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GENERAL EXTENSION RESULTS FOR ABSOLUTE
SUMMABILITY

W.T. SULAIMAN

ABSTRACT. New general results concerning absolute summability of an infinite
series are presented. Other special cases are also deduced.

1. INTRODUCTION

Let T be a lower triangular matrix, (S,) a sequence of the nth partial sums of
> ap, and

n
T, = Ztm,Sv. (1)
v=0
A series ) a,, is said to be summable [T, 4|, , 6 >0, k > 1, if

> AT, 1P < oo, (2)
n=1

Summability [T, 6|, reduces to summability ||, whenever § = 0.
Given any lower triangular matrix 7' one can associate the matrices 7' and T,
with entries defined by

E’rw :Ztn'w n,t=0,1,2,..., /t\n'u :inv_tnfl,v

n
respectively. With s, = > a;\;,
i=0

n n v n n n
tn = Z tnvsv = Z tnv Z aiAi = Z aiAi Z tnv = Z%\nzal)\z (3)
v=0 v=0 1=0 1=0 v=1 1=0

2000 Mathematics Subject Classification. 40F05, 40D25.

Key words and phrases. Absolute summability, summability factor, Holder’s inequality.
(©2010 Ilirias Publications, Prishtiné, Kosové.

Submitted January 9, 2012. Published March 22, 2012.

27



28 W.T. SULAIMAN

n n—1
Yo ¢ =th—th1= me‘ai/\i - an—l,iai)\i
i=0 i=0
n
= Ztmai)\i as tn—l,n =0. (4)
i=0
n n
Xp i =Up — Unp_1 = Zﬂmaim, where u,, = Zumuiai (5)
i=0 i=0

We call T' a triangle if T is lower triangular and t,,, # 0 for all n. A triangle A is
called factorable if its nonzero entries a,,, can be written in the form b,,c,, for each
m and n. We also assume that U = (u;;) is a triangle. (py), (¢n) are assumed to
be positive sequences of numbers such that

P,=po+p1+...+pp 00, asn— 0,

Qn=q+q+...+qg, = 0, asn— .

BK-space is a sequence space endowed with a suitable norm to turn it into a Banach
Space. All BK-spaces are normable FK-spaces.

The series ) a,, is said to be summable |R, p,,d|,, k> 1,6 >0, if

oo
Z"akﬂcfl Az <00,

n=1

where
n
Zn = E DiSi-
i=0

When 6 = 0, summability |R, p,,d|, reduces to summability |R, py,|, -

In [4], Rhoades and Savas established a general summability factors theorem
involving two lower triangular matrices A and B. In their results they are repre-
senting for the first time two arbitrary triangles and obtained sufficient (Neces-
sary) conditions for the series ) a,\, to be |B|, —summable whenever »_ a,, is
|A],, —summable. In fact they have proved the following two results (see [4]).

Theorem 1.1. Let (\,) be a sequence of constants, A and B triangles satisfying
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~ |bnn ( 1 >
1 =0—],
(@ |Gnn| |An

(i) |ann — an+1,n| =0 (‘annan+1,n+1|) )

(i) g: Ay (Bna) | = O (b hal)

o0

@) 3 (b A, ()

n=v-+1

=0 (v b l")

n—1

(v) > [buol
v=0

~

bn,v+1)\u+1 =0 (|bnn>\n+1|) 5

o0

(’Ui) Z (n |bnn)\n+1|)k71
n=v+1

Dvis] = O (@ lbdor D),

wii) > vF A1 Xo|F = 0(1),
v=1

e} no_. v—2 k
(vigd) > PN b Y0 @ Xl = O(1),
n=1 v=2 =0

n
where X, = Xy —XTp—1 = Y AnyQy, Tn, denotes the n-th term of the A-transform
v=0

n
of the series Y an, and a, = Y, @y, X,. Then the series ) apA, is summable |B|,
v=0
whenever Y a, is summable |A|, .

Theorem 1.2. Let A and B be two lower triangular matrices with A satisfying

() io: nk1 ‘Avanv‘k = O(|avv‘k)'

n=v+1

Then necessary conditions for the series _ an Ay, to be summable |B|, whenever
> ay is summable |Al, are

(@) [buu o] = O(|avy|),

oo . K\ /K
(i) ( 3 n’“—l‘Avbm)\U ) = Ok |ay,)),

n=v+1

-0 % k—1 |5 k
=0( > " anwsl)

n=v+1

~ k
bn,v+1)\v+l ‘

(iv) ioj nk—1

n=v+1

Our aim in this paper is to present new results concerning more general cases
as well as via simpler conditions. We state and prove the following
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2. RESULTS

The coming two results are main result in this paper. The object of our results
are to move in the same direction as theorems 1.1 and 1.2 but via factorable matrices
which gives us easier ways to obtain the result

Theorem 2.1. Let 1 < k < s < 00, (An), (ptn) be sequences of constants. Let T
and U be triangles with bounded entries such that U is factorable, that is Uy, can
be written as Upny, = dny, and they satisfy the following:

(Z) toy = O (|¢v§0v|)7

(i) n* R X TR = 0(1),
n—1 ~
(s4d) Z:l ’Aw (tnv)| = O (tnnl)

o0 o~
() > T T A (o) [ = O (07 )
n=v-+1

n—1 .
(U) E |tvv| |tn,v+1| =0 (ltnn|)7
v=1

& - —
(Ui) Z ndsts—1 ‘tnn|571 |tn,v+1’ -0 (U6s+s—1 ‘tv’U'S 1) 7
n=v+1

(vit) Ao = O(|pol),

Ay
(wiii) A (M) — 0 (0 [poss]) s and

(iz) A(eyt) =0 (lgu])

Then the series Y apAp is summable |T,d|, whenever )  anppn is summable
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Proof. By Abel’s transformation we have

Y. Zn: ZL\nv )\v
= a. M
" v=1 Puloliy Py

nil ( v ) A tAnU)\U n (i ) %\nn/\n
= a Dy Gy [
= \= PGy v Dol = vy oy Ontin

n—1 T N iy iy
X (Au (Faw) Mo Ay T (A))  XofunAa

v=1 E Po o ' o Po+1 (bn()an,un

= Ynl + Yn2 + YnS + Yn4~

To complete the proof, by Minkowski’s inequality, it is sufficient to show that

Y1 < oo, §=1,2,3,4.

M8

n=1

Now applying Holder’s inequality, we have

i n55+s,1 |Yn1|s _ i n58+571 nz—:l Av (tnv) A’U Xq)
n=1 n=1 v=1 (bv(pvliv

as n—1 Av ?nv X, * Ay ¥ n=l ~ ot
55 et S BB PR (50, )

v=1 |¢v|s |90v‘s |1to

“’ S A () [ A
= 01 nosts=1|p |8 1 v \"nv
( )nzzjl | TLn| vzz:l |¢’U|S |(Pv‘s |/'I”U|S

IN

00 S S ) N
— 0(1) |Xv| ‘)\U| |S Z n55+3_1|tnn|s—1‘Av (tnv)’

v=1 |¢v|s |§0v|s ‘,va n=v+1

o pfetel |tvv|S |)‘v|S ‘Xv|s

e R A A N T

= 0(1)
= 0(1) X PR
v=1
= 0 (1) i pYkFTk—1 |Xv|k (,Ués+s—s/k—k—»yk+1 |Xv|s_k)
v=1

— o) 3 vl X F = 0(1).
v=1
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0 Xoborito|
Z n6s+s—1|Yn2|S _ Z néa-&-s 1 Z A(‘Pv ) vin,v+1M\
n=1 n=1 ¢vﬂv
'/t\, 1 A |s X |é|t |1—s n—1 R s—1
< Z n5s+s 1 Z ‘A(SOU )|s | n,v+ |¢vs|| US VU Z |t1)1)| ’tn,v+1|
v ,va| v=0
1—s
= o) et () Rl e
n=1 v=1 ‘va‘ |,Uv|
Aol* [ X0 [t ™" 2 _ 1
= o@ >2| G o P2, el [
) A s X St 1—s
— 0(1) 21|A ((P;l)r‘ v| |(!b |1;||u| 1);1| Ss+s—1 ‘tvv‘
v= v v
o0
= 0(1) X ot X,
Uozol k k
_ 0(1) Z v’yk—i—k—l |Xv| Ués—'yk-i—s—k |Xv|87
Uo:ol .
= O(1) Lo HX,["=0(1).
v=1
f: ds+s—1 |Y |S io: ds+s—1 i n,v +1X A<)\U> )
n = n _
= " = v=1 PvPut1 Ho
t ? X s A 5 fm—1 R s—1
< $ et Sl Tl (O [y (YT, )
v=1 |¢v| lPvt1l Mo v=1

] n—1 ¢ )1_3 %\ X s s
O o 1 [

n=1 v=1 |¢’U|S |90v+1‘s

>(n)
Hy
i 20 P O LY

|60l [0u1]”
n65+571 |Xn‘s

>(in)

= s—1 |7
> 1n58+s_1 [t ‘tn,v+1|
n=v-+

>()

S

2 bl 71X
= 01 T
( )Uzz:l |Pul” [w+1]

S

I
S
=
18

S
I
—

I
S
=
(18

3
Il
-

L X R =0 (1)

I
o
=
118

S
Il
—
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S

S o tanAn X
ds+s—1 s __ ds+s—1 | nnn<*n
n A n inn/nsn
nZ::I | " | nz::I angon,un

= 0() ¥ i frn|_ 1Al X
n=1 |Pnl” [onl” |1nl

= 0(1) X n?F X, [

n=1

= 0 % X F=0(1).
n=1

]

Theorem 2.2. Let 1 < k < s < oo. Let T, U be lower triangular matrices such
that U satisfying

> A, ()| = O (0 | ) (6)

n=v+1

Then the necessary conditions for Y anjt, summable |U,~|, to imply Y ap\y, is
summable |T, 0|, are
@) [tool [Ao] = O (v F ugy | [120])

S} ~
(i4) |)\v|s S ndsts—1 ’Avtnvr -0 (vés+s—s/k |uvv|5 |Mv|s) ,

n=v+1
S o~
(ii5) [AXNT S 0P g, ] = O (005 E g, | (1]
n=v+1

k

; 5 o Ss+s—1 |7 s _ o vyk+k—1 |7 k k o

() Dol 35 005 ] =0 (5w P lanl)
n=v+1 1

n=v

Proof. We are given that

o0
S a0 < o, (7)
n=1
whenever
o0
Do X, < oo (8)
n=1

The space of sequences (X,,) satisfying (2.3) is a Banach space if normed by

oo 1/k
I1X = <|Xo|’“ + Y kR |Xn|’“> : 9)

n=1

and the space of sequences (Y,,) satisfying (2.2) BK-space with respect to the norm

00 1/s
||Y|| _ <|Y0|s + Z’n68+871 |Yns> , (10)

n=1

We observe that (1.4) and (1.5) transform the space of sequences satisfying (2.3)
into the space of sequences satisfying (2.2) . By the Banach-Steinhaus theorem,
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there exists a constant K > 0 such that
1Y) < KX (11)

Applying (1.4) and (1.5) to a, = Ae,, where e, is the v—th coordinate vector, we
have

Oa Zf n<wv
Xn = aTL'U,u”Ua if n=v (12)
A’U (an’U,LI"U) ) Il’f n > IU’
0, if n<w
Y, =14 oo, if n=v (13)
Ay (trodo), if n>wv.
By (2.4) and (2.5) if follows that
- 1/k
1X1 = <+ ol el + 3 LA, @wum’“) Y
n=v+1

0o 1/s
HY” — (Ués-i-s—l |tw|s |/\v|s + Z n&s—&-s—l ‘Av (%\nv)\v)’5> . (15)

n=v-+1
Now, using (2.9) and (2.10) in (2.6), along with (2.1), we have

oo
VT e TG YD A, (T) A + o1 AN |

n=v-+1
0 s/k
< K° <U7k+k1 |UU’U‘k |Nv|k + Z nk k=l |Afu (anv,udv)k>
n=v+1

_ k k — k k
= 0 (0" g ol + 07 )

s/k
= 0 (0 )

= 0 (v R | ) (16)
by (2.1), inequality (2.11) is true iff each term of the L.H.S. is
O +5=5/% [y, 1%).
On taking the first term, we have

Ués+s—1 |tvv|s |/\v|s -0 (,U’Ys—l-s—s/k |va|8 |Mv|s) >

which implies(i).
Concerning the second term, as A, and A)\, are linearly independent, it follows
that each of the terms

oo o0
Do ST THA (G) Ml D T e AN
n=v+1 n=v+1
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is OV T°=5/% |uyy|® || ), which implies (i7) and (i77). If we now apply (1.4) and
(1.5) to a, = eyy1, we have

0, if n<w

=1 a ; 17
" { Un,v+1Hv+1; if n>w, ( )
{ 07 Zf n S v
Yy =1 o _
tn,1;+1>\1)+1, 'Lf n>wv

The corresponding norms are

oo 1/k
1~ k
X1 = < Z k! [t o101 > ) (18)

n=v+1

00 1/s

Y| = ( ISR (D WY > . (19)
n=v-+1

Applying (2.6) and (2.1), we obtain (iv). O

3. APPLICATIONS

As an application to our result, we putting p, = 1 (Corollaries 3.1 and 3.2) in
order to get equivalent results to Theorem 1.1 and 1.2. While Corollary 3.3 dealing
with special kinds of summability such as |R, ¢, 6|, and |R, py|, -

Corollary 3.1. Let 1 < k < s < 00, (A\,) be a sequence of constants. Let T and
U be triangles with bounded entries such that U is factorable, that is Uy, can be
written as Uny, = Oppy, and they satisfy the following:

(1) tow = O (|Pupul),

(i) nys YRR X PR = 0(1),
(i) ng 1Ay ()| = O ([tanl)

(Z"U) io: 1n53+sfl ‘tnn|s_1 |AU (E\rw)| =0 (,U(Sersfl |tvu|s) ,
n=v-+

n—1 -
() 2 ltwol |tn,v+1| = O ([tanl),
v=1

00 R _
G S L e ] Gl P B
n=v+1

(vii) A =O(1),
(viii) AA) = O (60| [pusal) s and

(iz) A(py?) =0 (lgul)-
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Then the series ) anXy is summable |T, 6|, whenever ) ay is summable |U, 7|, ,
6 <~.

Proof. Follows from Theorem 2.1 by putting u, = 1. O

Corollary 3.2. Let 1 < k < s < oo. Let T, U be lower triangular matrices such
that U satisfying

o0
Z n'yk+k—1 ‘Avanv|k -0 (Ufyk+k—1 ‘uvv|k) ) (20)
n=v+1
Then the necessary conditions for Y anjt, summable |U,~|, to imply > anXy, is
summable |T', 0|, are

(1) too| Mol = O (0157 * [uy,])

o0 o~
(”) |/\v|s Z nlsts—l |Avtnv|s =0 ('UéSJrSis/k |uvv|s) )
n=v+1

o0 ~
(i) [ANJ" S 0T T, pga]T = O (V05T Ry, )
n=v+1

s/k

: A 5 o ds+s—1 |7 S _ o) S Yk+k—1 |75 k

(ZU) | v+1| Z n ’tn,v+1’ = Z n |Un’v+1‘ .
n=v+1 n=v+1

Proof. Follows from Theorem 2.2 by putting u, = 1. (Il

Corollary 3.3. Sufficient conditions for the series ) an\y is summable |R, gy, 0|, ,
whenever Y an, is summable |R,p,|, , k> 1, are

0o nék—i—k—l k v6k+k—1 k—1

q q
n — O U ,
n=v+1 QﬁQn—l ( qui )

(”) QnPn = O(ann)a

(4)

(iv) A\, = 0(%).

Proof. The result can be obtained from Corollary 3.1 by putting s = &k as follows:
For a weighted matrices means, U = (R,p,), T = (R, qn), we have

NP _ PP P
nv - Pn Pn Pn )
1=
a —u —u 1 — pnP’U—l
nv n,v n—1,v Pnpn—l
We have to take
D
¢n = - = Pv—l

7Pn P, Po
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and also we have

P GnQv—1
" QnQn—l
The following steps shows that the conditions of Corollary 3.1 are all satisfied:
(i) DONTNIAI I CANCLCUR (R S PR
wtl| = - = = ——(n—q
v=1 v et v=1 Qv Qnanl Qn n—1 v=1 Y Qnanl "
= O(E) = O(Jtunl).
Qn
o n—1 . n—1 Gn Qo
(i) > ’Avtnv| = > = =O(|tnnl)
v=1 v=1 QnQn—l
(i) i‘é Shthk—1 | |k 1’ in | i Sk+k 1(qn)k1 AnQo i’é nokth=1gk
111 n e AL = n = — =y —_n
n=v+1 " v n=v+1 Q’rb QnQn—l vn:'qul QELQn—l

k-1 Sktk—1 k

v v

k—1 Sk+k—1_k

. e _ k—1 |7 & Sk+k—1 dn dnqv &, n qn
(i) X T ] = X e . A =@ X S
n=v+1 " | Y | n=v+1 Qn QnQn—l Un:v+1 QQQTL—I

k—1
= 0 U6k+k71 <QU> =0 <’U5k+k71 |tvv|k71> .

v

k
) vt = o (F=) ) =olal lenl).
(vi) b = =0 (B)=0lalle).
1 v
(vid) Apt = A (Pv—1> N PUI])D'U—l = OlleD)-
t

Acknowledgment. The author is so grateful to the referee who guided to good im-

provement for this paper.

REFERENCES

[1] B. E. Rhoades, Inclusion theorems for absolute summability methods, J. Math. Anal. Appl.,
238 (1999), 82-90.

[2] B. E. Rhoades, On inclusion theorem for absolute matrix summability methods, Corrections,
J. Math. Anal. Appl., 277 (2003), 375-378

[3] R. E. Rhoades and E. Savas, A summability factor theorem and applications, Appl. Math.
Comp., 153 (2004), 155-163.

[4] B.E. Rhoades and E.Savas,General summability factor theorems and Applications, Sarajevo
J. of Math.1(13),(2005)59-73.



38 W.T. SULAIMAN

WAAD SULAIMAN, DEPARTMENT OF COMPUTER ENGINEERING, COLLEGE OF ENGINEERING, UNI-
VERSITY OF MOSUL, IRAQ.
E-mail address: waadsulaiman@hotmail.com



	1. Introduction
	2. Results
	3. Applications
	References

