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SOME NEW DOUBLE SEQUENCE SPACES IN n-NORMED
SPACES DEFINED BY A SEQUENCE OF ORLICZ FUNCTION

KULDIP RAJ, SUNIL K. SHARMA

ABSTRACT. In the present paper we introduce some new double sequence
spaces in n-normed spaces defined by a sequence of Orlicz function M = (M, ;)
and also examined some properties of the resulting sequence spaces.

1. INTRODUCTION AND PRELIMINARY

The initial works on double sequences is found in Bromwich [2]. Later on it
was studied by Hardy [9], Moricz [12], Moricz and Rhoades [13], Tripathy ([22],
[23]), Basarir and Sonalcan [1] and many others. Hardy[9] introduced the notion
of regular convergence for double sequences. The concept of paranormed sequences
was studied by Nakano [15] and Simmons [21] at the initial stage. The concept of 2-
normed spaces was initially developed by Géahler [5] in the mid of 1960’s while that
of n-normed spaces one can see in Misiak [14]. Since, then many others have studied
this concept and obtained various results, see Gunawan ([6], [7]) and Gunawan and
Mashadi [8]. By the convergence of a double sequences we mean the convergence
in the Pringsheim sense i.e. a double sequence z = (z1,;) has Pringsheim limit L
(denoted by P — lima = L) provided that given € > 0 there exists n € N such
that |z, — L| < e whenever k,I > n, see [16]. We shall write more briefly as
P-convergent. The double sequence x = () is bounded if there exists a positive
number M such that |z ;| < M for all k and I. Let I’ the space of all bounded
double sequences such that ||z ||sc,2 = sup |zx | < co.

k.l

s

The idea of difference sequence spaces were introduced by Kizmaz [10] and he
defined the sequence spaces

X(A) = {x = (z1) : (Azy) € X}

for X =l, cor ¢y, where Ax = (Axy) = (z — xp41) for all kK € N,

Later, these difference sequence spaces were generalized by Et and Colak see [3].
In [3] Et and Colak generalized the above sequence spaces to the sequence spaces
as follows :

X(A™) = {x = (zx) : (A™zy) € X}
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SOME NEW DOUBLE SEQUENCE SPACES 13

for X = I, cor ¢y, where m € N, A% = (z), Az = (2 — Tps1),
AMx = (A™xy) = (A™ oy — A™ ey, ) forall ke N.

The generalized difference has the following binomial representation,

Amxk = 2)(—1)1} ( ’ZL ) Lh+v
for all k € N.

An orlicz function M : [0, 00) — [0,00) is a continuous, non-decreasing and convex
function such that M (0) =0, M(z) > 0 for x > 0 and M (x) — o0 as x — 0.
Lindenstrauss and Tzafriri [11] used the idea of Orlicz function to define the fol-
lowing sequence space,

EM{wang(xpﬂ)<oo}

which is called as an Orlicz sequence space. Also £y is a Banach space with the

norm oo
|| :inf{p> 0: ;M(mp’“) < 1}‘

Also, it was shown in [11] that every Orlicz sequence space £); contains a subspace
isomorphic to £,(p > 1). The Ay- condition is equivalent to M (Lz) < LM (z), for
all L with 0 < L < 1. An Orlicz function M can always be represented in the
following integral form

M(z) = /O ")t

where 7 is known as the kernel of M, is right differentiable for ¢ > 0,7(0) = 0,n(t) >
0, 1 is non-decreasing and 7(t) — oo as t — 0.

A double sequence space E is said to be solid if (o 21,) € E whenever (zx,) € E
and for all double sequences (ay,;) of scalars with |ay ;| <1, for all k,1 € N.

Let n € N and X be a linear space over the field K, where K is field of real
or complex numbers of dimension d, where d > n > 2. A real valued function
[|-,- -+, || on X™ satisfying the following four conditions:

(1) |Jx1, 22, ,x,|| = 0 if and only if x1, zo,- - , 2, are linearly dependent in
X;
(2) ||z1, 22, ,x,]| is invariant under permutation;
(3) |lax1,xa, -+ yxul| = || ||z1, 22, ,2,]| for any « € K, and
(4) H'T +$/,$2, e ’an < H$,$2,' t 7an + ||l‘/,l‘2, e ,$n||
is called a n-norm on X and the pair (X, ||-,--- ,||) is called a n-normed space over
the field K.
For example, we may take X = R™ being equipped with the n-norm ||z, z2, -+ , z,||E
= the volume of the n-dimensional parallelopiped spanned by the vectors x1, 2, - , Ty
which may be given explicitly by the formula
H$1,5L'2; T 7xn||E = |d6t(xij)|a
where x; = (zi1, %0, - ,Zin) € R™ for each ¢ = 1,2,--- ,n. Let (X,||-,---,|])
be an n-normed space of dimension d > n > 2 and {a1,as, - ,a,} be linearly
independent set in X. Then the following function ||-,- - - ,-||cc on X"~ ! defined by

|21, 29, -+, Tn_1lloe = max{||z1, 20, -+, ¥n_1,0i|]| ;1 =1,2,--- ,n}
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defines an (n — 1)-norm on X with respect to {a,as, - ,an}.
A sequence (xj) in a n-normed space (X, ||-,---,-||) is said to converge to some
LeXif

lim ||z — L, 21, -+ ,2n-1]| =0 for every z1,---,2z,-1 € X.

k—o0
A sequence (xf) in a n-normed space (X, ||-,--- ,-||) is said to be Cauchy if

lim ||z — xp, 21, ,2n—1]] =0 for every z1,---,2,-1 € X.

k,p—o0

If every cauchy sequence in X converges to some L € X, then X is said to be
complete with respect to the n-norm. Any complete n-normed space is said to be
n-Banach space.
Let X be a linear metric space. A function p : X — R is called a paranorm, if

(1) p(x) >0, for all x € X;

(2) p(—z) = p(x), for all z € X;

(3) p(z+vy) < p(z)+p(y), for all z,y € X;

(4) if (M) is a sequence of scalars with \,, — A as n — oo and (z,,) is a sequence
of vectors with p(z, —2) — 0 as n — oo, then p(Apz, —Az) = 0 as n — co.

A paranorm p for which p(z) = 0 implies z = 0 is called total paranorm and the
pair (X, p) is called a total paranormed space. It is well known that the metric of
any linear metric space is given by some total paranorm (see [24], Theorem 10.4.2,
P-183). For more details about sequence spaces see ([4], [17], [18], [19]).

Let (X,]|-,---,-]|) be any n-normed space and let S”(n — X) denote X-valued
sequence spaces. Clearly S”(n — X) is a linear space under addition and scalar
multiplication.

Let M = (My,) be a sequence of Orlicz function and (X, ||-,--- ,||) an n-normed
space. Let p = (pk,;) be a bounded sequence of positive real numbers and u = (u)
be any sequence of strictly positive real numbers. In the present paper, we define
the following classes of double sequences:

ll/(MvAmapauv Hv 7||) =
oo, 00O
’ A"z Dk,
{xeS”(an): > [Uk,le,l(” =, 21, 2,0 7Zn—1|‘)} < o0,
k, 1=1 P
for each 21,29, -+ ,2p—1 € X and p > O}.

If we take M(x) = x, we get

ll/(AmvpauaH'»"' 7”) =
i Pkl
Tk,l >
{xESH |:ukl<|| ) R15 %2, " 3Z’n«—1||>:| < 09,
k, I=1 p
for each 21,29, -+ ,z,_1 € X and p>0}.

If we take p = (pg,;) = 1, we have
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ZN(MvAmauaH':' ) H) =
00, 0O A™
{55 €8"(n—X): Z [uklel<|| xk’l7217«22,"' 7Zn—1||)} < 00,
k, 1=1
for each 21,22, -+ ,2p-1 € X and p > O}.

If we take m = 0, u = ug; = 1 and My ; = M, we get the spaces which were defined
and studied by E. Savas [20]. The work of this paper is motivated by the work of
E. Savas [20], M. Basarir and O. Sonalcan [1], B. C. Tripathy [22], A. Esi [4] and
H. Gunawan and M. Mashadi [8].

The following inequality will be used throughout the paper. Let p = (pg,;) be
a double sequence of positive real numbers with 0 < pi; < sup = H and let

1

K = max{1,2H71}. Then for the factorable sequences {aj;} and {bx;} in the
complex plane, we have

lag,y + bra [Pt < K (Jag [P0+ [bg[P51). (1.1)

The aim of this paper is to introduce some new double sequence spaces in n-normed
spaces defined by a sequence of Orlicz function M = (M}, ;) and to establish some
topological properties and some inclusion relation between above defined sequence
spaces.

2. MAIN RESULTS

Theorem 2.1. Let M = (My,;) be a sequence of Orlicz function, p = (px;) be a
bounded sequence of positive real numbers and u = (ug,;) be any sequence of strictly
positive real numbers. Then I"(M,A™ p,u,||-,---,-||) is a linear space over the
field of complex number C.

P’I“OOf. Let z = (xk,l)a Yy = (yk,l) € l/I(M7Amvp7u7 H7 e 7||) and Ck,ﬁ € C. Then
there exist positive numbers p; and py such that

00, 00

Aml‘kl Pkt
§ [ukJMk,l(H P —, 21,22, 7Zn71||):| < oo, for some p; >0,
1
k, 1=1

oo, o0

Amyk,l Pk,
Z {uklel(H V21,22, ,zn_1||)} < 00, for some py >0
k, I=1 P2

Define p3 = max(|a|p1,|B]p2). Since ||-,---,-|| is a n-norm on X and M = (My)
is a sequence of Orlicz function, we get
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A™ (k) + BYk.i Pkl
> [Uk,sz,z<|| oz, ’),21722,"' 7Zn—1|‘)}
k, I=1 p3

oo,

A" (oxr + Byr) it
= [Uk,le,l(H VZ1, 22,0 ,Zn—1||>}
2 maxJalpr, 1 B1p»)

8

>

00, 00

|| A™(A™azxk; + Byk.) Pt
'S D R CHOD) )]
2 \Galpr+ 11y MMl o b2 il

~ 18] A" (axg + BYk,1) Prl
+ K [—uk,le,l( : 21,82, Bn—1 )}
2 el + 180 = |

AMxy Pkt
SKF Z [uk,leJ(H p —yR1,R2," " azn*1||>i|
1
=1

k,

o0, 00
! Am k.l Pk,

+KF Y [uk,sz,l(H Pl oz, ,zn_1||>] ;

k, I=1 P2

s

where

_ o H E H
I = max [17((\a|p1+lﬂlpz)) ’(<|a|p1+|mp2>) J

and this completes the proof of the theorem. (I

Theorem 2.2. Let M = (My,;) be a sequence of Orlicz function, p = (px,;) be a
bounded sequence of positive real numbers and u = (ug,) be any sequence of strictly
positive real numbers. Then I (M, A™ p,u,||-,--- ,-||) is a paranormed space with
the paranorm defined by

00, 00

. it A™xp PRI\ &
g(.’l’;) :lnf {p "o ( Z [uk,le,l<|| : s R1y %22, """ azn71||):| ) < 00}7

k, =1 P

where 0 < pg; < suppg; = H, G =max(1, H).

Proof. Clearly, g() = 0, where § = (0,0,---,0) is the zero sequence and g(—z) =
g(fE) Let z = (zk,l)7 Yy = (yk,l) S Z/I(MaAmvpaua ||a aH) and O‘aﬂ € C. Then
there exist positive numbers p; and py such that

00, 00

A"z Pkl
E : {“k,le,l(H R, 22,0 7Zn—1||>:| < 0o, for some p; >0
k, =1 p1
and
=~ Amykl Pk,
{“k,le,l(H 3 R1, %2, 7Zn—1||)} < 00, for some py >0
k, =1 P2

Let p = p1 + p2, we have
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A™ .
g M (|| S 2 2 oz

A™(Tp1 + Yi,1)

= up. M, (
et M (] P

721uz2>"'2n71||)

Ay A"y
< Uk,le,l<||77 , 21, 22, Znoa|| ] ~, 21,22, ~~zn_1||)
p1+ p2 p1+ p2

Amﬁkl
< ( L1 )uk,le,l(H : 721;227"‘27171”)
p1+ p2 p1

Ay

( P2 )Ulc,leJ(H Uk, ,21,227"'Zn—1||)7

P1+ P2 P2
and thus
g(z +y)

. lc i A™ Ti,1 + Yk, PhIN &
:lnf{(pl +p2 ( |:uklel< M,Zl,227"' )Z’I’Lfl‘|):| ) }
k, i=1 1+ P2

00, 0O

< inf{(ﬂl)% : ( > {uk,sz,z<||AT;Tk’l,zl,z%... ’Zn_lu)r’”)é}
+inf {(p2) "+ (D0 [uklel(H

k, 1=1

Now, let A — 0 and g(:z:” - 1:) — 0 as n — oo. Since

1

p AA™ Pri\ &
g(Az) = mf{ H ( [Uk,le,z<||#,Zlv22w“ ,Zn—luﬂ kl>c < oo}.
k, =1

This gives us g(Az™) — 0 as n — oo. O

Theorem 2.3. If 0 < pi; < q,; < 00 for each k and [, then

ZN(MaAmvpaua ||7 Ty H) - Z/I(MaAmv(Iaua ||7 T H)
Proof. It x € I" (M, A™ p,u,||-,--- ,-||), then there exists some p > 0 such that
oo, 00
’ AMy Pkl
Z [Uk:,le,l(H k’l,Z1,Z27"'an1||>} < o0.
k, =1 p

This implies that

Uklel(” zl,ZQ,W,znle) <1,

for sufficiently large value of k and l. Since M = (M) is non-decreasing, we have
00, 00

A ,’I’kl qr,1
Z [Uklel(H 215y 21,0 ,Zn—1\|)}
k=1
Pk,1
< Z [Uklel(” P21, 21, 7Zn—1||):|

k,l=1

< o0.

Thus z € I"(M,A™, g, u,||-,--- ,-||). This completes the proof. O
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Theorem 2.4. (i) If 0 < py; <1 for each k and I, then

ZH(MaAmvp»uv Hv 7||) c ZII(M’Am7u7 H7 7'||)7
(i) If py > 1 for each k and 1, then
ll/(M,Amaua ||a aH) c l/I(MaAm,paua Ha 7||)
Proof. (i) Let © = (zg,) € I"(M,A™, p,u,||-,--- ,-]|). Since 0 < infp; < 1, we
have
> {Uklez<|| P21, 21, ,Zn71\|)}
k=1
el AMy Dk,
<> [Ukszl(H B, 7Zn71”):|
k=1
and hence x = (zg,) € I" (M, A™, p,u,||-, - ,-|]).
(ii) Let py,; for each (k,1) and sup pg,; < 00. Let & = (xx,1) € I (M, A™ u, ||, ,])-
k,l

Then, for each 0 < € < 1, there exists a positive integer N such that

OOSSO [Uklel(H

k=1
for all k,l € N. This implies that

A™ Tl Pkl
Z [Uklel(H 21, 21,0 aZn—lHﬂ

s 215 %1, aznflu)] S e< ]-7

k=1
o0, 00
. Amﬂjkl
< [Uk,le-,l<H S 21,21, ,Zn—1||)]
k=1 p
Thus z = (x,;) € I"(M,A™ p,u,||-,--- ,-||) and this completes the proof. O

Theorem 2.5. Let M’ = (M} ;) and M" = (M}/;) be sequences of Orlicz function.
Then

l//(M/aAm7pau7 ||a e a'H)ml”(MNvAmap7u7 H7 o 7||) g l”(M/—FM”,Am,p,U, ||7 o
Proof. We have
A 1" Ph.1
[uk,l(Mk,l"_Mkl)(H y 21, 22,0 7Zn71||):|
A xkl Pk,
= | ML (1= zl,zQ,~~-,zn_1||)+ukl (|| a2zl
Amxkl Dkl
< K{Uk,lM],g,l(H p =, 21,22, 7Zn71||):|
Amfﬂkl Pkl
+K[Uk,zML’,l(II P ’,21722,-~-7Zn_1|\)] .
Let z = (zgy) € V(M A™ pu, |- ,-|]) NI (M7,A™ pu, |- -+ ,¢]]), when

adding the above inequality from k, | = 0,0 to 0o, 00 we get © = (zy,;) € I"(M' +
M A™ pou |-, -+, ¢||) and this completes the proof. O

[)-
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Theorem 2.6. The sequence space I (M, A™ p,u, ||, ,-||) is solid.
Proof. Let ¢ = (x;) € I"(M, A™ p,u, ||+ ,-|]), Le.

o0, o0

i Amxkl Pk,l
Z [Uk,sz,l<||7’721,22,"' ,Zn—1||>} < 0.
k. 1=1 P

Let (ag,) be double sequence of scalars such that |ay,| < 1 for all k,l € N x N.
Then, the result follows from the following inequality

00, 00

AM a1 Tk 1 Pk.1
Z [uk,le,l<||#,Zl,Z2a'“ ,an1||>}

k, =1
oo, OO
! Ammk 1 Pk,
< Z {Uk,le,l(‘|77azla22>"' 7Zn—1||)} )
k, =1 P
and this completes the proof. (I
Theorem 2.7. The sequence space l" (M, A™ p,u, ||, ,-||) is monotone.
Proof. Tt is obvious. O
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