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DOUBLE DIFFERENCE SEQUENCE SPACES m2(F, ¢, u,p,A)

SEEMA JAMWAL, KULDIP RAJ

ABSTRACT. In this paper we construct some double difference sequence spaces
by means of sequence of modulus functions. We make an effort to examine the
topological and algebraic properties of this sequence space.

1. INTRODUCTION

The initial work on double sequences was found in Bromwich [3]. Hardy [14] in-
troduced the notion of regular convergence for double sequences. Quite recently,
Zeltser [28] in her Ph.D thesis has essentially studied both the theory of topolog-
ical double sequence spaces and the theory of summability of double sequences.
Mursaleen and Edely [19] have recently introduced the statistical convergence and
Cauchy convergence for double sequences. By the convergence of a double sequence
we mean the convergence in the Pringsheim sense, i.e. a double sequence z = (; ;)
has Pringsheim limit L (denoted by P — lima = L) provided that given ¢ > 0
there exists n € N such that |z; ; — L| < € whenever ¢,j > n, (see [20]). We shall
write more briefly as P-convergent. The double sequence = = (z; ;) is bounded if
there exists a positive number M such that |z; ;| < M for all ¢ and j. The double
sequence spaces in the various forms were introduced and studied by Khan and
Tabassum in ([16], [17]).

By w? we denote the set of double complex sequences. A double series is infinity
sum Zfzzl z;; and its convergence implies the convergence by |.| of partial sums

sequence {Spm}, where S, ,, = Y0, >0 x5 (see[d]). For 1 < p < oo, 1
denote the space of sequences @ = (2; ;) such that 337, |2; ;|7 < oo (see [5]). The

space of all bounded double sequences is denoted by 182 (see [18]). Let x = {=; ;}
be a double sequence. A set S(x) is defined by

S(x) = {{xm(i)m(i)} : mp and 7 are permutations of N}.

A double sequence space E is said to be normal if (y; ;) € E whenever |y; ;| < |z; ;
for all 4, j € N and (x; ;) € E. A double sequence space E is said to be symmetric if
s = (s;,;) € E and ||s|| = ||z|| whenever x = (z; ;) € F and s € S(z). A BK —space
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is a Banach sequence space E in which the coordinate maps are continuous.
A modulus function is a function f : [0,00) — [0, 00) such that

(1) f(xz) =0if and only if z =0,

(2) flz+y) < flx)+ f(y), forall z,y >0,

(3) f is increasing,

(4) f is continuous from the right at 0.
It follows that f must be continuous everywhere on [0,00). The modulus func-
tion may be bounded or unbounded. For example, if we take f(z) = ﬁ_l, then
f(z) is bounded. If f(x) = 2P,0 < p < 1 then the modulus function f(z) is
unbounded. Subsequently, modulus function has been discussed in ([1],[21]) and
references therein.
The notion of difference sequence spaces was introduced by Kizmaz [15], who de-
fined the sequence spaces

Z(A)={zx=(z) ew: (Azy) € Z} for Z =c,cpand I«

where Az = (Azy) = (zx — 24+1). The notion was further generalized by Et and
Colak [9] by introducing the spaces. Let r be a non-negative integer, then

Z(A" ) ={x=(zp) cw: (A"zy) € Z} for Z =c,co and I

where A"z = (A"x,) = (A" o, — A" lap ) and A%z = xy, for all k € N. The
generalized difference sequence has the following binomial representation

I
Az =Y (=)™ ( 7; )ka.
m=0

Later the concept have been studied by Bektag et al. [2] and Et et al. [10]. Another
type of generalization of the difference sequence spaces is due to Tripathy and Esi
[26] who studied the spaces I (Ay), ¢(A,) and co(A,). Recently, Esi et al. [11] and
Tripathy et al. [25] have introduced a new type of generalized difference operators
and unified those as follows:

Let r, v be non-negative integers, then for Z a given sequence space, we have

Z(AY) ={z = (zr) e w: (ALay) € Z}

for Z = ¢, co and lo where ATz = (ATxzy) = (AT 1o — AT ey, ) and Az, = xy,
for all k£ € N. For more details about sequence spaces one can refer to ([6], [7], [12],
13)).

Let ¢, denote the class of subsets 0 = o1 x 02 in N x N such that the elements of
o1 and oy are most s and t, respectively. Besides {¢; ;} is taken as a nondecreasing
double sequences of the positive real numbers such that

igiv1,j < (i +1)¢i, Jig+1 < (G +1Dgiy  (seel8]).
The BK —space m(¢), introduced by Sargent [23] in the form

1
m(¢) =z ={x;} €w: ||z|4) = sup —Z |z;| < o0 p.
s>1,0€p; ¢s ico
Sargent studied some properties of this space and examined relationship between
this space and l,,— space.
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The space m(¢) was extended to m(¢,p) by Tripathy and Sen [27] as follows:

1 :
m(as,p){x{xi}ew:nxnm,p) sup -3 (|l <oo}.

>1l,0€ps ¢s ico

Further, Raj et al. [22] introduced and studied the following sequence space
m(F, é,p)

m(F,¢,p) = 4z ={z:i} € w: [|2|lm(F,6p

oy L
1 |£L'Z‘ P
= sup — E fi < o0, forsome p>0;,
s21,0€ps ¢s (iea [ ( P >1 )

Recently, Sagir et al. [24] introduce double sequence spaces m?(F, ¢, p) as follows:

1
m?(F,¢,p) =z ={z;;} €w?: sup sup
(s,t)>(1,1) o1 X02EPst (bst

)]p}; < 00, for some p>0},

Let F = (fi;) be a double sequence of modulus functions, p = (p; ;) be a double
bounded sequence of positive real numbers, u = (u; ;) be a double sequence of
strictly positive real numbers. In the present paper we defined the following double
sequence space:

1
mQ(fv¢7u7pa A) - {1‘ - {3327_7} S w2 . sup sup

{23 [ful

|73
i€01 JEOT2 P

(s,t)>(1,1) o1 X02€Pst ¢st

i A N Pi,j %

{Z Z [fi,j (M)} } " < oo, forsome p > 0},
i1€01 jEO2 p

If we take u = (u; ;) =1, (p;;) =p forall 4,5 € N and A = I, we get the double

sequence space defined by Sagir et al. [24]

The following inequality will be used throughout the paper.

Let p = (pi,j) be a sequence of positive real numbers with 0 < p; ; < supp; ; = H,
i,J
and let K = max {1,277}, Then, for the factorable sequences (a; ;) and (b; ;) in

the complex plane, we have

|ai ;4 bi [P0 < K(Jai [P+ [bi[797). (1.1)
The main aim of this paper is to study new difference double sequence spaces
m?2(F, ¢,u,p, A) by means of sequence of modulus functions. We shall study

some topological, algebraic properties and inclusion relations of the sequence spaces
mz(‘F’ ¢’ u7p’ A)'

2. Main Results

Theorem 2.1. The sequence space m?(F,¢,u,p,A) is a linear space over the
complez field C.

Proof. The proof is easy so we omit it. O
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Theorem 2.2. The sequence space m?(F, ¢, u,p, A) is complete.

Proof. Let {(™} be a double Cauchy sequence in m?(F, ¢, u, p, A) such that (") =

{xz(? 75=1 for all n € N. Then

sup sup {Z Z {f”<uz,g|Ax ))]pi,j}pij <o

(5,t)>(1,1) 01 X02€Ps¢ Gst i€oy jeos

for some p > 0 and for all n € N. For each € > 0, there exists a positive integer ng
such that

2 — 20 || 2 s wpay <€ forall nym > ng.
This implies that
(m)

{Z Z{ (“wm : — T )|)]’”"'}ﬁj<e (2.1)

1€01 JET2

sup sup
(s,t)>(1,1) o1 X02€Ps¢ ¢st

for some p > 0 and for all n,m > ng. Hence
|x£2) (m)| < €¢y,1, forall n,m >ng

and for each fixed (i,7) € N x N. Hence {z(™} is a Cauchy sequence in C. Then,

there exists z; ; € C such that x?;)

From (2.1), for each fixed (s,t)

— x;; as n — oo and let us define z = (5 ;).

2™

& ¥ Pii o
{Z Z [fi,j(uz,ﬂA(%',p Ly j )|>] ’ }< epi,jqﬁgz,]

i€01 JEOT2

for some p > 0, for all n,m > ng and 01 X 09 € @s;. Taking m — oo, we get

(53 (SR <o

1€01 JEOT2 p

for some p > 0, for all n,m > ng and o1 X 03 € <pst Thus we obtain

{Z 3 [fu(u”m ; xi’j)‘)ri’j}ﬁ <e (22)

€01 JET2

sup sup
(s,)>(1,1) 01X 02 €051 Pst

for some p > 0, for all n,m > ng. This implies that (™ —z € m?2(F, ¢, u, p, A), for
all m,n > ng. Hence o = x("0) 4+ 2 — 2("0) € m?(F, ¢, u,p, A). By equation (2.2)

&%) ~ (7 gy < for all n > mo.

This means that 2™ — z as n — co. Thus the sequence space m? (F, p,u,p,A) is
complete. 0O

Theorem 2.3. The sequence space m?(F, ¢, u,p, A) is BK—space.

Proof. Suppose {z(™} € m?(F, ¢,u,p, A) with Hx(")—xﬂmg(;’qﬁ,u’p’m — 0, asn —
oo. For each € > 0 there exists ng € N such that ||z(") — |2 (F,¢,u,p,8) < € for all
n > ng. Thus

(x(”) 1

um i,j_xi,j)| PiiY pig
(XY [ (TR <

i€01 jEOT2

sup sup
(s,t)>(1,1) 01 X02€Pst ¢at
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for some p > 0, for all n > ngy. Hence we obtain |x§7;) — ;5| < €11 for all n > ng

and for all (,5) € N x N. This implies |x§7;) —; ;| = 0, asn — oco. This completes
the proof. O

Corollary 2.4. The sequence space m*(F, ¢,u,p, A) is symmetric space.

Proof. Let z = {z; ;} € m*(F,¢,u,p,A) and let y = {y; ;} € S(z). Then we can
write y; j = T, m;. Thus we obtain ||:1:||m2(;,¢7u7p7A) = Hy||mz(}-7¢7u7p7A). O

Corollary 2.5. The sequence space m*(F, ¢,u,p, A) is normal space.

Proof. 1t is obvious. O

Theorem 2.6. m?(F,¢,p) C m?(F,¢,u,p,A).

Proof. Suppose that x € m?(F, ¢,p). Then we have

Jellmzr g = sup  sup {ZZ[fm(|,f|>] .

(s,t)>(1,1) o1 X02€Pst (bst ico1 jeas

= G< oo

i Pi,j %
Thus for each fixed (s,t) and for o1 X 03 € Vs, { Z Z [f” (l"ng|>] } YL

i€01 JEOT2
Gog for some p > 0. Hence

w o {S Y [fj(“"f”)}p} <c

(s:0)2(1,1) o1 x 02600 Pst L S

for some p > 0. This implies that * € m?(F,$,u,p,A). Thus m?(F,¢,p) C
m2(f)¢>u7p7A)' D

Theorem 2.7. m?(F, ¢, u,p, A) C m?(F,¢,u,p,A) if and only if ~ sup <¢’st> <
(5,)>(1,1) st
00.

Proof. Let D =  sup <¢St> < 00. Then ¢gp < Db, for all (s,t) > (1,1). If
(s,)>(1,1) \Pst

x € m%(F, ¢, u,p, A). Then

op LSS [ (MalBraly ey o

(s,)>(1,1) o1 X02E€ 05 Pst i€o1 jCo p

for some p > 0. Thus,

1 ’U,i,j|ALEZ‘,j| Pi,j ﬁ
sup sup { Z Z [fi,j(ip )] } < 00

(5,t)>(1,1) o1 X02€Qst Dipst iCo1 jCos

for some p > 0. This shows that m?(F, ¢, u,p, A) C m?(F, v, u,p,A).
Conversely, Let m2(F, ¢, u,p, A) C m2(F,¢,u,p,A). We define n,;, = 2. Let

wst
sup  7s; = 0o. Then there exists a subsequence {ns,s, } of {ns;} such that 0y, —
(s,)=(1,1)
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ooasl—>oo.For:n€m(}'¢,up, A) we have

sup sup {Z Z [fZ’J<u2,J|Am”|>}p7,}

(s,t)>(1,1) 01 X02€Pst q/}st i€oy jeos

2w e BSOS [ ()]

(5,6)>(1,1) 01 X02€Ps¢ Gst i€o1 jeas

= &

for some p > 0. This is a contradiction as x ¢ m?(F,,u,p, A) and this completes
the proof. ([

Theorem 2.8. 11(72) C m?(F,¢,u,p,A) C lég).
Proof. Clearly, l1(,2) = m?*(F,¥,u,p,A), where ¢yy = 1 for s,t = 1,2,.... when
fij(@) =z, u= (u;;) =1foralli,j € Ny A=1and sup (wSt

(s,0)>(1,1) \Pst

nondecreasing (¢st). Then by Theorem (2.7), first inclusion is obtained. Suppose
x € m?(F, ¢,u,p, A) with A =1 and u = (u;;) = 1 for all 4, € N. Then we have

LSS [ — e

1€01 JEOT2

><ooby

sup sup
(s,t)>(1,1) o1 X02€Pst (bst

for some p > 0. Hence we obtain

|zij| < L1
for all 7,5 € N. Thus = € lé? and proof is completed. O
i
Theorem 2.9. Let F = (f; ;) be a sequence of modulus functions and o = thm / jt( ) >
Ede el

0. Then m?(F, ¢,u,p, A) C m?(¢,u,p, A).

Proof. Let o > 0. By definition of «, we have f; ;(t) > «.t, for all ¢ > 0. Since
a > 0, we have t < éfiyj(t) for all t > 0. Let = (z;;) € m*(F, $,u,p,A) Thus
we have

(ZE[(50)7 < H{E ()

i€01 JEOT2 i€01 JEOT2
< 00.

Which implies that z = (z; ;) € m*(¢,u,p,A). This completes the proof. O
Theorem 2.10. Let F = (fi ;) and F = (f;j) be two sequences of modulus
functions. Then
m*(F,¢,u,p,8) Nm*(F ¢, u,p, A) S m*(F + F,¢,u,p, A).
Proof. Let x = (z; ;) € m*(F, ¢,u,p, A) N mz(}'/, o, u,p, A). Then
{ Z Z [fz‘,j(wﬂp J}p 7 < oo, for some p; >0
i€0o1 JEOT2 P1

and
1

(23 |5 ) <o o o

1€01 JEO2
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Let p = max(p1, p2). Using (1.1), the result follows from the inequality

{Z ) [(fi,j +fj)(w>]p}*

i€0o1 JEOT2 P

< K{ 0 X [ (MeslBenaly ey

i€01 jEO2 1

—|—K{ Z Z [f;j(WHPH}mlJ

i€01 JEOT2
< Q.

Therefore, x € m?(F + F L é,u,p, A). This completes the proof. O
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