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COUNTEREXAMPLES IN ROTUND AND LOCALLY

UNIFORMLY ROTUND NORM

F. HEYDARI, D. BEHMARDI 1

Abstract. In this paper we investigate some properties of Banach spaces with

rotund and locally uniformly rotund norm and introduce some space with no

rotund norm. In particular we will show that there exists a compact space
K such that K(ω1+1) = ∅ but C(K) does not admit an equivalent rotund

norm. We introduce a subspace of `c∞(Γ) which does not contain `c∞(Γ′) for
any Γ′ ⊆ Γ. Also we investigate some relation between rotundity of X,X∗ and

X∗∗.

1. Introduction

Let (X, ‖ · ‖) be a Banach space. Recall the set SX = {x ∈ X : ‖x‖ = 1} and
BX = {x ∈ X : ‖x‖ ≤ 1} as unit sphere and closed unit ball of X, respectively.
Define ϕ : X → X∗∗ by

ϕ(x)(f) = f(x) x ∈ X, f ∈ X∗.
ϕ is an isometry linear map and ϕ(BX) is w∗-dense in BX∗∗ [2]. For x ∈ X we

denote ϕ(x) by x̂ and ϕ(X) by X̂.
The norm ‖·‖ on X is rotund (R) if ‖x‖ = ‖y‖ = ‖x+y

2 ‖ implies x = y. The norm on
X is locally uniformly rotund (LUR) if for {xn}n∈N ⊆ SX , x ∈ SX , ‖xn + x‖ → 2
implies ‖xn − x‖ → 0. Equivalently, if 2‖xn‖2 + 2‖x‖2 − ‖xn + x‖2 → 0, then
‖xn − x‖ → 0, where x ∈ X, {xn}n∈N ⊆ X. In definition of LUR norm, we can use
net instead of sequence.
We know that separable Banach space admits an equivalent LUR norm but non-
separable Banach spaces may not admit an equivalent R norm. Let Γ be an un-
countable set. It is shown in [1] that `c∞(Γ) does not admit an equivalent R norm
where `c∞(Γ) is the space of all bounded real-valued functions with countable sup-
port defined on Γ. Also, for each uncountable subset Γ′ of Γ, the space `c∞(Γ′) is
subspace of `c∞(Γ) that does not admit an equivalent R norm.
In next section we introduce an uncountable set Γ and a subspace X of `c∞(Γ) such
that X does not admit an equivalent R norm and does not contain `c∞(Γ′) for any
uncountable subset Γ′ of Γ.
It is obvious, if X and Y are two Banach spaces and | · |1, | · |2 are equivalent R
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norm on X and Y respectively, then the norm ‖ · ‖ on X × Y is an equivalent R
norm where ‖(x, y)‖2 = |x|21 + |x|22.
Let X and Y be two Banach spaces and T : X → Y be a bounded linear injective
map. If | · |1 is a norm on X and | · |2 is a norm on Y , then norm ‖ · ‖ on X defined
by ‖x‖2 = |x|21 + |Tx|22, is an equivalent norm on X. If | · |2 is R, then ‖ · ‖ is R.
Also if T is an isometry and | · |2 is LUR then ‖ · ‖ is LUR.
There are many relations between rotund renorming in X and X∗, X∗∗. It is proved
in [7] that if norm on X is LUR, then second dual norm on X∗∗ is LUR on members

of X̂ in X∗∗, that is, if x ∈ SX and {x∗∗n } ⊆ SX∗∗ , then ‖x̂ + x∗∗n ‖∗∗ → 2 implies
‖x̂− x∗∗n ‖∗∗ → 0, but this is not true for R norm. Let X be a non-reflexive Banach
space such that X∗ is separable. We will show in next section that X admits an
equivalent norm | · | such that the norm | · |∗∗ on X∗∗ is R but the norm | · |∗∗∗∗ on

X∗∗∗∗ is not R on Ŷ where Y = X∗∗.
Haydon has shown the relation between LUR renorming in X∗ and X, in the
following Theorem:

Theorem 1.1 ([4]). Let X be a Banach space and X∗ admits an equivalent dual
LUR norm, then X admits an equivalent LUR norm.

We will prove in next section that this Theorem is not true, if we do not have
duality condition.
Let X be a topological space and X(0) = X. Let X(1) = X ′ denotes the set of
accumulation points of X. For an ordinal α, the α-th derived set X(α) is defined by

transfinite induction as X(α+1) = (Xα)′. X(β) =
⋂
α<β

X(α) if β is a limit ordinal.

A topological space (X, τ) is scattered if for every nonempty subset A of X, there
is a relatively open subset U of A which contains exactly one point. Clearly X is
scattered , if for some ordinal α, X(α) = ∅.

Theorem 1.2 ([6]). Let K be a compact space such that K(ω1) = ∅. Then C(K)
admits an equivalent LUR norm.

This Theorem is not true when K(α) = ∅, for α > ω1, even if, α = ω1 + 1.
A tree is a partially ordered set (T,≤) such that for every t ∈ T , the set {s ∈ T, s ≤
t} is well ordered by ≤. We consider two elements 0 and ∞, which are not in T ,
such that 0 < t <∞ for every t ∈ T . We also consider intervals. If s, t ∈ T , then for
instance (s, t] = {u ∈ T ; s < u ≤ t} while (0, t] = {u ∈ T ;u ≤ t}. For each t ∈ T ,
we denote by r(t) the unique ordinal which has the same order type as (0, t). we will
always assume that the tree T is Hausdorff, that is, if (0, t) = (0, t′) and r(t) = r(t′)
is a limit ordinal, then t = t′. For any t ∈ T , We write t+ for the set of immediate
successors of t, that is, t+ = {u ∈ T : s < u, if and only if s ≤ t}. We equip
T with the weakest topology τ for which all intervals (0, t] are open and closed.
The tree is locally compact and scattered space. (T, τ) is Hausdorff since T is a
Hausdorff tree. Let C0(T ) be the set of all real-valued functions f on T which are
continuous for τ and for all ε > 0 the set {t ∈ T : |f(t)| ≥ ε} is compact. The space
C0(T ) is the closed linear span in L∞(T ) of the indicator function 1(0,t](t ∈ T ).

Theorem 1.3 ([1]). Let T be a tree, f ∈ C0(T ) and δ > 0. For all but finitely
many t ∈ T , there exists u ∈ t+ such that |f(t)− f(u)| < δ.
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If T is a tree, we denote the one point compactification of T by T̂ . In next section

we introduce a tree T0 where C(T̂0) does not admit an equivalent R norm while

C(T̂0)∗ admits an equivalent LUR norm and T̂
(ω1+1)
0 = ∅.

2. Results

Theorem 2.1. Let X be a non-reflexive Banach space such that X∗ is separable.
Let ‖ · ‖ be norm on X and {fn}n∈N be dense subset of SX∗ . The norm | · | defined

by |x|2 = ‖x‖2 +
∑
i≥1

2−if2
i (x), for x ∈ X, is an equivalent norm on X such that

the norm | · |∗∗ on X∗∗ is R but the norm | · |∗∗∗∗ on X∗∗∗∗ is not R on Ŷ where
Y = X∗∗.

Proof. It is obvious that the norm | · | is an equivalent norm on X. Let x∗∗, y∗∗ ∈
SX∗∗ such that the norm |x∗∗|∗∗ = |y∗∗|∗∗ = |x

∗∗+y∗∗

2 |∗∗ = 1. Since ϕ(BX) is w∗-
dense in BX∗∗ there exists two nets {xα}α∈Γ ⊆ BX and {yα}α∈Γ ⊆ BX such that
xα → x∗∗, yα → y∗∗ in w∗-topology, then x̂α + ŷα → x∗∗+ y∗∗ in w∗-topology. The
norm | · |∗∗ is w∗-lower semicontinuous then for arbitrary ε > 0 there exists α0 ∈ Γ
such that for every α > α0 we have 2− ε < |x̂α + ŷα|∗∗ = |xα + yα| ≤ 2, therefore
|xα + yα| → 2 that implies

2|xα|2 + 2|yα|2 − |xα + yα|2 → 0,

or

2‖xα‖2 + 2
∑
i≥1

2−if2
i (xα) + 2‖yα‖2 + 2

∑
i≥1

2−if2
i (yα)

−‖xα + yα‖2 −
∑
i≥1

2−if2
i (xα + yα)→ 0.

For every α ∈ Γ and every n ∈ N we have

2‖xα‖2 + 2‖yα‖2 − ‖xα + yα‖2 ≥ 0, (2.1)

2f2
n(xα) + 2f2

n(yα)− f2
n(xα + yα) = f2

n(xα − yα) ≥ 0. (2.2)

Therefore fn(xα − yα)→ 0 for every n ∈ N.
Since {fn}n∈N is dense in SX∗ we have f(xα − yα) → 0 for every f ∈ X∗ and
consequently x∗∗ = y∗∗. Therefore | · |∗∗ is R norm in X∗∗. It is proved in [3] that

the norm | · |∗∗∗∗ is not R on Ŷ in X∗∗∗∗ where Y = X∗∗. �

Let T0 =
⋃
α<ω1

{0, 1}α. Define an order on T0 by t ≤ s if dom(t) ≤ dom(s) and

s |dom(t)= t. We can regard T0 as a tree by this order .

Theorem 2.2. The space C(T̂0)∗ admits an equivalent LUR norm but C(T̂0) does
not admit an equivalent R norm.

Proof. Since T0 is scattered, T̂0 is also scattered. Therefore C(T̂0)∗ is isometrically
isomorphic to `1(Γ) for some Γ [2] and consequently admits an equivalent LUR

norm [1]. C0(T0) is closed subspace of C(T̂0). It is proved in [1] that C0(T0) does

not admit an equivalent R norm. Hence C(T̂0) does not admit an equivalent R
norm.

�
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Theorem 2.3. There exists a compact space K such that K(ω1+1) = ∅ but C(K)
does not admit an equivalent R norm.

Proof. Consider K = T̂0. C(K) does not admit an equivalent R norm. To show

that K(ω1+1) = ∅, it is enough to show that T
(ω1)
0 = ∅. We proceed by transfinite

induction on α to show that if t ∈ T0 and dom(t) = α < ω1, then t /∈ T (α+1)
0 . We

note that if α = 1, then (0, t] = {t}, so t /∈ T (α+1)
0 . Next we assume that α > 1

and t /∈ T (dom(t)+1)
0 for every t ∈ T such that dom(t) < α. Now, if the result fail

for α, that is if there exists t such that dom(t) = α and t ∈ T (α+1)
0 then there is

s ∈ (0, t]∩T (α)
0 such that s 6= t and thus s < t. Therefore β = dom(s) < dom(t) = α

and by the induction hypothesis s /∈ T (β+1)
0 . Since β+1 ≤ α, we have T

(α)
0 ⊆ T (β+1)

0

that implies s /∈ T (α)
0 , which is a contradiction. Consequently, T

(ω1)
0 = ∅. �

Let Λ be the set of all injective maps t of ordinals α = dom(t)(necessarily α < ω1)
into ω0 , such that ω0 \ Im(t) is infinite. The ordering on Λ is given by t′ ≤ t if
dom(t′) ≤ dom(t) and t |dom(t)= t′. Clearly Λ is a tree and for every t ∈ Λ the set

t+ is countably infinite. We can define another tree Υ containing Λ as a subtree as
follows.
For any t ∈ Λ we partition t+ = t+1 ∪ t

+
2 into two infinite subset, and we define

Υ = Λ ∪ (Λ× {1, 2}) such that t < (t, i) < u whenever u ∈ t+i , i = 1, 2. Λ is closed
subset of Υ, hence Γ = Υ\Λ is open and discrete. (0, t] contains at most countable
element for every t ∈ Υ. In Υ we have t+ = {(t, 1), (t, 2)}, (t, i)+ = t+i , i = 1, 2 for
every t ∈ Λ. Let et = (0, t] for t ∈ Υ. For f ∈ C0(Υ), there exist {αn}n∈N ⊆ R
and {tn}n∈N ⊆ Υ, such that αn → 0 and f =

∑
n∈N

αnetn , hence f |Γ∈ `c∞(Γ). Λ

is closed in Υ and therefore f |Λ∈ C0(Λ). Define ϕ : C0(Υ) → C0(Λ) × `c∞(Γ) by
ϕ(f) = (f |Λ, f |Γ). Then ϕ is an injective bounded linear map.

Theorem 2.4. Let X = {f |Γ: f ∈ C0(Υ)}. X is subspace of `c∞(Γ) which does
not admit an equivalent R norm and does not contain `c∞(Γ′) for any uncountable
subset Γ′ of Γ.

Proof. It is shown in [5] that C0(Υ) does not admit an equivalent R norm. Since
ϕ(C0(Υ)) ⊆ C0(Λ)×X and ϕ is injective, C0(Λ)×X does not admit an equivalent
R norm. But C0(Λ) admits an equivalent R norm [5]. Therefore, X does not admit
an equivalent R norm.
For (t, i) ∈ Γ define d((t, i)) = dom(t). Let Γ′ be an arbitrary uncountable subset
of Γ. There exists A = {tn}n∈N ⊆ Γ′ such that tn 6= tm if m 6= n and either there
exists α < ω1 such that d(tn) = α for every n ∈ N or d(tn) + 1 < d(tn+1) for
every n ∈ N. Let x ∈ `c∞(Γ) where x(s) = 1 for s ∈ A and x(s) = 0 for s /∈ A,
hence x ∈ `c∞(Γ′). Suppose that x ∈ X. Then there exists f ∈ C0(Υ) such that
f |Γ= x. Let K = {s ∈ Υ : f(s) ≥ 1

2}. K is compact subspace of Υ and A ⊆ K.

If f =
∑
n∈N

αn1(0,sn], then K ⊆
⋃
n∈N

(0, sn]. Therefore, there exist n1, n2, · · ·nk ∈ N

such that K ⊆ (0, sn1
]∪ (0, sn2

]∪ . . .∪ (0, snk
]. If d(tn) = α for some α < ω1 and for

every n ∈ N, then (0, sn1 ]∪ (0, sn2 ]∪ . . .∪ (0, snk
] does not cover A, a contradiction.

Let d(tn) + 1 < d(tn+1) for every n ∈ N. There exists infinite subset A′ = {tni}i∈N
of A and 1 ≤ i ≤ k such that A′ ⊆ (0, sni

]. By Theorem 1.3 there exist tni
∈ A′

and i ∈ {1, 2} such that 1
2 < f((s, i)) for some s ∈ t+ni

. (s, i) ∈ Γ but (s, i) /∈ A
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since d(tni
) + 1 = d((s, i)), then x((s, i)) = 0, a contradiction. In each case x /∈ X.

Therefore X does not contain `c∞(Γ′).
�
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