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GROWTH AND OSCILLATION THEORY OF [P,Q]-ORDER
ANALYTIC SOLUTIONS OF LINEAR DIFFERENTIAL
EQUATIONS IN THE UNIT DISC

BENHARRAT BELAIDI

ABSTRACT. In this paper, we study the growth and the oscillation of analytic
solutions of homogeneous linear differential equations with analytic coefficients
of [p,g]—order in the unit disc. We also consider the nonhomogeneous linear
differential equations.

1. INTRODUCTION AND MAIN RESULTS

Throughout this paper, we assume that the reader is familiar with the fundamental
results and the standard notations of the Nevanlinna’s theory in the unit disc A =
{z € C: |z| < 1} (see [11I}, 12] I8, 21]). Recently, there has been an increasing
interest in studying the growth of analytic solutions of linear differential equations
in the unit disc by making use of Nevanlinna theory (see [2] 3 4 [©] [7, [8, @} 10, 12

13, 18] [19]).
Consider for k > 2 the linear differential equations
FE A ) fE Y4+ AR +A(2)f=0, (1.1)
FB 4+ A )Y b+ A () f A (2) f=F(2), (1.2)

where Ag (%), ..., Ag—1 (2), F (z) are analytic functions in the unit disc A = {z €
C: |z| < 1}. It is well-known that all solutions of equation and are
analytic functions in A and that there are exactly k linearly independent solutions
of (see [12]). In [14} 5], Juneja, Kapoor and Bajpai have investigated some
properties of entire functions of [p, g]-order and obtained some results. In [20], by
using the concept of [p, g-order Liu, Tu and Shi have considered equations (L.1]),
(1.2) with entire coeflicients and obtained different results concerning the growth
of its solutions. In this paper, we continue to consider this subject and investi-
gate the complex linear differential equations and when the coefficients
Ao, Ay, ..., Ag_1, F are analytic functions of [p, ¢] —order in A.

Before, we state our results we need to give some definitions and discussions.
Firstly, let us give definition about the degree of small growth order of functions in
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2 B. BELAIDI

A as polynomials on the complex plane C. There are many types of definitions of
small growth order of functions in A (i.e., see [8, []).

Definition 1.1. For a meromorphic function f in A let

D(f) = limsupL’lf)7

r—1- 1 1—r
where T(r, ) is the characteristic function of Nevanlinna of f. If D (f) < oo, we
say that f is of finite degree D (f) (or is non-admissible); if D (f) = oo, we say
that f is of infinite degree (or is admissible). If f is an analytic function in A, and

. log™ M (r,
Dy (f) ::hmsupig1 (1 f),
r—1- 0g 17—

in which M (r, f) = |mlax|f(z)| is the mazimum modulus function, then we say
Z|=r

that f is a function of finite degree Das (f) if Das (f) < oo; otherwise, f is of
infinite degree.

Now, we give the definitions of iterated order and growth index to classify
generally the functions of fast growth in A as those in C (see [5l 16, I7]). Let
us define inductively, for r € [0,1), exp;r := e" and €Xp,i1 7 = €xp (expp r),
p € N. We also define for all r sufficiently large in (0,1), log, r := logr and
log,, ;7 := log (logp r) , p € N. Moreover, we denote by exp,r := r, logyr := 7,
log_,r:=exp;r and exp_; r := log; 7.

Definition 1.2. [6[7, 18] Let f be a meromorphic function in A. Then the iterated
p—order of f is defined by

log™ T (r,
pp (f) =lim Supgpi(f) (p=1 isan integer),

r—1- 0g ﬁ
where log;r r = logt z = max {log z,0}, log;H z = log™ 1og; x. For p = 1, this
notation is called order and for p = 2 hyper-order [12,[19]. If f is analytic in A,
then the iterated p—order of f is defined by
. log, 1 M (r, f)
pasp () = limsup—22£L =0 L0

r—1- og 1
Remark 1.3. It follows by M. Tsuji ([21], p. 205) that if f is an analytic function
i A, then we have the inequalities

(p =1 is an integer) .

p1(f) <pma(f) <pi(f)+1,
which are the best possible in the sense that there are analytic functions g and h
such that para (9) = p1(9) and para (h) = p1 (k) + 1, see [9]. However, it follows
by Proposition 2.2.2 in [IT] that pap (f) = pp (f) forp = 2.

Definition 1.4. (see [6]) The growth index of the iterated order of a meromorphic
function f(z) in A is defined by

0, if [ is non-admissible,
i(f)=< min{j e N:p;(f) < +oo} iff is admissible,
+oo, if pj (f) =400 for all j € N.
For an analytic function f in A, we also define
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0, if f is non-admissible,
iv (f)=q min{j e N:ppr; (f) <+oo} if f is admissible,
400, if paj (f) = 400 for all j € N.

Remark 1.5. If p,(f) < oo or i(f) < p, then we say that [ is of finite iterated
p—order; if pp(f) = oo or i(f) > p, then we say that f is of infinite iterated
p—order. In particular, we say that f is of finite order if p1(f) < oo ori(f) < 1;
f is of infinite order if p1(f) = oo or i(f) > 1.

Definition 1.6. (see [2, [7]) Let f be a meromorphic function in A. Then the
iterated exponent of convergence of the sequence of zeros of f (z) is defined by

log; N (7“, %)
Ap (f) = limsup———+

(p =1 is an integer),
r—1- log T—r

where N (7“, %) is the counting function of zeros of f (z) in{z:|z| <r}. Forp=1,
this notation is called exponent of convergence of the sequence of zeros and for
p = 2 hyper-exponent of convergence of the sequence of zeros. Similarly, the iterated
exponent of convergence of the sequence of distinct zeros of f (z) is defined by

B log; N (7‘, %)

Ap (f) =limsup————= (p=>1 is an integer),

r—1- IOg 1—r

where N (r, %) is the counting function of distinct zeros of f(z) in {z: |z| < r}.
Forp =1, this notation is called exponent of convergence of the sequence of distinct
zeros and for p = 2 hyper-exponent of convergence of the sequence of distinct zeros.

Now, we introduce the concept of [p, g]-order of meromorphic and analytic functions
in the unit disc.

Definition 1.7. (see [d]) Let p > q > 1 be integers. Let f be meromorphic function
in A, the [p,q|-order of f (z) is defined by

10g+ T(r, f)
Plp.q (f) = lim sup—b—"~,
lp.d] ( ) r—1- logq 1ir

For an analytic function f in A, we also define

log , M (r,
P fp.q) () = limSUngJrl—l(f).
1P r—1- logq p—

Remark 1.8. It is easy to see that 0 < pp, q (f) < 00. If f(2) is non-admissible,
then p,.q (f) = 0 for any p > q > 1. By Deﬁnition we have that pp 1y (f) =
P1 (f) =p (f) y P[2,1] (f) = p2 (f) and Plp+1,1] (f) = Pp+1 (f) .

Proposition 1.9. (see [4]) Let p > q > 1 be integers. Let f be analytic function
in A of [p,q]-order. The following two statements hold:
() If p= g, then
Plp.al (F) < pasip.g) (F) < pip.g (F) + 1.
(i) If p > q, then
P, (f) = paajp,q) (f) -
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Definition 1.10. The [p, q]-exponent of convergence of the zero sequence of f (2)

mn A is defined by
log;)r N (T, })

Ap.g (f) = limsup
[p.al ( r—1- qu 1i,«

Similarly, the [p, q]-exponent of convergence of the sequence of distinct zeros of f (z)

is defined by
log} ¥ (r, ;)

A f) =limsup
p.al ( - log, ﬁ

For F C [0,1), the upper and lower densities of F' are defined by
EE— F F
densa F' = lim supw and denspF =lim infw
r—1- m([our)) r—1- m([oa'r))
respectively, where m (G) = |, G % for G C [0,1). We obtain the following results.
Theorem 1.11. Let p > q > 1 be integers. Let H be a set of complex numbers
satisfying densa{|z| : z € H C A} > 0, and let Ay (2),..., Ax—1(2) be analytic

functions in the unit disc A such that for real constants o,  where 0 < 8 < «, we
have

A (2)] > exp, 1 {alogq (ﬁm)} (13)

and
|45 (2)] < exppyq {ﬁlogq (1—1|z>} (G=1,..,k—-1) (1.4)

as |z| = 17 for z € H. Then every solution f # 0 of equation satisfies
Plp.a) (F) = Pt fpq) () = 00 and ppi1,q) (F) = par,fpr1,q) (F) 2 @

Theorem 1.12. Letp > q > 1 be integers. Let H be a set of complex numbers satis-
fying densa {|z] : z € H C A} > 0, and let Ay (2) , ..., Ag—1 (2) be analytic functions
in the unit disc A satisfying max{pas,p.q (A;) 1 j = 1,....k—=1} < pasp.q (Ao) = p-
Suppose that there exists a real number p satisfying 0 < p < p such that for any
given € (0 < e < p— ) sufficiently small, we have

140 )1 > expys { (0= 2o, (=) | (15)

and
1 .
|Aj (2)] < exppiq {Mlogq (1z|>} (j=1..,k-1) (1.6)

as |z| = 17 for z € H. Then every solution f % 0 of equation satisfies
P, () = Prip,q) (f) = 00 and ppi1,q) () = P fp+1,q) () = P [p,q) (Ao) = p-

Theorem 1.13. Suppose that the assumptions of Theorem [1.13 are satisfied, and
let F £ 0 be analytic function in A of [p,q|-order. Then, the following two state-
ments hold:

(0) If prp+1,q (F) < par,[p,q) (Ao) , then every solution f of satisfies Ap41,q (f) =
Ap+1,q (F) = Ppt1.q (f) = parp.q (Ao) with at most one exception fo satisfying
Pip+1.q (fo) < Parfp.g) (Ao)-

(i) pr[é,_,_%,q} (F) > pa,[p,q (Ao) , then every solution f of satisfies pipy1,q (f) =
Plp+1,q) (F)-
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2. PRELIMINARY LEMMAS

In this section we give some lemmas which are used in the proofs of our theo-
rems.

Lemma 2.1. ([9], Theorem 3.1) Let k and j be integers satisfying k > j > 0, and
lete >0 and d € (0,1). If f is a meromorphic in A such that f9) does not vanish
identically, then

—J

() mc for 26 0} el
(=) mosfrosiy

(2.1)

)
()

where Ey C [0,1) is a set with [ A < oo and s(|z]) =1—d(1—|z]).

T

Lemma 2.2. ([12]) Let f be a meromorphic function in the unit disc A, and let

k > 1 be an integer. Then
f(k)
m (7"7 f) = S (T7 f) ) (22)

where S(r, f) = O <log+ T(r, f)+ log(ﬁ)» possibly outside a set Eo C [0,1) with

ng 1djr < oo.

Lemma 2.3. ([]) Let p > q > 1 be integers. Let f be a meromorphic function in
the unit disc A such that py, g (f) = p < 00, and let k > 1 be an integer. Then for

any € > 0,
() 20 (o fosaon (7)) e

holds for all r outside a set E5 C [0,1) with ng 1dfr < o0.

Lemma 2.4. ([I]) Let g : (0,1) = R and h: (0,1) — R be monotone increasing
functions such that g (r) < h(r) holds outside of an exceptional set E4 C [0,1) for
which [, Ar < co. Then there exists a constant d € (0,1) such that if s(r) =

T

1—d(1—7r), then g(r) < h(s(r)) for allr € [0,1).

Lemma 2.5. ([]) Let p > q > 1 be integers. If Ay (z),...,Ax—1(2) are analytic
functions of [p,q| —order in the unit disc A, then every solution f # 0 of
satisfies

Plp+1,q] (f) = PM,[p+1,q] (f) < max {pM,[p,q] (A]) =01, k- 1} . (24)

Lemma 2.6. Let Ay, Ay,..., Ax_1, F £ 0 be finite [p, q] —order analytic functions
in the unit disc A. If f is a solution with pp, g (f) = 00 and ppi1,4 (f) = p < 00

of equation , then X[pyq] (f) = A\pgt (f) = pip,g (f) = o0 and X[pﬂ,q] (f) =
>\[p+1,q] (f)= Plp+1,q] (f)=np

Proof. Since Ag, A1, ..., Ax—1, F # 0 are analytic in A, then all solutions of (1.2
are analytic in A (see [12]). By (1.2)), we can write

(k) (k—1) '
%: ! <ff+Ak1f 7 +...+A1§+A()>. (2.5)
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If f has a zero at zp € A of order v (> k), then F must have a zero at zp of order
at least v — k. Hence,

1 — 1 1
Nilr,—= )| <kEN|(r - +N(T,). 2.6
(7)) <3 (=5) F 20
By (2.5), we have

m <r7 Jlt) < ilm (r, f;])) + kilm (r,Aj)+m (7“7 ;) +0(1). (2.7)

=0
Applying the Lemma we have

(122 =0 (e, (i reron, (V1) G, 9

where pp,11,4 (f) = p < 00, holds for all » outside a set E3 C [0, 1) with fEs A<

oco. By —7 we get o
k—1
T, f)=T (r,jc) +0(1) <kN (7", }) +ZT(T,AJ')+T(T,F)

Jj=0

+0 (expp {(p—l—e) log, (1:) }) (2| =r ¢ Es3). (2.9)

n= maX{pP (AJ) (] = 07 7k - 1) y Pp (F)} .
Then for r — 17, we have
1
T(r,Ao) + ... + T (r,Ag—1) + T (r, F) < (k+ 1) exp, {(u +¢)log, (1—7") } .
(2.10)

Set

Thus, by (2.9) and (2.10)), we have for r — 1~

T(r,f) < kN(r,ch) + (k + 1)epr{(u+€)10gq (llr)}

10 (expp {(p—l—a)logq (1 ! r) }) kN (r, })
1o (expp{nlogq (117~) }) (2] = ¢ ), (2.11)

where 7 < co. Hence for any f with pp, ) (f) = o0 and pjp41, (f) = p, by Lemma

and , we have

)‘[P’Q] (f) 2 X[p,q] (f) P Plp,q] (f) =0
>

and Apy1q) (f) = X[gﬂﬂ] (f) 2 Plpr1q (f)- Since Mpi1 g (f) < Apraq (f) <
Plp+1.a) (f), we have Api1,q) (F) = Api1,q) (f) = Ppr,q (F) = 2. -

Lemma 2.7. Letp > q > 1 be integers, and let f and g be meromorphic functions
of [p, q]-order in A. Then we have

Plp,q] (f + g) < max {p[;mq] (f) ) Plp,q] (g)}

and
Plp,q] (fg) < max {p[p,q] (f) s Plp,q] (9)} )
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Furthermore, if pp.q (f) > ppp,q (9) , then we obtain

Plp.q] (f+9) = Plp,q] (fg)= Plp.q] (f)-
Proof. Set ppp g (f) = p1 and pp, g (9) = p2. For any given € > 0, we have

T f+g)<T(r,f/)+T(rg)+0(1) <expp{(m+5)logq (1i7’>}

+exp, {(pg +¢)log, <1ir> } +0(1)
< 2expp{(max{p1,p2}+€) log, (1:)} o) (2.12)

and

T(r,fg) <T(r,f)+T(r,g) <2exp, {(max{pl,pg} +¢)log, (1:)} (2.13)

for all r sufficiently large. Since ¢ > 0 is arbitrary, from (2.12)) and (2.13)), we easily
obtain

Plp,q] (f + g) max {p[p q] (f) ) Plp,q] (g)} (214)
and
Plp.q) (f9) <max{pyq (f),ppq (9} (2.15)
Suppose now that pp, o1 (f) > ppp.q (9) - Considering that
T(rf)=Tf+9—9) <T(r,f+9)+T(r,9)+0(1) (2.16)
and
1. =7 (n 1) <o 47 (n})
=T (r,fg)+T(r,g)+0(1). (2.17)
By and (2.17)), by the same method as above we obtain that
Pip.al (F) < max{ppq (f +9), ppa (9} = Py (f +9), (2.18)
Plp,q) (f) < max {p[p q (f9):pp.a (9 >} p[pq (fg) (2 19)

By using (2.14) and (2.18) we obtain py, 4 (f +9) = ppp.q (f) and by (2.15] and
" we get Plp,q] (f = Plp,q] (f)

Lemma 2.8. Let p > q > 1 be integers, and let f be a meromorphic function of
[p, q] —order in A. Then pp, g (f') = pip,q (f)-

Proof. Let f be a meromorphic function of [p, ¢] —order in A. By ([6], p. 281) we
have for r — 1~

T(r,f)<O(T<r+3,f>+l 11) (2.20)
On the other hand,
T(T,f/):m(r,f/)+N(r7f’)ém(r,f)—&-m( J;>+2N( f)
<27 (r, f)+m (r, J;) . (2.21)

Hence, by using (2.20) and (2.21)) we obtain pp, g (f") = ppp.q (f) - a
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Proof of Theorem[1.11l Suppose that f # 0 is a solution of (1.1]). From the condi-
tions of Theorem there is a set H of complex numbers satisfying densa{|z| :
z € H C A} > 0 such that for z € H, we have (1.2]) and (1.3) as |z|] — 17. Set
Hy ={r =|z|: 2z € HC A}, since densa{|z| : z € H C A} > 0, then H; is a
set with [, AT = o0. By Lemma there exist s(|z]) =1—d (1 — |z|) and a set

E, C[0,1) with fEl dr < oo such that for r = |z| ¢ F;, we have

1—r

) 24¢ J
‘ff](z(j) < ((1_1||) max{logl_le(s(IZI) ,f>}> (G =1, k).
(2.22)
By , we can write
(k) (k=1) ’
|[Ag (2)| < ‘ff + |Ak—1 (2)] ‘f 7 + ...+ 40 (2)] f? . (2.23)

It follows by (1.3]), (1.4), (2.22) and (2.23) that

expy 11 {alogq (1_12|> } < 4y (2)] < kexp, s {mogq (1_1|Z|> }
X((;M)”Emax{mlj'z,T(sqzn,f)})’“ 22

holds for all z satisfying |z| = r € Hi\E; as |z| — 17, where E; C [0,1) is a set
with fEl 4" < co. Noting that a > 8 >0, by 1) we have

(1= o)exp, {atog, (=) } < (ﬁM)kw Ts(e). ) (225)

for all » satisfying |z| = r € H;\E; as || — 1. Hence by Lemma[2.4 and (2.25),
we obtain pp, o (f) = par,[p,q (f) = oo and
IOg;:Ll T (Ta f)

Plpt+1,q) (f) = Par,fpt1,q (f) = limsup 1 1 Z .
r—1-— qu 1—r

O

Proof of Theorem[I.14 Suppose that f # 0 is a solution of (L.1I). Then for any

given € > 0, by the results of Theorem we have pp, g (f) = parfp,q (f) = 00
and

Pip+1,q (f) = parpt1,q (f) Z p— €. (2.26)

Since € > 0 is arbitrary we get from (2.26)) that pp,11,4 (f) = parpt1.q (f) = p-
On the other hand, by Lemma we have

Plp+1,q] (f)= PM,[p+1,q] (f)

<max {par g (A7) 15 =0,1,....k — 1} = pagp.q (Ao) = p. (2.27)
It yields ppp+1,) (f) = Prp+1,0) (F) = Pt p,q) (Ao) = p- 0
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Proof of Theorem[1.13 (i) Suppose that pp,i1,g (F) < par,[p,q (Ao) . We assume
that f is a solution of (1.2)) and { f1, f2, ..., fx} is a solution base of the corresponding

homogeneous equation (1.1]) of (1.2). By Theorem we know that pp, o (fj) =
oo and pipy1,q (f5) = Parfp.q (Ao) (7 =1,2,...,k). Then f can be expressed in the

form

f(2) = B1(2) f1(2) + B2 (2) f2(2) + ... + Bi (2) fi (2) (2.28)

where By (2), ..., B (z) are suitable analytic functions determined by

By (2) fi (2) + By (2) f2 (2) + .. + B}, (2) fr (2) = 0
Bi(2) fi(2) + By (2) f2 (2) + .. + By (2) [ (2) = 0

(2.29)

B (2) 1570 (2) 1 By (2) £ (2) 4 ot BL(2) SV (2) = F(2).

Since the Wronskian W (f1, fa, ..., fr) is a differential polynomial in fi, fo, ..., fx
with constant coefficients, it is easy by using Theorem to deduce that

Plp+1,q] (W) < max {p[p+1,q] (f]) :J=12,.., k} = PM,[p,q] (AO) : (230)
From ([2.29)), we get

B = F.Gj (fi, far s fi) - (W (f1, far oo )7 (G =1,2,.00k) (2.31)

where G, (f1, f2, ..., fx) are differential polynomials in fi, fa, ..., fr with constant
coefficients. Thus

Plp+1,q] (Gj) < max {p[p-i-l,q] (f]) :j=12, 7k}

= PM,[p,q] (AO) (.7 = 13 27 ceey k) . (232)

Since ppp11,4) (F) < pas.fp.g) (Ao), then by using Lemma[2.7} Lemma 2.8} (2.30) and
(2.32), we have from (2.31)) for j =1,2,....k

Po+1al (Bj) = Pp+1q (B]) < max {ppi1q (F), par o) (A0)} = pasjp.a) (A(o) )
2.33
Then, by (2.33) and Lemma we get from ([2.28))

Plp+1,q] (f) < max {p[erLq] (f]) » Plp+1,q] (BJ) g=12 k}

= PM,[p,q] (Ao) . (2.34)

Now, we assert that every solution f of satisfies ppi1,q) (f) = Pasjp,q) (Ao)
with at most one exceptional solution fy satisfying pp11,4 (fo) < parp.q (Ao)-
In fact, if f* is another solution with pp,41,4 (f*) < par[p,q (Ao) of equation ,
then pp, 11,4 (fo — f*) < parjp,q (Ao). But fo— f* is a solution of the corresponding
homogeneous equation of (L.2). This contradicts Theorem [1.12] By Lemma
E we know that every solution with pp, 4 (f) = 00 and pjp41,q) (f) = Pas,[p.q (Ao)

satisfies X[p-i-l,q] (f)= /\[;D-i-l,q] (f) = Plp+1,q] (f) = PM,[p,q] (Ao) -
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(ii) If pas[p.g) (Ao) < Plps1.q) (F), then by using Lemma 2.7} Lemma[2.8} (2.30) and
(2.32), we have from (2.31)) for j =1,2,....k

Pip+1,q (Bj) = pipt1.q (B))

Smax {ppi1,q) (F) s plpyrg (f) 15 = 1,2, k) = pprag (F). (2.35)
Then from (2.35) and (2.28)), we get

Plp+1,q] (f) < max {p[erl,q] (f]) y Plp+1,q] (B]) .7 =1,2,.., k} = Plp+1,q] (F()
2.36
On the other hand, if pys[p.q (Ao) < ppt1,q (F), it follows from equation (I
that a simple consideration of [p, q] —order implies pp11,4 (f) = Ppt1,q (F)-

this inequality and (2.36)) we obtain pp,41.q (f) = ppt1,q (F)-

O Eugv
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