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SOLVABILITY IN GEVREY CLASSES OF SOME NONLINEAR
FUNCTIONAL DIFFERENTIAL EQUATIONS

HICHAM ZOUBEIR

ABSTRACT. In this paper we prove, under some growth conditions on the datas,
the solvability in a Gevrey class Gi([—1,1]) of a nonlinear functional differen-
tial equations of the form
y' (@) = a(@)@(y(¥(z)) + b(x)
under the initial condition
y(d) =c

where a, b and ¥ are holomorphic functions on some neighborhood in C of
[-1,1], ® is an entire function and d € [—1,1] and ¢ € R are given numbers.

1. INTRODUCTION

Functional differential equations (FDE) are of great interest because they give a
framework to the study of physical, biological and economical processes where the
rate of change of the state of the systems depends not only on the present time but
on other different times which are functions of the present time.

The systematic theory of FDE began in the twentieth century with A.D.Myshkis,
E.M.Wright, R.Bellman and others. FDE have many applications in the theory
of automatic control, the problems of rocket motion, the problems of economical
planning, the theory of population dynamics, the study of cell cycle, the study of
blood cell dynamics, the study of infectious disease dynamics...etc.

There is an extensive literature ( [1] - [16], |18] - [20], [22]) dealing with FDE re-
flecting the increasingly rapid development of this branch of mathematical analysis.
The lines of research on FDE are also various: solvability of FDE in Holder func-
tions, analytic functions or entire functions, existence of periodic solutions to FDE,
existence of almost-periodic solutions to FDE, boundary value problems for FDE
or sytems of FDE, stability for FDE, theory of functional differential inclusions,
theory of iterative FDE, theory of stochastic FDE, FDE with fractional deriva-
tives, numerical approximation of solutions to FDE, oscillatory properties of FDE,
bifurcation theory of FDE, etc.

Our aim in this paper is to prove, under some growth conditions on the datas,
the solvability in a Gevrey class Gi([—1,1]) of a nonlinear FDE of the form

y'(z) = a()2(y(¢(z)) + b()
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10 H.ZOUBEIR

under the initial condition
y(d) = c

where a, b and 1 are holomorphic functions on some neighborhood in C of [—1, 1],
® is an entire function and d € [—1,1] and ¢ € R are given numbers. The reason
of our interest in Gevrey classes is firstly their extrem usefulness in the study of
problems of mathematical physics, then the few number of published works on the
solvability of FDE in these classes of functions. Our approach relies upon some
classical results of functional analysis and some basic results of differential calculus
in Banach spaces and of complex analysis.

2. A MOTIVATING EXAMPLE

Consider the following nonlinear FDE
1 ; 9
y'(z) = —gt eV (int) 4 100 cosht (2.1)
with the initial condition
y(0) =0 (2.2)
The problem (2.1]) - (2.2]) is equivalent to the following integral equation

t

_ M g 9
y(t) = 3[86 ds + 100 sinh¢

where the unknown function is considered in the set C°([—1,1]) of complex valued
continuous functions on [—1,1]. It is clear that a solution of the problem -
is a function of class C*°on [—1,1].

Let Tp be the nonlinear operator defined on the Banach space C°([—1,1]) of
real valued continuous functions on [—1, 1] endowed with the uniform norm, by the
following formula

t
1 " 9
To(p)(t) := —g/sey (sins) gs 4 ﬁsinht e [=1,1],0 € CO[~1,1])
0

Let be 7 > 0 and A, (0,7 ) the closed ball in C°([—1,1]), of radius r and center
the null function.
Direct computations show that

— — 1
To(Ax(0,7)) C A (0, =" + 9 sinh 1)

6 100
The study of variations of the function r — %er + % sinh 1 —r shows that this

function has exactly two zeros R, and Ry such that
0< Ry <In6 < Ry

Thence we have
TO(ZOO(O, Rl)) C ZOO(O, Rl)

On the other hand direct computations show that for all ¢ € A, (0, Ry), the
function Tp(p) is lipshitzian with Lipshitz constant %eRl + % cosh 1. It follows
that the restriction of Ty to A (0, R1) is uniformly bounded and equicontinuous.
Thence according to the well known Arzela theorem ( [21], pages 440 — 441), the

restriction of the operator Ty to Ao (0, Ry) is compact. Futhermore since A (0, Ry)
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is stable by Tj it follows thanks to the Schauder principle ( [21], pages 223 — 225)
that the operators Ty has a fixed point u € A, (0, Ry). Thence u is a solution of
the problem (2.1)-(2.2)). The function u is then of class C*on [—1,1].
The natural question which arise is if we can prove that the function u is real-
analytic on [—1, 1].To answer this question we can adopt the following approach.
(i) Consider the sequence of functions (fy,)nen+ defined on [—1, 1] by the following
relations

h = @
fnJrl = TO(fn)an e N*

where @ is a polynomial.

(ii) Choose @ sufficiently close to u for the uniform norm to ensure that the
following properties hold:

(ii.1) the uniform convergence of the sequence of functions (fy,)ney on [—1,1] to
the function u

(ii.2) the existence of a neighborhood U of [—1, 1] such that the function f,, has
for every n € N an analytic continuation F;, on the neighborhood U

(ii.3) the uniform convergence of the sequence of functions (F),),ecy on every
compact subset of U to a function F' which is therefore analytic on U.

As a conclusion to this approach we would have u = F |[, 1,1] and the function u
would be real-analytic on [—1,1].

Unfortunately for the achievement of this approach we need that sin(U) C U
but this inclusion is never true since

lim |sin<">(it)| = 400, t € R*
n—-+o0o

where sin<"” denotes the iterate of order n of the function sin for the composition
of mappings.

Thence this approach is not relevant to our situation.

The function sin do not stabilize any neighborhood of [—1,1] but it has the
following property (for the proof, see section 5)

sin([—1,1] C [-1,1]a, pe N*, A€]0,1]

a)
where we set for every s > 0
[-1,1]s = {z +re? 2 € [-1,1], r €[0,s], 0 € [0,2n]}

This property of the function sin allows a correction of the previous approach
which leads to a regularity result for the function wu.

Indeed if the polynomial @) is sufficiently close to the function v for the uniform
norm we can show the following properties:

(’) the sequence of functions (fy,)nen~ is uniformly convergent on [—1, 1] to the
function u

(ii’") there exists s > 0 such that every function f,, has an extension to a function
F, analytic on [~1,1]= and the function g, : z — F,11(2) — Fy,(2) satisfies an
estimate of the form

sip  19a(2)] < oo™ m € N
26[71’1]ﬁ1

where Cy > 0 and o €]0, 1] are real constants independent of the integer n.
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Then in view of the Cauchy’s inequalities we have for every n € N* and p € N

2n+1 "
||g’£Lp)||OO,[71,1] < Co(u)pa p!
C 2 X n
< (E)sup(@yol Vo P
g S >0
Direct computations show that
" 9
sup(zP/o") < ( —)PpP
x>0 eln(>)

It follows that C 4
(p) < 0=
1937 loo 1,11 < ﬁ(es In(1)

Thence the function we have
Co/o 4

— (p) <
||(U Q|[—1,1]) ||Oo’[71’1]_1*\/5(681n(%)

Then the function u—Q|;_1,1) belongs to the Gevrey class G ([—1,1]) (cf.definition
below). It follows that u belongs also to the Gevrey class G1([—1,1]).

In this paper we will study functional differential equations which are the gener-
alisation of this example. We will follow in the proof of the general case the same
strategy as in this example.

PV p?

)’p*?, p €N

3. NOTATIONS, DEFINITIONS AND MAIN RESULT

Let S be a nonempty subset of C and f : S — C a bounded function. | f||c,s
denotes the quantity

[flloc,s := sup|f(u)]
ueS
For every z € C, we denote by o(z,S) the quantity
,S) = inf|z —
o(2,8) := inf |z — (|

Let be a,b € R, we set

aVb : =max(a,b), a Ab:=min(a,bd)
sgn(0) : =0, sgn(a) := |%| ifa#0

Let be p and g two integers, we denote by p,q the set
pqg={jeZ:p<j<q}

For every function g whose domain of definition contains [—1,1] and whose re-
striction to [—1, 1] is continuous on [—1, 1], we set

gl == / lg(t)]dt
1

For z € C and h > 0, B(z,h) is the open ball in C with center z and radius h.
For 21, 2 € C, we denote by 21, 2o the linear path joining z; to zs.
R

For r, k, A €]0,+00[ , and n € N*, we set for every nonempty interval I of R
I :=I+B(0,r), Inan:=1+DB(0,AnF)



SOLVABILITY OF SOME NONLINEAR FUNCTIONAL DIFFERENTIAL EQUATIONS 13

C°([-1,1])(resp.C>°([—1,1])) denotes the set of real-valued continuous functions
on [—1,1] (resp.the set of real-valued functions of class C* on [—1,1]).

For r > 0 and f € C°([—1,1]) we denote by A, (f,7 ) the closed ball in the
Banach space (C°([—1,1]),[|.]|so,(—1,1]) of center f and of radius 7.

We denote by L(C°([—1,1]) the vector space of continuous linear mappings from
the Banach space C°([—1,1] to itself. L(C°([-1,1]) is a Banach space when en-
dowed by the norm |||.||| defined by

10 11 o supl G e
f#0 ||f ||oo,[—1,1]

Let E be a nonempty subset of C. By O(E ) we denote the set of holomorphic
functions on some neighborhood of E.

Along this paper k > 0 is a given real number. The Gevrey class Gi([—1,1] ) is
the set of all functions f of class C*on [—1, 1] such that there exists a constant
B > 0 such that

Hf (n)||oo,[_171] < Bn+1nn(1+%)’n cN
with the convention that 0 = 1.

A holomorphic function ¢ on a neighborhood [—1, 1], of [—1,1] is said to verify
the E(k) property if the following conditions hold

(Z) (p([_la 1] ) - [_la 1]

(i1) there exists a constant 7, €]0,7] depending only on ¢ such that for all A in
10, 7,] there exists an integer N(A) > 1 depending only on A such that for every
positive integer p > N(A), we have

o([=1, Uk, ap+1) C [=1,1]kap
The real number 7, will be called a k—threshold of .

Remark 1. Let be ¢ a holomorphic function on a neighborhood of [—1,1] such that
Y verifies the E(k) property. Thence we have

c[-1,1] , p € N*

k, A(2N(A)) " F p
It follows that for every A €]0,7,[ there exists B €]0, A[ such that

(p([—l, 1]k,B,p+1) - [_1’ ”/C,B,:D , pENT

(-1, 1]k,A(zz\z(A))*% ,p+1)

Our main result is the following.

Theorem 1. Let ® be an entire function such that ® is bounded on some interval
of the form | —oo,n] (n € R) and

|®(2)| < aefl*l z e C

where a > 0 and B > 0 are two constants.Let a, b, ¥ be holomorphic functions on
some neighborhood [—1,1], of [—1,1] such that the function i verifies the E(k)
property, the function a is not identically vanishing on [—1,1] and the functions a
and b are real-valued on [—1,1]. Let be c € R and d € [-1, 1]. We assume that

d(R) C RT (3.1)
sgn (t—d)a (t)eR™ ,te[-1,1] (3.2)
1

Tally (3.3)

!/
D oo, e— 118111 = lal 1111911 oo —o0.e 4 11p1151,c+1bl11] <
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ln(;)
16l]1 + |¢] < —22lelh?

alloo,(~ 1,111l oo, fe— 118111 —llal 1111211 oo —oe.e +11601,,cH1Bl11] T [Plloo,(~1,17 <1 (3.5)
Then the FDE
y'(z) = a(@)@(y(y(z)) + b(z) (3.6)
under the initial condition
y(d) = (3.7)

has a solution uq,. which belongs to the Gevrey class G ([—1,1]).

4. PROOF OF THE MAIN RESULT

We subdivide the proof of the main result in three steps.

4.1. The localisation of the solutions of the equation (3) r = ala|e "
+[o [, +e-
The study of the variations of the function

H:t— aHaHleBt +blli+e|—t

In (Spfary)
B

shows that H is strictly decreasing on | — oo, ] and strictly increasing on

In (5iay)
[——=Pleli”

agHaHl ,+OO[

n 1
On the other hand it follows from the condition (3.4) that % > 0 and

In (—L1—
H( (QZHGHI))<O.

We have H(0) > 0, thence the equation (J) has exactly two solutions rg < 71
which satisfy the inequalities

In (1ar)
B

0<rg< <7r

4.2. Proof of the existence in C*°([—1,1]) of a solution u4 . of the problem

@.6)-@.7-

Consider the operator T defined in C°([—1,1]) by the formula

x

T (1)@= [

d

alt YB(f (P(t )))dt+/dmb (t)dt+c, xe[-1,1]

We have for all f € A (0,70),T (f ) € C°[—1,1]) and

ITG o1y < Nallll®o f 0l s+ 10l + e |
allallze P19 It 4 bl + e |

<
< alallie 0+ [Iblly + | | = ro

So the closed ball A, (0,7g) is stable by the operator T
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On the other hand, we have for all u € A, (0,70) and zy, z2 € [~1,1]

T )en) =T @) | < 1 [ ate )@t e+ [
< (e [loo, =1yl @ouo || —1,1) + [|b [|oo,(—1,1) |71 — 22|
< (e oo, =111l @lloo,u=1,1)) + 110 |loo,—1,1) |71 — 22|
< (la oo, =111 @lloo,u=1,17) + 116 [loo,j=1,17) 71 — 2]
< (lla oo, i=1,1111 @lloo,=ro,ro)) + 110 oo, —1,1) 21 — 22|

Thence T' (Ao (0,70)) is uniformly bounded and equicontinuous. Then it follows
according to the Arzela theorem that the restriction of the nonlinear operator T to
the closed ball A, (0,7¢) is compact. Since Ay (0,7¢) is stable by the operator 7" it
follows thanks to the Schauder principle that T has a fixed point ug,. € A (0,70).
Thence ug,c is a solution in C>([—1,1]) of the problem (3.6)-(3.7).

4.3. Proof that u,. belongs to the Gevrey class G,([—1,1]).

Proposition 1. Under the conditions , (@), and there exists

€ > 0 such that
ua,c([=1,1]) Cle = [|bll1 — lal|1]|®loo,)—co.c +ijpl1,) — &> ¢+ [Ibl]1 + €] (4.1)

lalloo,(—1,1 1Rl loo,Je— 1181~ lal l111®] 1o —ore 1 1161111—escH I+l T [Blloo,(—1,1) < 1 (4.2)

a2 112 oo,e— 11511 ~llal I 1911 —sore +116111—cHBll+e] < 1 (4.3)
Proof
By virtue of (3.1) and (3.2) we have for all z € [—1,1]
wiee) = e+ [aBusvO)de+ [s0d
d d
dvzx
= c+/sgn(t—d)() (g, (¥ dt—l—/b
dAx
dvz T
= o [+ [y
dAx d
< e+l

We have also
Ug,e(z) = ¢ —|[bll1 — [lall1[[®oo,)—co,c+[b]]1]
Thence we have
ua,e([—1,1]) C [e = [|bl[x = [lal[1]|@|lco,)~c0,e +1pl1]+ € + [[b]]1]

By the continuity of @’ it follows from (3.3 and (3.5) that there exists ¢ > 0
such that

116111 = alls [1®]] oo —ooe 41511, —&sc+ bl +el T [blloo, =11 < 1

[lalloo, (-

al 1112l oo Je—11b111 —llall1[|®lloe )—soc +1p11,)—cHlblli+el < 1



16 H.ZOUBEIR

Furthermore the following inclusion holds
uq,c([=1,1]) Cle = [[blly = [lal[1][|®]co)—o0,c +Ip1] — & ¢+ [[bl]1 + &

]

Direct computations show that the nonlinear operator T is of class C! on the
Banach space (C°([—1,1]),|||cc,;=1,1)) and that its differential at the point ug, is
the continuous linear mapping d7'(uq,.) € L(C°([—1,1])) defined by

dT (ugo)(h) (@) = / T () B (a0t )h (), 7 € [~1,1], he CO(-1,1]

Furthermore it follows from and the fact that ¢ verifies the E(k) property
that the norm of dT" (ug4,.) satisfies the inequality
AT (ua,e)lll lla [[1]] " 0 uac loo,[~1,1]
la (1111 @[ oo ua,e (1-1,17)

lla 2]l @foe,s <1

IN NN

where
J:=le = bll1 = [lall1[|®[loc,)—c0,e +1j5]1:] — &> ¢+ |[bl|1 + €]

Thence there exists ro €]0, u[ such that the operator 7' is lipshitzian on A (ug,¢, 72)
with Lipshitz constant
1 @’
+ ||a||12|\ oot o 0,1]

It follows that wug. is the unique solution of the problem (3.6) - which

belongs to Ao (Ud,c, T2)-
On the other hand, since the function A defined on [0, ] by

dvz
A0) = S[UII)I](/|a(t)|dt)|(I)/HOO,J)]\/(”a”w,[—l,l]|q)||OO,J+|b|00,[—1,1])
xe|—1,
Az

and for s belonging to ]0, u[, by
A(s) :==[ sup (/Ia(C)IIdCI)Il‘I”Hoo,JS)] V (llalloo,~1,11.
d,z

B|oo, 7, + [[blloo,(-1,11.)
z€[—1,1]s
is continuous on [0, [ and verifies by virtue of and the inequality
A0) <1
it follows that there exists r3 €]0, 72 A 7] such that
A([0,73]) CJO, 1]
where 7 is a k-threshold of ).
Furthermore thanks to the remark 1 there exists s; €]0,r3[ such that
¢([—1, 1]k,31,n+1)) - [_17 1}16”81,71 ;L E N~ (4'4)

On the other hand according to the well known Weierstrass theorem (cf. [17],
pages 87, 255 — 257,266) and in view of there exists a polynomial () with real
coefficients such that

Q=11

€ Ax(Ude, 51)
Q(-11]) < J
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Consider then the sequence (F),),>10f functions F,, : [-1,1]x s, » — C defined
by the following relations
Fi = @
Fun() = et [ aQUE@QONC+ [6OdCz € (1 Uk minn € N
d,z d,z

Then direct computations, based on show that the function F), is for every
n € N* holomorphic on [—1, 1]k s, n-

Proposition 2. We have for every n € N*
Eo(l=11]k 25,0) C Jhsiin
where
A= ||Q/||<>o,[—1,1]k,51,1 +1

Proof

We denote the last inclusion by A(n).

We denote for every z € C by Z the closest point of [—1,1] to z. Thence if
€ [-1,1]4 14,1 we will have

o(F1(2),J) < 1Q(z) — Q(2)|
< ||Q/||00,[—1,1]k,51,1 Q(Zv [_17 1])
< s

It follows that A(1) is true.
Assume for a certain n € N* that A(p) is true for every p € 1I,n .
Let be z € [-1,1];, 14, n41- We have then

o(Fn1(2),J) < |Fpga(z) — Fopa (2 )‘
< | / )¢ + /b )|
< llalloiony o, ¥l + Bl . e -1 1)
1 1
< A(sl)xsl(n—I—l)_E

< A(s)si(n+1)F
It follows from ?7 that
A(s) <1
Thence
o(Fus1(2),J) < s1(n+1) %

It follows that the assertion A(n 4+ 1) is true.
Consequently A(n) is true for all n € N*.[J
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We have for all n € N*\{1} and z € [-1, 1]k,§s1,wz+1

[Fri1(2) = Fu(2)] (Fn((€)) = @(Fu1(¥(C))lldC]

A\
—
=
o
=

d,z
< [ O, g, Fa00) = FaaW(OD ]

IN
—
2

(O1-ldSDI12" e, 4 I = Faallos -1, 4

Lspnt1 Lsim
d,z
a2

< AG)INEF = Factlloo-1,1), 4

k,tsy,m

It follows that
SAG)IEFR = Failloo,=1,1]

— k,%sl,n

||Fn+1 - Fn”oo,[—lvl]k,i

Lsynt1

Thence we have for all n € N*

n||F2 *Fluoo,[—l,l]k’%”)z
1Ent1 = Fallos 1,0, 1, < (A (51) A s

Let us set for all n € N*

g  =Q

gn  =F, 1 —F,,neN"

||F2 - F1||oo,[—1,1]k1%5112
= A (1) +1@loo,[-1,11,
d : =A(s1)

Thence the following relations hold for every n € N

gn € O ([_lv l]k,sl,n +1)
gnll < C&mneN

Tk, xs1ntl

Since ¢ € [0, 1[ it follows that the function series ) g,|(—1,1] is uniformly con-
vergent on [—1,1] to a function h € A (ug.,s1). But then direct computations
show that h is a solution to the problem — which belongs to Ay (Ud,c,T2)
it follows that h = ug,c.

Thence the function series ) g,,j—1,1] is uniformly convergent on [—1,1] to the
function uq,.. Furthermore in view of the Cauchy’s inequalities we have for every
p € Nand n € N*

—1

sSin k
2

(p)

g1 1=1.11 oo~ 1,1) < CPX( ) Pe"

It follows that
2 T p 3
P-4 llsc, (-1, £ C (g)”sir())(\/g ORVEN (4.5)

Direct computations show that

sup (V8 zk) < (———)7pf  peN

z 20 eln(})
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Thence the estimate becomes
2

1981l 1.y < O(——— (VB3P0 (4.6
s14/eln(s)
The estimates show that
cVo 2

| (ua,c — Q|[—1,1])(p)”oo,[—1,1] < )pPP(H%)a peN (4.7)

1 - \/3(81 eln(%)

From (4.7) it follows that w4 . belongs to the Gevrey class Gi([—1, 1]).
The proof of the main result is then complete. [

5. EXAMPLES

Proposition 1. The function sin verifies the E(1) property.

Proof
Let A €]0,1], p € N*and z € [—-1,1]1 p+1,4.Let Z be the closest point of [—1,1]

to z. We have the following inequalities

o(sinz,[-1,1]) < |[sinz —sinZ]

®4in@ (3
[sin Gy
S B
Jj=1

+oo
S 29(27 [_17 1])]
j=1
A
<
- p+1-A4
A
< =
p

It follows that
sin([—l, 1]1,p+1,A) C [—1, 1]17137,4 ,DE N*

Since the function sin is entire and stabilizes the interval [—1,1] it follows that

sin verifies the E(1) property. O

Example 1.
Let be a > 0,8 > 0,7y € R, N € N. We assume that
Oéﬁ€2[3|'y|sinhl < N+1 (51)
e
ae?
Nl + |y|cosh1 < 1 (5.2)
Consider the FDE
Y (t) = —at?NH1ePYBInt 4o cosht (5.3)
with the initial condition
y(0) =0 (5.4)
Consider then the functions
D2 — aeﬁz,al iz — =2V ~ cosh z
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The function @4 is an entire function bounded on | — 00, 0] and we have

B1(2)] < ac®Flzec

®(R) c R
sgn (t—0).a; (t) = sgn (—t*NTH e Rt € [-1,1]
Furthermore the conditions (5.1)) and (5.2)) entail that
; 1
sinh
194 oo, 10116111 —1lal 1 19l1oc e o i1y O+Ea[1] = @BePISD < llax |1

In( =)
o]l + 0] = 2|7|sinh1<%
B
l[a1]]oo,(1,1]1|P1lloc ] = 00,04 1f]1s + |[P1lloo,j=1,1] = @e¥FT +|y[coshl <1

Thence according to the last proposition and to the main result of the paper, the
problem (j5.3))-(5.4) has a solution which belongs to the Gevrey class G1([—1, 1]).

Example 2.
Let be a > 0,v > 0, N € N. We assume that
1
N+1
5.6
v < = (5.6)
Consider the FDE
Y (t) = —at* ™ F1(1 4 cos[vy(sint))]) (5.7)
with the initial condition
y(0)=0 (5.8)
Consider then the functions
By 2 — afl+cos(vz)),an: 2 — 22N by 2 =0

The function @, is an entire function bounded on R. We have also

|@y(2)] < 2ae’FlzeC

T,(R) = [0,20] C RF
sgn (t—0).as (t) = sgn (—t*NTH) e Rt € [-1,1]
Furthermore the conditions (5.5) and (|5.6) entail that
1
!

e L L I e A TP

ln( aVela )
[eally + o < 2ok
az]loo,(—1,1[1®2l]oo ) —c0,04 11121l T+ [[b2]loc,~1,1] = 22 <1

Thence according to the last proposition and to the main result of the paper, the
problem ([5.7))-(5.8) has a solution which belongs to the Gevrey class G1([—1, 1]).
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