. We impose Dirichlet conditions on the velocity field.

{
∂U
∂t + U.∇U + 1

ρ∇P = µ4U − τ
h

∂h
∂t +∇.(hU) = 0, in Ω×]0, T [

(2.1)

The function U corresponds to the velocity, µ is the viscosity corresponding to the
inverse Reynolds number, ρ is the density of sea water, P denotes the pressure and
it corresponds to P = ρgh with g is the gravity, h is the sea water depth and τ
corresponds to the shear stress.
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The transport model uses the velocity calculated by the hydrodynamic model. In
Ω ⊂ R3, the transport model is built on the basis of convection and dispersion
equations as follows{

∂c
∂t + div(Uc−D

−−→
gradc) = f in Ω×]0, T [

c(., 0) = c0 in Ω
(2.2)

We denote the hydrocarbons concentration in sea water by c, f is a source term, T
is the final time of observation and D is the dispersion tensor.

Boundary conditions: We can impose Neumann boundary conditions for the
transport on ∂Ω like (Uc − D∇c).nΩ = q with nΩ the outward normal to the
boundary Γ = ∂Ω or we can impose multiple Dirichlet boundary conditions on a
number parts of ∂Ω.
Moreover, the domain Ω is limited by the bottom, the free surface of water, the
coastline and some imaginary vertical wall on the sea at some reasonable distance of
the shore. For sake of simplicity, we consider a two dimensional setting neglecting
the limits of the bottom and the free surface of water. This assumption transforms Ω
from a three dimensional domain to a two dimensional one. Thus, for the numerical
resolution of Navier-Stokes equations in the two dimensional domain, we neglect
the parameters τ and h.

Comparing this study with those realized in the Gibraltar Strait [3, 13], Algeciras
and Tangier bays [2,4,15], we note that only a hydrodynamic model was applied to
calculate the tidal or the wave current velocities, while the studies on Algeciras Bay
[15], Gibraltar Strait [13] and this study, deals with a hydrodynamic model jointly
applied with the transport-dispersion model to modeling the transport-dispersion
of pollutants into shallow marine environments. In the other hand, the Tangier
bay hydrodynamic model [4] was applied simultaneously with a transport-diffusion
model. The numerical resolution method for previous mathematical modeling used
in the Gibraltar Strait and Tangier Bay is the finite volume method, whereas finite
element method was applied for the current study.

3. Finite element discretization

The variational problem of the hydrodynamic model was described and the trans-
port model was solved considering a constant velocity, [9]. In the present study, the
velocity is variable; the hydrodynamic model is coupled with the transport model
in order to quantify a two-dimensional distribution of hydrocarbons concentration.
For the sake of simplicity, we assume that the dispersion tensor D is constant, then
the model becomes

∂c(x, y, t)

∂t
+ U(x, y, t)∇c(x, y, t)−D∆c = 0, (x, y, t) ∈ Ω×]0, T [ (3.1)

with an initial condition c0 and multiple Dirichlet boundary conditions.
It is important to mention that the convection term ∂c

∂t +U∇c is approximated by

cn+1(x)− cn ◦Xn(x)

∆t
(3.2)
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where ∆t is the time step and Xn(x) is the characteristic line providing the position
of a particle x at time tn. The function Xn(x) represents the unique solution of
the ordinary differential equation

dζ/dt = U(t, ζx(t)) (3.3)

where we set Xn(x) = ζx(tn).

Remark. The numerical solving of the convection term is done by the Characteristic–
Galerkin method implemented by FreeFem++ with a function named convect, [7].

Now, by using an implicit Euler scheme and by injecting the equality (3.2) in the
equation (3.1), we obtain the following discretization

cn+1 − cn ◦Xn

∆t
−D∆cn+1 = 0 (3.4)

Consequently, the variational formulation of the equation (3.4) is

∀ϕ ∈ H1
0 (Ω),

1

∆t

∫
Ω

cn+1.ϕ−D
∫

Ω

∆cn+1.ϕ =
1

∆t

∫
Ω

cn ◦Xn.ϕ (3.5)

where we multiplied the equation (3.4) by a test function ϕ and we integrated on
the domain Ω. Using a Green’s formula on

∫
Ω

∆cn+1.ϕ with n the outward normal
to ∂Ω, we obtain the following equality∫

Ω

∆cn+1.ϕ = −
∫

Ω

∇cn+1.∇ϕ+

∫
∂Ω

∂cn+1

∂n
.ϕ (3.6)

Since the boundary term
∫
∂Ω

∂cn+1

∂n .ϕ is always null (ϕ ∈ H1
0 (Ω)), the equation (3.5)

becomes:

1

∆t

∫
Ω

cn+1.ϕ+D

∫
Ω

∇cn+1.∇ϕ =
1

∆t

∫
Ω

cn ◦Xn.ϕ (3.7)

Now, if we set {
a(cn+1, ϕ) = 1

∆t

∫
Ω

(cn+1ϕ+D∇cn+1.∇ϕ)

l(ϕ) = 1
∆t

∫
Ω

(cn ◦Xn)ϕ
(3.8)

Approximation space Qh: For the simplest case, let Tk be a regular triangulation
of Ω, k = 1, . . . , nt. If we set Ωh =

⋃nt

k=1 Tk, then the discrete space Qh is defined
by

Qh = {v ∈ C0(Ωh) : ∀Tk ∈ τh, v|Tk
∈ P2(Tk)} (3.9)

where τh is a triangulation of Ω or mesh and P2 designates the space of polynomials
of the degree less or equal to 2 on each triangle of τh. The vertices of Tk are the
nodes of the mesh and the functions of Qh are entirely determined by their values
in each vertices. The dimension of Qh is equal to the total number of vertices of
the mesh.

then the discrete solution of the problem 3.1 is given at each time step by the
following problem.
For a given Hilbert space Qh and a concentration function cn ∈ Qh, find cn+1 ∈ Qh
such that
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a(cn+1
h , ϕh) = l(ϕh), ∀ϕh ∈ Qh (3.10)

Remark. The term cn◦Xn in l(ϕ) is approximated by the quantity cn(x+Un(x)∆t).

Following the above, the existence and uniqueness of a solution of the variational
problem (3.10) is a consequence of Lax-Milgram’s lemma.
Finally, under Lax-Milgram’s lemma hypothesis and as the form a is symmetric,
we deduce that the solution of the problem (3.10) corresponds to the minimum of
the functional

J(v) =
1

2
a(u, v)− l(v) (3.11)

4. Numerical simulation

The problem 3.10 is solved by the Feefem++ software. The mesh of Ω is illustrated
on Figure 1 where we divided the boundary Γ of Ω into four parts: Γ = Γ1 ∪ Γ2 ∪
Γ3 ∪ Γ4.

Figure 1. Mesh of Tangier Bay

The hydrodynamic model solved in this paper takes into account only the effect of
the waves currents derived from East and West (Figures 2 et 3). We remark that the
results are in conformity with the actual data published in [10] where the velocity
of the waves currents coming from the North East is approximately v = 0.4m/s,
and the one coming from the North West is v < 0.3m/s. In the West extremity of
the Bay, the estimated velocity is very low in the harbor protection area according
to some published results in [1].
The results of the convection-dispersion model show that the highest concentrations
are located near the coast line, especially in the protected area of the harbor char-
acterized by a low hydrodynamic regime which promotes pollutants accumulation,
(Figure 4).

Comparing our numerical simulation results with those obtained on the Algeciras
bay and the Gibraltar Strait, it is noteworthy that in the Algeciras bay [15], the
hydrodynamic model had given a tides realistic representation. On the other hand,
the Zn, Cu and Ni distribution, in both, water and sediments calculated by the
dispersion model matched well field data and observations. Similarly, the Gibraltar
strait results [13], show that tide and current amplitudes were calculated in good
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agreement with the field observations. Also, published results in [2] and performed
in our study area allowed to visualize effluents dispersion taking into account the
effect of tide movements (ebb and flow). Also, this study allows calculation of
the main wave’s current velocity and numerical simulation pollutants transport-
dispersion. Thus, the obtained hydrodynamic model was enough realistic for the
implementation of pollutants dispersion model and accordingly, obtained numerical
results were fitting well both observations and field data.

Figure 2. Waves currents from East to North East

IsoValue
1482.21
1493.11
1504.01
1514.91
1525.81
1536.71
1547.61
1558.51
1569.41
1580.31
1591.21
1602.11
1613.01
1623.91
1634.81
1645.71
1656.62
1667.52
1678.42
1689.32

Vec Value
0
0.372181
0.744362
1.11654
1.48872
1.86091
2.23309
2.60527
2.97745
3.34963
3.72181
4.09399
4.46617
4.83835
5.21053
5.58272
5.9549
6.32708
6.69926
7.07144

 [u1,u2] and p 

5. Conclusion and perspectives

In this paper, we presented an overview of different studies made at various places
in the world for modeling the fate of pollutants spilled into the marine environment.
Regarding our study on Tangier Bay, we defined a mathematical model built on
the basis of hydrodynamic Navier-Stokes equations and on a transport convection-
dispersion equations. We solved the hydrodynamic model in order to calculate
the transport velocity and then we solved the convection-dispersion equations in
order to evaluate concentrations of pollutants discharged into Tangier Bay. We
solved the discrete variational problem with a finite element method and we used
FreeFem++ software to perform the numerical simulation. The numerical results
obtained indicate that the waves current coming from East to North-East are the
most dominant, and that the most polluted areas are the mouth of Mghogha river
and the harbor protected area. This simulation may be more realistic if we solve
the hydrodynamic model taking into account the changes on the western part of the
Bay after the construction of the new marina. These changes will have an impact on
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Figure 3. Waves currents from West to North-West

IsoValue
3831.16
3844.6
3858.04
3871.48
3884.91
3898.35
3911.79
3925.22
3938.66
3952.1
3965.53
3978.97
3992.41
4005.85
4019.28
4032.72
4046.16
4059.59
4073.03
4086.47

Vec Value
0
0.306908
0.613817
0.920725
1.22763
1.53454
1.84145
2.14836
2.45527
2.76218
3.06908
3.37599
3.6829
3.98981
4.29672
4.60363
4.91053
5.21744
5.52435
5.83126

 [u1,u2] and p 

Figure 4. Concentration hydrocarbons in Tangier Bay
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velocity and currents direction and consequently on the fate of pollutants discharged
into Tangier Bay.
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et les émissaires sous-marins. Application à la pollution de la baie de Tanger-Maroc, PhD
Thesis, Aix Marseille university and AbdelMalek Essaadi university, (2013).
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(Marseille-France), (2013).

[6] C. Hai-zhou, L. Da-ming, L. Xiao, Mathematical modeling of oil spill on the sea and appli-
cation of the modeling in Daya Bay, Journal of Hydrodynamics. 19 3 (2007) 282–291.

[7] F. Hecht, O. Pironneau, J. Morice, A. Le Hyaric, K. Ohtsuka, FeeFem++, Third Edition

Version 3.10-2, (2010).
[8] R. W. Lardner, W. J. Lehr, R. J. Fraga, M. A. Sarhan, A model of residual currents and

pollutant transport in the Arabian Gulf, Appl. Math. Modeling, 12 (1988).
[9] S. Lazaar, S. Abourida, E. Chacón Vera, H. Er-Raioui, Numerical simulation of hydrocarbons

dispersion in Tangier Bay, Advances in Dynamical Systems and Applications, 8 (2013) 75–84.

[10] B. F. Long, Rapport de visite de la plage de Tanger, Rapport interne (Direction du Port et
de Domaine Publique), (1998).
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