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VISCOSITY APPROXIMATION FOR A COMMON SOLUTION

OF MINIMIZATION, EQUILIBRIUM, AND FIXED POINT

PROBLEMS

TIMOTEWOS TONE DANA1, MENGISTU GOA SANGAGO2,∗, HABTU ZEGEYE HAILU3,
AND WONDIMU WOLDIE KASSU4,

Abstract. In this paper, we introduce a hybrid viscosity and gradient projec-

tion iterative algorithm that approximates a common solution of constrained
convex minimization problem, a generalized equilibrium problem and fixed
point problem of a sequence of directed nonexpansive mappings. We prove the
strong convergence of the proposed iterative algorithm to a common solution
that satisfies a certain variational inequality under some suitable conditions on
the parameters. It generalizes the familiar gradient-projection algorithm for
convex minimization problem. This result improves and extends some recent
results in the literature.

1. Introduction

Let H be a real Hilbert space and C be a nonempty closed convex subset of H .
A mapping T : C → C is said to be L−Lipschitzian mapping if for some L ≥ 0,
‖Tx− Ty‖ ≤ L‖x− y‖, for all x, y ∈ C. If L = 1, we say that T is a nonexpansive
mapping, and if 0 ≤ L < 1, we say that T is a contraction mapping. We say T is
firmly nonexpansive if 2T − I is nonexpansive, or equivalently,

‖Tx− Ty‖2 ≤ 〈x − y, Tx− Ty〉, ∀x, y ∈ C.

We say that T is α-averaged mapping for some α ∈ (0, 1) (see Tian and Liu [25]),
if there is a nonexpansive mapping S : C → C such that T = (1 − α)I + αS. We
denote the fixed point set of T by Fix(T ); that is, Fix(T ) = {x ∈ C : Tx = x}.

Definition 1. (see Xu [30], Browder and Petryshyn [7]) A mapping T : C → C is
said to be monotone if

〈x − y, Tx− Ty〉 ≥ 0, for all x, y ∈ C;

and is called ν-inverse strongly monotone (for short, ν-ism) for some ν > 0, if

〈x− y, Tx− Ty〉 ≥ ν‖Tx− Ty‖2, for all x, y ∈ C.
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The monotone operators have been widely used to solve practical problems in var-
ious fields such as optimization problems, traffic assignment problems, equilibrium
problems, radiation therapy, and so on. See [6, 9, 12, 14, 17, 27, 28, 30, 31, 32, 33,
34, 35] and references therein.

Let us discuss the problems that motivated us to develop approximation techniques.
Let φ : C × C → R be a bifunction. In 1994, Blum and Oettli [3] introduced an
equilibrium problem (EP) as the problem of finding u ∈ C such that

φ(u, v) ≥ 0 for all v ∈ C. (1.1)

The set of solutions of (1.1) is denoted by EP (φ). The theory of equilibrium prob-
lems has motivated the study of problems arising from image restoration, computer
tomography, radiation therapy treatment planning, economics, optimization, and
other fields. In some systems, solutions of equilibrium problems are also solutions
of fixed point problems of nonlinear mappings. Many researchers have looked for
common solutions to the equilibrium and fixed point problems of a system. Several
authors have studied the existence and approximation of common solutions of equi-
librium and fixed point problems based on different relaxed monotonicity notions
and various compactness assumptions. To mention a few, see Blum and Oettli [3],
Bnouhachem [4], Byrne [8, 9], Censor and Elfving [11], Moudafi [18], Zegeye et al.
[36], and the references therein.

Many researchers have considered a generalized equilibrium problem (GEP) of find-
ing z ∈ C such that

φ(z, y) + 〈Az, y − z〉 ≥ 0 for all y ∈ C, (1.2)

where A : C → H is a monotone mapping. The set of solutions of (1.2) is denoted
by EP (φ,A); that is,

EP (φ,A) = {z ∈ C : φ(z, y) + 〈Az, y − z〉 ≥ 0 ∀y ∈ C} .

In the case when A ≡ 0, the GEP reduces to the EP. Numerous problems in physics,
variational inequalities, optimization, minimax problems, Nash equilibrium prob-
lems in non-cooperative games, and economics reduce to finding a solution of the
GEP (1.2). See Moudafi and Thèra [17], Moudafi [18, 19], Xu [30], Yazdi [31], Yazdi
and Sababe [35], and the references therein.

The other problem of our interest is a constrained convex minimization problem

minimize {g(x) : x ∈ C}, (1.3)

where g : C → R is a convex function. We denote the set of solutions of problem
(1.3) by U , that is,

U = {z ∈ C : g(z) = min
y∈C

g(y)}. (1.4)

The widely considered approximation method to solve these problems is the gra-
dient projection algorithm (GPA). If g is (Fréchet) differentiable, then the GPA
generates a sequence {xn} via the following recursive formula:

xn+1 = PC

(

xn − λn∇g(xn)
)

for all n ≥ 0, (1.5)

where x0 ∈ C is an arbitrary initial guess and the parameters λn are positive real
numbers satisfying certain conditions. The convergence of the algorithm in (1.5)
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depends on the behavior of the gradient ∇g.

In 2010, Xu [29] proved the following:

Theorem 1.1. If g : C → R is a continuously differentiable convex function such
that the gradient ∇g is Lipschitz continuous with Lipschitz constant L > 0, and if
the constrained convex minimization problem is consistent, then for each λ ∈

(

0, 2
L

)

,
the sequence {xn} generated by the gradient projection algorithm (1.5) converges
weakly to a solution of (1.3).

In 2011, Xu [30] proposed an explicit operator-oriented approach to algorithm (1.5)
using the concept of an averaged mapping. He presented his averaged mapping ap-
proach to the GPA (1.5) and the relaxed gradient projection algorithm. Moreover,
he constructed a counterexample which showed that the algorithm (1.5) does not
converge in norm in an infinite-dimensional space, and also presented two modifica-
tions of the GPA which were shown to have strong convergence (see, Xu [27, 28, 30]).

Many mathematicians in the field have discussed the approximation of a common
solution for three problems: the fixed point problem for nonlinear mappings, the
generalized equilibrium problem, and the constrained convex minimization prob-
lem. Some of them have considered the approximation of a common solution for
a combination of any two of them. Many authors have also tried to develop ap-
proximation techniques for individual problems by studying the characteristics of
each problem. See, Combettes and Hirstoaga [12], Jung [15], Peng and Yao [21],
Plubtieng and Punpaeng [22], Razani and Yazdi [23], Wang et al. [26], Yazdi [31],
and the references therein.

Let us discuss some of these results that are in line with our point of interest in
this paper. In 2007, Plubtieng and Punpaeng [22] introduced an iterative scheme
for finding a common element of the set of solutions of (1.1) and the set of fixed
points of a nonexpansive mapping in a Hilbert space as follows:

{

φ(un, y) +
1
rn
〈y − un, un − xn〉 ≥ 0, for all y ∈ H,

xn+1 = αnγf(xn) + (I − αnA)Sun, n ≥ 1,
(1.6)

where φ : H ×H → R is a bi-function, A is strongly positive bounded linear oper-
ator on H , S is a nonexpansive self-mapping of H such that Fix(S) ∩ EP (φ) 6= ∅,
f is a contraction, γ > 0 is a constant, {αn} ⊂ [0, 1] and {rn} ⊂ (0,∞). Then, the
sequence {xn} defined in (1.6) converges strongly to a point z ∈ F (S) ∩ EP (φ),
where z = PFix(S)∩EP (φ)(I −A+ γf)(z).

In 2010, Wang et al. [26] introduced the following composite iterative scheme:














φ(un, y) +
1
rn
〈y − un, un − xn〉 ≥ 0, for all y ∈ H,

yn = αnγf(xn) + (I − αnA)Tnun,

xn+1 = (1− βn)yn + βnTnyn, n ≥ 1,

(1.7)

where φ : H × H → R is a bifunction, A is a strongly positive bounded linear
operator on H , f is a contraction, {Tn} is a countable family of nonexpansive self-
mappings of H such that

⋂∞

n=1 Fix(Tn) ∩ EP (φ) 6= ∅, γ > 0 is some constant,
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x1 ∈ H , {αn}, {βn} ⊂ [0, 1], and {rn} ⊂ (0,∞). By imposing some strict condi-
tions on the parameters, they proved that the sequence {xn} generated by (1.7)
converges strongly to a point in

⋂∞

n=1 Fix(Tn) ∩ EP (φ).

In 2012, Tian and Liu [25] studied the following implicit and explicit composite
iterative schemes using the viscosity approximation method for finding the common
solution of an equilibrium problem and a constrained convex minimization problem:

{

φ(un, y) +
1
rn
〈y − un, un − xn〉 ≥ 0, for all y ∈ C,

xn+1 = αnf(xn) + (1− αn)Tnun, n ≥ 1,
(1.8)

where φ : C × C → R is a bifunction, g : C → H is a convex function such that
∇g is an L-Lipschitzian mapping with L ≥ 0 and U ∩ EP (φ) 6= ∅, f is a contrac-
tion, x1 ∈ C, {αn} ⊂ (0, 1), {rn} ⊂ (0,∞), PC(I − λn∇g) = snI + (1 − sn)Tn,
sn = 2−λnL

4 , and {λn} ⊂ (0, 2
L
). They proved that the sequences {un} and {xn}

defined in (1.8) converge strongly to a point in U ∩EP (φ) under certain conditions
on the parameters.

In 2020, Yazdi [32] introduced the following explicit composite iterative method for
finding the common solution of a generalized equilibrium problem and a constrained
convex minimization problem:

{

φ(un, y) +
1
rn
〈y − un, un − xn〉+ 〈Axn, y − un〉 ≥ 0, for all y ∈ C,

xn+1 = αnf(xn) + (1− αn)Tnun, n ≥ 1,
(1.9)

where φ : C × C → R is a bifunction, g : C → H is a convex function such that
∇g is an L-Lipschitzian mapping with L ≥ 0 and U ∩ EP (φ,A) 6= ∅, f : C → C is
a contraction with constant k ∈ [0, 1), A : C → C is an α-ism mapping, x1 ∈ C,
{αn} ⊂ [0, 1], {rn} ⊂ [a, b] ⊂ (0, 2α), PC(I−λn∇g) = snI+(1−sn)Tn, sn = 2−λnL

4 ,

and {λn} ⊂ (0, 2
L
). The author proved that the sequences {xn} and {un} gener-

ated by (1.9) converge strongly to q ∈ U ∩EP (φ,A) under certain conditions, and
showed that q solves a certain variational inequality.

In 2024, Yazdi and Sababe [35] proposed the two-layer iteration process defined as















x1 ∈ C,

φ(un, y) +
1
rn
〈y − un, un − xn〉 ≥ 0 for all y ∈ C,

xn+1 = αnf(xn) + (1− αn)Tun, n ≥ 1,

(1.10)

where T : C → C is an α-strongly quasi-nonexpansive mapping such that I − T is
demiclosed at zero, φ : C × C → R is a bifunction with Fix(T ) ∩ EP (φ) 6= ∅, f :
C → C is a contraction with constant k ∈ [0, 1), {αn} ⊂ [0, 1], and {rn} ⊂ (0,∞).
The authors proved that the sequences {xn} and {un} generated by (1.10) converge
strongly to q ∈ Fix(T ) ∩ EP (φ) under certain conditions on the parameters.

In 2025, Sangago et al. [24] introduced the following viscosity approximation scheme
for finding a common solution of the fixed point problem of directed nonexpansive
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mapping S, the generalized equilibrium problem and the constrained convex mini-
mization problem (1.4).



















x1 ∈ C,

φ(un, y) +
1
rn
〈y − un, un − xn〉+ 〈y − un, Bxn〉 ≥ 0, for all y ∈ C,

vn = αnxn + (1− αn)Tnun,

xn+1 = βnf(xn) + (1− βn)Svn, n ≥ 1,

(1.11)

where B is an α-ism mapping, g : C → R is a real-valued convex function such
that PC(I − λn∇g) = γnI + (1− γn)Tn, and S : C → C is a directed nonexpansive
mapping. Then the sequence {xn} defined by (1.11) converges strongly to q =
PΣf(q), which solves the variational inequality:

〈q − f(q), y − q〉 ≥ 0 for all y ∈ C, (3.8)

where Σ = U ∩EP (φ,B) ∩ Fix(S) 6= ∅.

Motivated and inspired by the above results, we propose a viscosity iterative
scheme to approximate a common solution of constrained convex minimization
problem, a generalized equilibrium problem involving a finite family of α-inverse
strongly monotone mappings and fixed point problem of a sequence of directed non-
expansive mappings. We then prove a strong convergence theorem which improves
and extends recent results in the literature. In particular, our results improve those
results of Sangago et al. [24].

2. Preliminaries

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖. Let C be
a nonempty, closed and convex subset of H. Weak and strong convergences are
denoted by ⇀ and →, respectively. We recall the following well-known facts from
the definition of the norm and inner product on Hilbert spaces:

Lemma 2.1 (Khamsi and Kirk [16]). For every x, y ∈ H and λ ∈ (0, 1),

‖x− y‖2 = ‖x‖2 − ‖y‖2 − 2〈x− y, y〉, (2.1)

‖λx+ (1 − λ)y‖2 = λ ‖x‖2 + (1− λ) ‖y‖2 − λ(1 − λ) ‖x− y‖2 , (2.2)

‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉. (2.3)

For any x ∈ H, there exists a unique nearest point in C, denoted by PC(x), satisfying

‖x− PC(x)‖ = inf{‖x− y‖ : y ∈ C}. (2.4)

We say that PC is a metric projection of H onto C. Some of useful properties of
projections are gathered in the lemma below.

Lemma 2.2. (Khamsi and Kirk [16], Cai et al. [10])

(a) For x ∈ H and z ∈ C,

z = PC(x) ⇐⇒ 〈x− z, z − y〉 ≥ 0 for all y ∈ C. (2.5)

(b) PC is a firmly nonexpansive mapping; that is,

‖PC(x) − PC(y)‖
2 ≤ 〈PC(x)− PC(y), x− y〉 for all x, y ∈ H. (2.6)
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(c) PC satisfies,

‖x− PC(x)‖
2 ≤ ‖x− y‖2 − ‖y − PC(x)‖

2
for all x ∈ H, y ∈ C. (2.7)

Let us collect technical lemmas that are important in proving our main results
of this article.

Lemma 2.3 (Naidu and Sangago [20]). Let ΠC denote the family of all contrac-
tion self mappings of C and suppose T : C → C is a nonexpansive mapping with
Fix(T ) 6= ∅. Then there is a unique mapping △ : ΠC → Fix(T ) such that

lim sup
n→∞

〈(I − f)△(f),△(f)− xn〉 ≤ 0,

for any given f ∈ ΠC and a bounded approximate fixed point sequence {xn} of T
in C.

Lemma 2.4 (Goebel and Kirk [13]). Let T : C → C be a nonexpansive mapping
with F (T ) 6= ∅. If {xn} is a sequence in C that converges weakly to x, and if
{xn − Txn} converges strongly to y, then (I − T )x = y.

Definition 2 (Blum and Oettli [3]). A bi-function φ : C×C → R is said to satisfy
“Condition A” if the following four conditions hold:

(A1) φ(x, x) = 0 for all x ∈ C;
(A2) φ is monotone; that is, φ(x, y) + φ(y, x) ≤ 0 for all x, y ∈ C;
(A3) for each x, y, z ∈ C,

lim
t↓0

φ(tz + (1− t)x, y) ≤ φ(x, y);

(A4) for each x ∈ C, y 7→ φ(x, y) is convex and weakly lower semi continuous.

Lemma 2.5 (Blum and Oettli [3]). Let φ : C × C → R be a bi-function satisfying
Condition A. Let r > 0 and x ∈ H. Then, there exists z ∈ C such that

φ(z, y) +
1

r
〈y − z, z − x〉 ≥ 0 for all y ∈ C. (2.8)

Lemma 2.6 (Combettes and Hirstoaga[12]). Assume that φ : C ×C → R satisfies
Condition A. For r > 0 and x ∈ H, define a mapping Qr : H → C as follows:

Qrx = {z ∈ C : φ(z, y) +
1

r
〈y − z, z − x〉 ≥ 0 for all y ∈ C}, x ∈ H.

Then, the following hold:

(i) Qr is single-valued;
(ii) Qr is firmly nonexpansive; that is, for all x, y ∈ H

‖Qrx−Qry‖
2 ≤ 〈Qrx−Qry, x− y〉;

(iii) F (Qr) = EP (φ);
(iv) EP (φ) is closed and convex.

Lemma 2.7 (Brezis [5], Byrne [9], Xu [30]). Let S, T, V, T1, T2 : H → H be given
mappings.

(i) T is nonexpansive if and only if I − T is 1
2 -ism.

(ii) If T is ν-ism, then for every γ > 0, γT is ν
γ
-ism.

(iii) T is averaged if and only if I − T is ν-ism for some ν > 1
2 . In fact, for

α ∈ (0, 1), T is α-averaged if and only if I − T is 1
2α -ism.
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(iv) If T = (1 − α)S + αV for some α ∈ (0, 1), S is averaged and V is nonex-
pansive , then T is averaged.

(v) T is firmly nonexpansive if and only if the complement I − T is firmly
nonexpansive.

(vi) If T = (1 − α)S + αV for some α ∈ (0, 1), S is firmly nonexpansive and V
is nonexpansive, then T is averaged.

(vii) If T1 is α1-averaged, and T2 is α2-averaged, where α1, α2 ∈ (0, 1), then the
composite T1T2 is α-averaged, where α = α1 + α2 − α1α2.

Lemma 2.8 (Xu [29]). Assume that g : H → R is a convex function whose gradient
∇g is an L-Lipschitzian mapping with L ≥ 0. Assume that the constrained convex
minimization problem in (1.3) is consistent. Then

(i) ∇g is an 1
L
−inverse strongly monotone mapping (shortly 1

L
-ism).

(ii) For λ > 0, the mapping I − λ∇g is λL
2 −averaged .

(iii) The composite PC(I − λ∇g) is (2+λL
4 )-averaged for 0 < λ < 2

L
.

(iv) x∗ ∈ C solves the minimization problem (1.3) if and only if x∗ ∈ C solves
the fixed point equation

x∗ = PC(I − λ∇g)x∗,

where λ is any fixed positive number.

Lemma 2.9 (Yazdi [32]). Suppose A is an α-inverse-strongly monotone mapping
on C and 0 < r < 2α. Then, I − rA is a nonexpansive mapping.

Lemma 2.10. (Yazdi [32]) Let φ : C ×C → R be bi-function satisfying the condi-
tions Condition A and B be an α-inverse-strongly monotone mapping. Suppose
{xn} is a bounded sequence in C and {rn} ⊂ [a, b] ⊂ (0, 2α) is a real sequence. If
un = Qrn(xn − rnBxn), then

‖un+1 − un‖ ≤ ‖xn+1 − xn‖+M |rn+1 − rn|,

where M = sup{‖Bxn‖+
1
a
‖un+1 − (xn+1 − rn+1Bxn+1)‖ : n ∈ N}.

Lemma 2.11 (Aoyama et al. [1]). Assume that {an} ⊆ [0,∞), {γn} ⊆ [0, 1],
{µn} ⊆ [0,∞) and {υn} ⊆ R such that

an+1 ≤ (1− γn)an + γnυn + µn.

Then the conditions
∑∞

n=1 γn = ∞, lim sup
n→∞

υn ≤ 0, and
∑∞

n=1 µn < ∞, imply

limn→∞ an = 0.

3. Main result

Let C be a nonempty, closed and convex subset of H. We introduce the following
definition.

Definition 3. A mapping T : C → C is said to be a directed nonexpansive

mapping if it satisfies the following three conditions:

(DNE1) T is a nonexpansive mapping;
(DNE2) Fix(T ) 6= ∅; and

(DNE3) ‖Tx− p‖2 ≤ ‖x− p‖2 − ‖x− Tx‖2 for every x ∈ C, for every p ∈ Fix(T ).
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Obviously, every firmly nonexpansive mapping with nonempty fixed point set
is a directed nonexpansive mapping. There are nonexpansive mappings that are
not directed nonexpansive. For instance the mapping T : BH → BH (where
BH = {x ∈ H : ‖x‖ ≤ 1}) defined by Tx = −x is nonexpansive, but not directed
nonexpansive mapping. Lemma 2.2 and Lemma 2.6 imply that the operators PC

and Qr, respectively, are directed nonexpansive mappings.

Note that the family of firmly nonexpansive mappings with nonempty fixed point
sets is contained in the family of directed nonexpansive mappings, and the family
of directed nonexpansive mappings is contained in the family of nonexpansive map-
pings.

Throughout this section we use the following assumptions.

(B1) Assume that g : C → R is a real-valued convex function whose ∇g is
a Lipschitzian mapping with Lipschitz constant L > 0. Let {λn} be a
sequence of positive real numbers in (0, 2

L
) such that

PC(I − λn∇g) = (
2− λnL

4
)I + (

2 + λnL

4
)Tn = γnI + (1 − γn)Tn (3.1)

where Tn : C → C is nonexpansive, and γn = 2−λnL
4 . Assume that

limn→∞ γn = 0 (or alternatively, limn→∞ λn = 2
L
) and

∑∞

n=1 |γn+1−γn| <
∞.

(B2) Let φ : C ×C → R be a bi-function satisfying Condition A, let Bk : C →
C, k = 1, 2, · · · , N be αk-ism mappings. The solution set of the generalized

equilibrium problem is denoted by
⋂N

k=1 EP (φ,Bk); that is,

N
⋂

k=1

EP (φ,Bk) =

N
⋂

k=1

{z ∈ C : φ(z, y) + 〈y − z,Bkz〉 ≥ 0, for all y ∈ C}. (3.2)

(B3) Let f : C → C be a contraction mapping with contraction constant k ∈
[0, 1).

(B4) Let Sn : C → C, n = 1, 2, 3, · · · be a sequence of directed nonexpansive
mappings with fixed point set F =

⋂∞

n=1 Fix(Sn) 6= ∅. Assume that for
every bounded subset K of C we have

∑∞

n=1 sup{‖Sn+1x− Snx‖ : x ∈
K} < ∞. Let S : C → C be a mapping defined by Sx = limn→∞ Snx for
all x ∈ C and Fix(S) = F.

(B5) Σ =
⋂N

k=1 [U ∩ EP (φ,Bk) ∩ F ] 6= ∅.

Now we introduce a viscosity approximation scheme for finding a common solu-
tion of the fixed point problem for a sequence of directed nonexpansive mappings
{Sn}∞n=1, a finite family of generalized equilibrium problems (3.2), and the con-
strained convex minimization problem (1.4).







































x1 ∈ C,

un =
1

N

N
∑

k=1

Qrn(xn − rnBkxn),

vn = αnxn + (1 − αn)Tnun,

xn+1 = βnf(xn) + (1− βn)Snvn, n ≥ 1.

(3.3)
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We now state and prove the following lemmas, which are required for the proof of
the theorem.

Lemma 3.1. Suppose that (B1) − (B5) hold true. Suppose {αn}, {βn} and {rn}
are real sequences satisfying the following conditions:

{αn} ⊂ (0, 1], lim
n→∞

αn = 0,

∞
∑

n=1

αn = ∞ and

∞
∑

n=1

|αn+1 − αn| < ∞; (3.4)

{βn} ⊂ (0, 1], lim
n→∞

βn = 0,

∞
∑

n=1

βn = ∞ and

∞
∑

n=1

|βn+1 − βn| < ∞; (3.5)

α = min{α1, · · · , αN}, {rn} ⊂ [a, b] ⊂ (0, 2α) and

∞
∑

n=1

|rn+1 − rn| < ∞. (3.6)

Then the sequences {xn}, {vn} and {un} defined in (3.3) are bounded and

lim
n→∞

‖xn+1 − xn‖ = 0. (3.7)

Proof. Let p ∈ Σ. We note that Qrn(p − rnBkp) = p for each n = 1, 2, 3..., and
k = 1, 2, ..., N. We also have PC(I − λn∇g)p = p, Tnp = p and Snp = p for each
n = 1, 2, . . . . We now present the proof in a step-by-step manner.
We now show that the sequences {xn},{vn} and {un} are bounded.

‖vn − p‖ ≤ αn‖xn − p‖+ (1− αn)‖Tnun − p‖

≤ αn‖xn − p‖+ (1− αn)‖un − p‖

≤ αn‖xn − p‖+ (1− αn)‖
1

N

N
∑

k=1

Qrn(xn − rnBkxn)− p‖

≤ αn‖xn − p‖+ (1− αn)
1

N

N
∑

k=1

‖Qrn(xn − rnBkxn)−Qrn(p− rnBkp)‖

≤ αn‖xn − p‖+ (1− αn)
1

N

N
∑

k=1

‖xn − p‖ ≤ ‖xn − p‖. (3.8)

Thus, from (3.3) and (3.8) we get

‖xn+1 − p‖ = ‖βnf(xn) + (1− βn)Snv − p‖

≤ βn‖f(xn − f(p)‖+ βn‖f(p)− p‖+ (1 − βn)‖vn − p‖

≤ βnk‖xn − p‖+ βn‖f(p)− p‖+ (1− βn)‖xn − p‖

= [1− βn(1− k)]‖xn − p‖+ βn(1− k)
‖f(p)− p‖

1− k

≤ max

{

‖xn − p‖,
1

1− k
‖f(p)− p‖

}

. (3.9)

By induction it follows from (3.9) that for each n ∈ N

‖xn − p‖ ≤ max

{

‖x1 − p‖,
1

1− k
‖f(p)− p‖

}

. (3.10)

Hence, {xn} is bounded, and consequently so are {vn}, {un}, {f(xn)}, {Snxn},
{Snvn}, {PC(I − λn∇g)xn}, {PC(I − λn∇g)un} and {Tnun}.
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Next, we claim that limn→∞ ‖xn+1 − xn‖ = 0. Fix a real number M1 that is an
upper bound of the bounded sequences {||xn||}, {‖f(zn)‖}, {‖Tnun‖}, {‖Snxn‖},
{‖vn‖}, {‖un‖} and {‖Snvn‖}. It follows from (3.3) that

‖xn+2 − xn+1‖ = ‖βn+1f(xn+1) + (1− βn+1)Sn+1vn+1 − βnf(xn)− (1 − βn)Snvn‖

≤ βn+1‖f(xn+1)− f(xn)‖+ |βn+1 − βn|‖f(xn)‖

+(1− βn+1)‖Sn+1vn+1 − Sn+1vn‖

+‖(1− βn+1)Sn+1vn − (1− βn)Snvn‖

≤ βn+1k‖xn+1 − xn‖+ |βn+1 − βn|‖f(xn)‖ + (1− βn+1)‖vn+1 − vn‖

+(1− βn+1) ‖Sn+1vn − Snvn‖+ |βn+1 − βn|‖Snvn‖

≤ βn+1k‖xn+1 − xn‖+ (1 − βn+1)‖vn+1 − vn‖

+(1− βn+1) ‖Sn+1vn − Snvn‖+ 2M1|βn+1 − βn|. (3.11)

On the other hand for all n ∈ N,

‖vn+1 − vn‖ = ‖αn+1xn+1 + (1− αn+1)Tn+1un+1 − αnxn − (1− αn)Tnun‖

≤ αn+1‖xn+1 − xn‖+ |αn+1 − αn|‖xn‖

+(1− αn+1)‖Tn+1un+1 − Tnun‖+ |αn+1 − αn|‖Tnun‖

≤ αn+1‖xn+1 − xn‖+ (1 − αn+1)‖Tn+1un+1 − Tnun‖+ 2M1|αn+1 − αn|

≤ αn+1‖xn+1 − xn‖+ 2M1|αn+1 − αn|

+(1− αn+1){‖un+1 − un‖+ ‖Tn+1un − Tnun‖}. (3.12)

It follows from (3.1) that

‖Tn+1un − Tnun‖ =

∥

∥

∥

∥

4PC(I − λn+1∇g)− (2 − λn+1L)I

2 + λn+1L
un −

4PC(I − λn∇g)− (2− λnL)I

2 + λnL
un

∥

∥

∥

∥

≤

∥

∥

∥

∥

4PC(I − λn+1∇g)

2 + λn+1L
un −

4PC(I − λn∇g)

2 + λnL
un

∥

∥

∥

∥

+

∥

∥

∥

∥

2− λn+1L

2 + λn+1L
un −

2− λnL

2 + λnL
un

∥

∥

∥

∥

=

∥

∥

∥

∥

4(2 + λnL)PC(I − λn+1∇g)un − 4(2 + λn+1L)PC(I − λn∇g)un

(2 + λn+1L)(2 + λnL)

∥

∥

∥

∥

+
4L|λn+1 − λn|

(2 + λn+1L)(2 + λnL)
‖un‖

≤
4L|λn+1 − λn|‖PC(I − λn+1∇g)un‖

(2 + λn+1L) ∗ (2 + λnL)
+

4L|λn+1 − λn|

(2 + λn+1L)(2 + λnL)
‖un‖

+
4(2 + λn+1L)‖PC(I − λn+1∇g)un − PC(I − λn∇g)un‖

(2 + λn+1L) ∗ (2 + λnL)

≤ |λn+1 − λn|[L‖PC(I − λn+1∇g)un‖+ 4‖∇g(un)‖+ L‖un‖]

≤ M2|λn+1 − λn|, (3.13)

where M2 = sup{[L‖PC(I−λn+1∇g)un‖+4‖∇g(un)‖+L‖un‖] : n ∈ N}. It follows
from Lamma 2.10 that

‖un+1 − un‖ ≤ ‖xn+1 − xn‖+M3|γn+1 − γn|, (3.14)
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where M3 = sup{‖Bkxn‖ +
1
a
‖un+1 − xn+1 − rn+1Bkxn+1‖ : n ∈ N, 1 ≤ k ≤ N}.

For M = max{M1,M2,M3} it follows from (3.12), (3.13), and (3.14) that

‖vn+1 − vn‖ ≤ ‖xn+1 − xn‖+ 2M (|αn+1 − αn|+ |βn+1 − βn|+ |γn+1 − γn|) .
(3.15)

From (3.11) and (3.15)

‖xn+2 − xn+1‖ ≤ [1− βn+1(1 − k)]‖xn+1 − xn‖+ 2M |βn+1 − βn|

+(1− βn+1) ‖Sn+1vn − Snvn‖+ 2M(1− βn+1)(|αn+1 − αn|

+2M(1− βn+1)(|λn+1 − λn|+ |γn+1 − γn|)

≤ (1− βn+1(1− k))‖xn+1 − xn‖+ βn+1(1− k)

(

2M

1− k
|βn+1 − βn|

)

−βn+1(1− k)

(

2M

1− k
(|αn+1 − αn|+ |λn+1 − λn|+ |γn+1 − γn|)

)

2M(|αn+1 − αn|+ |λn+1 − λn|+ |γn+1 − γn|)

+(1− βn+1) ‖Sn+1vn − Snvn‖

≤ [1− an+1]‖xn+1 − xn‖+ an+1µn+1 + χn+1, (3.16)

where

an+1 = βn+1(1− k),

µn+1 =
2M

1− k
(|βn+1 − βn| − |αn+1 − αn| − |λn+1 − λn| − |γn+1 − γn|),

χn+1 = 2M(|βn+1 − βn|+ |αn+1 − αn|+ |λn+1 − λn|+ |γn+1 − γn|)

+(1− βn+1) ‖Sn+1vn − Snvn‖ .

By taking the bounded subset K = {vn} of C we get from Assumption (B4) that

∞
∑

n=1

sup{‖Sn+1x− Snx‖ : x ∈ K} < ∞,

so that
∑∞

n=1 ‖Sn+1vn − Snvn‖ < ∞. Thus it follows from Assumptions (B1) &
(B4), (3.4), (3.5) and (3.6) that

lim sup
n→∞

µn ≤ 0,

∞
∑

n=1

an = (1− k)

∞
∑

n=1

βn = ∞, and

∞
∑

n=1

χn < ∞.

Hence we get from (3.16) and Lemma 2.11 that

lim
n→∞

‖xn+1 − xn‖ = 0. (3.17)

The proof is complete. �

Lemma 3.2. Suppose that (B1) − (B5) hold true. Suppose {αn}, {βn} and {rn}
are real sequences satisfying the conditions (3.4), (3.5) and (3.6) in Lemma 3.1.
Then, the following holds:
(i) limn→∞ ‖un − Tnun‖ = 0 and (ii) limn→∞

∥

∥PC(I −
2
L
∇g)un − un

∥

∥ = 0.

Proof. By Lemma 3.1, we have that {xn} and {un} are bounded. We now present
the proof in a step-by-step manner.
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Step 1. In this step we prove that limn→∞ ‖xn − un‖ = 0.
Let p ∈ Σ. Then for each k = 1, 2, · · · , N, it follows from Lemma 2.6 that

‖Qrn(xn − rnBkxn)− p‖2 = ‖Qrn(xn − rnBkxn)−Qrn(p− rnBkp)‖
2

≤ ‖xn − rnBkxn − p+ rnBkp‖
2

= ‖xn − p‖2 + r2n ‖Bkxn −Bkp‖
2 − 2rn〈xn − p,Bkxn −Bkp〉

≤ ‖xn − p‖2 + rn(rn − 2αk) ‖Bkxn −Bkp‖
2

≤ ‖xn − p‖2 + rn(rn − 2α) ‖Bkxn −Bkp‖
2
. (3.18)

Thus, by Triangle inequality, we get

‖un − p‖2 =

∥

∥

∥

∥

∥

1

N

N
∑

k=1

Qrn(xn − rnBkxn)− p

∥

∥

∥

∥

∥

2

≤
1

N

N
∑

k=1

‖Qrn(xn − rnBkxn)− p‖2 . (3.19)

It follows from (3.18) and (3.19) that

‖un − p‖2 ≤
1

N

N
∑

k=1

‖Qrn(xn − rnBkxn)− p‖2

≤ ‖xn − p‖2 + rn(rn − 2α)
1

N

N
∑

k=1

‖Bkxn − Bkp‖
2
. (3.20)

Then, it follows from Lemma 2.1, (3.3) and (3.20) that

‖vn − p‖2 = α2
n ‖xn − Tnun‖

2
+ ‖Tnun − p‖2 + 2αn〈xn − Tnun, Tnun − p〉

≤ ‖un − p‖2 + α2
n ‖xn − Tnun‖

2 + 2αn ‖xn − Tnun‖ ‖Tnun − p‖

≤ ‖xn − p‖2 + rn(rn − 2α)
1

N

N
∑

k=1

‖Bkxn −Bkp‖
2

+α2
n ‖xn − Tnun‖

2
+ 2αn ‖xn − Tnun‖ ‖Tnun − p‖ . (3.21)

We get from (3.3) that

‖xn+1 − p‖2 = ‖βnf(xn) + (1 − βn)Snvn − p‖2

= ‖Snvn − p‖2 + β2
n ‖f(xn)− Snvn‖

2
+ 2βn〈f(xn)− Snvn, Snvn − p〉

≤ ‖vn − p‖2 + β2
n ‖f(xn)− Snvn‖

2

+2βn ‖f(xn)− Snvn‖ ‖Snvn − p‖ . (3.22)
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It follows from (3.3), (3.21) and (3.22) that

rn(2α− rn)

N

N
∑

k=1

‖Bkxn −Bkp‖
2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + α2

n ‖xn − Tnun‖
2

+2αn ‖xn − Tnun‖ ‖Tnun − p‖+ β2
n ‖f(xn)− Snvn‖

2

+2βn ‖f(xn)− Snvn‖ ‖Snvn − p‖

≤ (‖xn − p‖+ ‖xn+1 − p‖) ‖xn − xn+1‖

+α2
n ‖xn − Tnun‖

2 + 2αn ‖xn − Tnun‖ ‖Tnun − p‖

+β2
n ‖f(xn)− Snvn‖

2

+2βn ‖f(xn)− Snvn‖ ‖Snvn − p‖ . (3.23)

We get from (3.4), (3.5), (3.6), (3.17) and (3.23) that

lim
n→∞

‖Bkxn −Bkp‖ = 0 for each k = 1, 2, ..., N. (3.24)

It follows from Lemma 2.1, Lemma 2.6, and (3.19) that

‖un − p‖2 ≤
1

N

N
∑

k=1

‖Qrn(xn − rnBkxn)− p‖2

≤
1

N

N
∑

k=1

‖Qrn(xn − rnBkxn)−Qrn(p− rnBkp)‖
2

≤
1

N

N
∑

k=1

〈(xn − rnBkxn)− (p− rnBkp), Qrn(xn − rnBkxn)− p〉

=
1

2N

N
∑

k=1

(

‖(xn − p)− rn(Bkxn −Bkp)‖
2
+ ‖Qrn(xn − rnBkxn)− p‖2

)

−
1

2N

N
∑

k=1

‖xn − rnBkxn + rnBkp)−Qrn(xn − rnBkxn)‖
2

≤ ‖xn − p‖2 +
rn

N

N
∑

k=1

‖xn − p‖ ‖Bkxn −Bkp‖

−
1

2N

N
∑

k=1

‖xn −Qrn(xn − rnBkxn)‖
2

+
rn

2N

N
∑

k=1

‖xn −Qrn(xn − rnBkxn)‖ ‖Bkxn −Bkp‖ . (3.25)



VISCOSITY APPROXIMATION FOR A COMMON SOLUTION OF CCMP, EP & FPP 77

It follows from (3.3) and (3.25) that

‖vn − p‖2 = ‖Tnun − p‖2 + α2
n ‖xn − Tnun‖

2
+ 2αn〈xn − Tnun, Tnun − p〉

≤ ‖un − p‖2 + α2
n ‖xn − Tnun‖

2 + 2αn ‖xn − Tnun‖ ‖un − p‖

≤ ‖xn − p‖2 +
rn

N

N
∑

k=1

‖xn − p‖ ‖Bkxn −Bkp‖

−
1

2N

N
∑

k=1

‖xn −Qrn(xn − rnBkxn)‖
2

+
rn

2N

N
∑

k=1

‖xn −Qrn(xn − rnBkxn)‖ ‖Bkxn −Bkp‖

+α2
n ‖xn − Tnun‖

2
+ 2αn ‖xn − Tnun‖ ‖un − p‖ . (3.26)

We get from (3.3) and (3.26) that

‖xn+1 − p‖2 = ‖βn(f(xn)− Snvn) + (Snvn − p)‖2

≤ ‖vn − p‖2 + β2
n ‖f(xn)− Snvn‖

2
+ 2βn ‖f(xn)− Snvn‖ ‖vn − p‖

≤ ‖xn − p‖2 +
rn

N

N
∑

k=1

‖xn − p‖ ‖Bkxn −Bkp‖

−
1

2N

N
∑

k=1

‖xn −Qrn(xn − rnBkxn)‖
2

+
rn

2N

N
∑

k=1

‖xn −Qrn(xn − rnBkxn)‖ ‖Bkxn −Bkp‖

+α2
n ‖xn − Tnun‖

2 + 2αn ‖xn − Tnun‖ ‖un − p‖

+β2
n ‖f(xn)− Snvn‖

2
+ 2βn ‖f(xn)− Snvn‖ ‖vn − p‖ . (3.27)
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It follows from (3.27) that

1

2N

N
∑

k=1

‖xn −Qrn(xn − rnBkxn)‖
2

≤ ‖xn − p‖2 − ‖xn+1 − p‖2 +
rn

N

N
∑

k=1

‖xn − p‖ ‖Bkxn −Bkp‖

+
rn

2N

N
∑

k=1

‖xn −Qrn(xn − rnBkxn)‖ ‖Bkxn −Bkp‖

+α2
n ‖xn − Tnun‖

2
+ 2αn ‖xn − Tnun‖ ‖un − p‖

+β2
n ‖f(xn)− Snvn‖

2
+ 2βn ‖f(xn)− Snvn‖ ‖vn − p‖

≤ (‖xn − p‖+ ‖xn+1 − p‖) ‖xn − xn+1‖+
rn

N

N
∑

k=1

‖xn − p‖ ‖Bkxn −Bkp‖

+
rn

2N

N
∑

k=1

‖xn −Qrn(xn − rnBkxn)‖ ‖Bkxn −Bkp‖

+α2
n ‖xn − Tnun‖

2
+ 2αn ‖xn − Tnun‖ ‖un − p‖

+β2
n ‖f(xn)− Snvn‖

2
+ 2βn ‖f(xn)− Snvn‖ ‖vn − p‖ . (3.28)

From (3.4), (3.5), (3.6), (3.17), (3.24) and (3.28) we have

lim
n→∞

N
∑

k=1

‖xn −Qrn(xn − rnBkxn)‖
2
= 0. (3.29)

Therefore, for each k = 1, 2, · · · , N we get from (3.29) that

lim
n→∞

‖xn −Qrn(xn − rnBkxn)‖ = 0. (3.30)

From (3.3) we note that for each n ∈ N

‖xn − un‖ ≤
1

N

N
∑

k=1

‖xn −Qrn(xn − rnBkxn)‖ . (3.31)

It follows from (3.29), (3.30) and (3.31) that

lim
n→∞

‖xn − un‖ = 0. (3.32)

Step 2. In this step we prove

lim
n→∞

‖vn − Snvn‖ = 0.

By the directed nonexpansivity of Sn we get

‖xn+1 − p‖2 = ‖βn(f(xn)− Snvn) + (Snvn − p)‖2

= ‖Snvn − p‖2 + β2
n ‖f(xn)− Snvn‖

2

+2βn〈f(xn)− Snvn, Snvn − p〉

≤ ‖vn − p‖2 − ‖vn − Snvn‖
2
+ β2

n ‖f(xn)− Snvn‖
2

+2βn ‖f(xn)− Snvn‖ ‖Snvn − p‖ . (3.33)
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It follows from (3.26) and (3.33) that

‖xn+1 − p‖2 ≤ ‖vn − p‖2 − ‖vn − Snvn‖
2
+ β2

n ‖f(xn)− Snvn‖
2

+2βn ‖f(xn)− Snvn‖ ‖Snvn − p‖

≤ ‖xn − p‖2 +
rn

N

N
∑

k=1

‖xn − p‖ ‖Bkxn −Bkp‖

−
1

2N

N
∑

k=1

‖xn −Qrn(xn − rnBkxn)‖
2

+
rn

2N

N
∑

k=1

‖xn −Qrn(xn − rnBkxn)‖ ‖Bkxn −Bkp‖

+α2
n ‖xn − Tnun‖

2
+ 2αn ‖xn − Tnun‖ ‖un − p‖

− ‖vn − Snvn‖
2
+ β2

n ‖f(xn)− Snvn‖
2

+2βn ‖f(xn)− Snvn‖ ‖Snvn − p‖ . (3.34)

It follows from (3.34) that

‖vn − Snvn‖
2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 +

rn

N

N
∑

k=1

‖xn − p‖ ‖Bkxn −Bkp‖

−
1

2N

N
∑

k=1

‖xn −Qrn(xn − rnBkxn)‖
2

+
rn

2N

N
∑

k=1

‖xn −Qrn(xn − rnBkxn)‖ ‖Bkxn −Bkp‖

+α2
n ‖xn − Tnun‖

2
+ 2αn ‖xn − Tnun‖ ‖un − p‖

+β2
n ‖f(xn)− Snvn‖

2
+ 2βn ‖f(xn)− Snvn‖ ‖Snvn − p‖

≤ (‖xn − p‖+ ‖xn+1 − p‖) ‖xn − xn+1‖+
rn

N

N
∑

k=1

‖xn − p‖ ‖Bkxn −Bkp‖

−
1

2N

N
∑

k=1

‖xn −Qrn(xn − rnBkxn)‖
2

+
rn

2N

N
∑

k=1

‖xn −Qrn(xn − rnBkxn)‖ ‖Bkxn −Bkp‖

+α2
n ‖xn − Tnun‖

2
+ 2αn ‖xn − Tnun‖ ‖un − p‖

+β2
n ‖f(xn)− Snvn‖

2
+ 2βn ‖f(xn)− Snvn‖ ‖Snvn − p‖ . (3.35)

We get from (3.4), (3.5), (3.6), (3.24), Step 2, Step 3 and (3.35) that

lim
n→∞

‖vn − Snvn‖ = 0. (3.36)
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Step 3. In this step we prove

( i) lim
n→∞

‖un − Tnun‖ = 0.

(ii) lim
n→∞

∥

∥

∥

∥

PC(I −
2

L
∇g)un − un

∥

∥

∥

∥

= 0.

From the conditions (3.4), (3.5) and (3.6) on the parameters, we have

lim
n→∞

‖vn − Tnun‖ = lim
n→∞

αn ‖xn − Tnun‖ = 0, (3.37)

lim
n→∞

‖xn+1 − Snvn‖ = lim
n→∞

βn‖f(xn)− Snvn‖ = 0. (3.38)

Moreover, by the triangle inequality we have

‖un − Tnun‖ ≤ ‖un − xn‖+ ‖xn)− xn+1‖+ ‖xn+1 − Snvn‖

+ ‖Snvn − vn‖+ ‖vn − Tnun‖ . (3.39)

Hence it follows from Step 2, Step 3, Step 4, (3.37), (3.38) and (3.39) that

lim
n→∞

‖un − Tnun‖ = 0. (3.40)

Now we observe that for sn = 2−λnL
4 ,

‖PC(I − λn∇g)un − un‖ = ‖snun + (1− sn)Tnun − un‖

= (1 − sn) ‖Tnun − un‖ . (3.41)

We get from (3.40) and (3.41) that

lim
n→∞

‖PC(I − λn∇g)un − un‖ = 0. (3.42)

We also observe that
∥

∥

∥

∥

PC(I −
2

L
∇g)un − un

∥

∥

∥

∥

≤

∥

∥

∥

∥

PC(I −
2

L
∇g)un − PC(I − λn∇g)un

∥

∥

∥

∥

+ ‖PC(I − λn∇g)un − un‖

≤

∥

∥

∥

∥

(I −
2

L
∇g)un − (I − λn∇g)un

∥

∥

∥

∥

+ ‖PC(I − λn∇g)un − un‖

≤ (
2

L
− λn)‖∇gun‖+ ‖Tun − un‖ . (3.43)

Since limn→∞ λn = 2
L
, we conclude from (3.42) and (3.43) that

lim
n→∞

∥

∥

∥

∥

PC(I −
2

L
∇g)un − un

∥

∥

∥

∥

= 0. (3.44)

�

Theorem 3.3. Suppose that (B1) − (B5) hold true. Suppose {αn}, {βn} and
{rn} are real sequences satisfying the conditions (3.4), (3.5) and (3.6) in Lemma
3.1. Then the sequences {xn}, {vn} and {un} defined by (3.3) converge strongly to
q = PΣf(q), which solves the variational inequality:

〈q − f(q), y − q〉 ≥ 0, for all y ∈ C. (3.45)
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Proof. For q = PΣf(q), we first show that

lim sup
n→∞

〈f(q)− q, xn − q〉 ≤ 0.

Let {uni
}∞i=1 be a subsequence of {un}∞n=1 such that uni

⇀ z for some z ∈ C and

lim sup
n→∞

〈(I − f)(q), q − un〉 = lim
i→∞

〈(I − f)(q), q − uni
〉. (3.46)

Since ∇g is 1
L
-ism and PC(I −

2
L
∇g) is nonexpansive self mapping on C, it follows

from (3.44) and Lemma 2.4 that

z = PC(I −
2

L
∇g)z. (3.47)

This implies that z ∈ U. Fix k ∈ {1, 2, · · · , N} and put uk
n = Qrn(xn − rnBkxn).

We note that xni
⇀ z as i → ∞, and it follows from (3.30) that

lim
i→∞

∥

∥xni
− uk

ni

∥

∥ = 0.

Therefore, uk
ni

⇀ z as i → ∞. By definition

φ(uk
n, y) +

1

rn
〈y − uk

n, u
k
n − xn〉+ 〈Bkxn, y − uk

n〉 ≥ 0 for all y ∈ C. (3.48)

Since φ satisfies condition A, we have

1

rn
〈y − uk

n, u
k
n − xn〉+ 〈Bkxn, y − uk

n〉 ≥ φ(y, uk
n) for all y ∈ C. (3.49)

In particular for the subsequence {uni
}, we have

1

rni

〈y − uk
ni
, uk

ni
− xni

〉+ 〈Bkxni
, y − uk

ni
〉 ≥ φ(y, uk

ni
) for all y ∈ C. (3.50)

For t ∈ (0, 1] and y ∈ C, set yt = ty + (1− t)z. So that from (3.50) we obtain

〈yt − uk
ni
, Bkyt〉 ≥ 〈yt − uk

ni
, Bkyt〉 − 〈Bkxni

, yt − uk
ni
〉

−〈yt − uk
ni
,
uk
ni

− xni

rni

〉+ φ(yt, u
k
ni
)

= 〈yt − uk
ni
, Bkyt −Bku

k
ni
〉+ 〈yt − uk

ni
, Bku

k
ni

−Bkxni
〉

−〈yt − uk
ni
,
uk
ni

− xni

rni

〉+ φ(yt, u
k
ni
). (3.51)

Because limi→∞

∥

∥xni
− uk

ni

∥

∥ = 0, and Bk is monotone, we have

lim
i→∞

∥

∥Bku
k
ni

−Bkxni

∥

∥ = 0 and (3.52)

〈yt − uk
ni
, Bkyt −Bku

k
ni
〉 ≥ 0 for each i = 1, 2, 3, · · · (3.53)

Using (3.52) and (3.53), and letting i → ∞ in (3.51), we get

〈yt − z,Bkyt〉 ≥ φ(yt, z) (3.54)

Because φ satisfies Condition A, it follows from (3.54) that

0 = φ(yt, yt)

≤ tφ(yt, y) + (1 − t)φ(yt, z)

≤ tφ(yt, y) + (1 − t)〈yt − z,Bkyt〉

= tφ(yt, y) + (1 − t)t〈y − z,Bkyt〉. (3.55)
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By factoring out t in (3.55), we have

φ(yt, y) + (1 − t)〈y − z,Bkyt〉 ≥ 0. (3.56)

Using Condition A and letting t → 0 in (3.56) yields

φ(z, y) + 〈y − z,Bkz〉 ≥ 0. (3.57)

Because y is an arbitrary element in C, z ∈ EP (φ,Bk). Therefore,

z ∈
N
⋂

k=1

EP (φ,Bk). (3.58)

The mapping S defined in Assumption B4 is nonexpansive and we note that

‖vn − Svn‖ ≤ ‖vn − Snvn‖+ ‖Snvn − Svn‖

≤ ‖vn − Snvn‖+ sup{‖Snx− Sx‖ : x ∈ G}, (3.59)

where G = {vn : n ∈ N}. Because limn→∞ sup{‖Snx− Sx‖ : x ∈ G} = 0 by the
Assumptions in B4, it follows from (3.36) and (3.59) that

lim
n→∞

‖vn − Svn‖ = 0. (3.60)

Since uni
⇀ z, limn→∞ ‖uni

− xni
‖ = 0 and limn→∞ ‖uni

− Tni
uni

‖ = 0, we have
xni

⇀ z and Tni
uni

⇀ z. So that vni
⇀ z as well. It follows from (3.60) and

Lemma 2.4 that z = Sz, and hence z ∈ F. This completes the proof of z ∈ Σ. By
Lemma 2.2

〈f(q)− q, z − q〉 ≤ 0. (3.61)

It follows from (3.61) that

lim sup
n→∞

〈f(q)− q, un − q〉 = lim
i→∞

〈f(q)− q, uni
− q〉 = 〈f(q)− q, z − q〉 ≤ 0. (3.62)

Next, we prove that the sequences {xn}, {vn} and {un} converge strongly to q =
PΣf(q).
It follows from (3.3) and Lemma 2.1 that

‖xn+1 − q‖2 = ‖βn(f(xn)− f(q)) + βn(f(q)− q) + (1 − βn)(Snvn − q)‖2

≤ (1− βn)
2 ‖Snvn − q‖2 + β2

n ‖f(xn)− f(q)‖2

+2βn〈f(q)− q, xn+1 − q〉

≤ (1− βn)
2 ‖xn − q‖2 + β2

nk
2 ‖xn − q‖2 + 2βn〈f(q)− q, xn+1 − q〉

≤ (1− βn(1− k)) ‖xn − q‖2 + 2βn〈f(q)− q, xn+1 − q〉. (3.63)

Putting an = ‖xn − q‖2, bn = 2
1−k

〈f(q)− q, xn+1 − q〉 and δn = βn(1− k), for each

n ∈ N, (3.63) is rewritten as

an+1 ≤ (1− δn)an + δnbn. (3.64)

Then it follows from (3.5) and (3.64) that lim supn→∞ bn ≤ 0, limn→∞ δn = 0 and
∑∞

n=1 δn = ∞. Thus by Lemma 2.11 and (3.64), we have

lim
n→∞

‖xn − q‖ = 0. (3.65)

Because limn→∞ ‖un − xn‖ = 0 and limn→∞ ‖vn − xn‖ = 0, it follows from (3.65)
that

lim
n→∞

‖un − q‖ = 0 and lim
n→∞

‖vn − q‖ = 0. (3.66)

This completes the proof. �
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4. Numerical Example

Example 4.1. Let C = H = R be the set of real numbers and N = 1. Define the
functions φ : H×H → R, g : H → R, B : H → H and Sn : H → H by the formulae

φ(x, y) = −3x2 + 2xy + y2, x, y ∈ H ; (4.1)

g(x) =
1

2
x2, x ∈ H ; . (4.2)

B(x) = 2x, x ∈ H ; and (4.3)

Sn(x) =
x

n
, x ∈ H. (4.4)

• We observe that the gradient of g, ∇g(x) = x, is 2−Lipschitzian as

|∇g(x) −∇g(y)| = |x− y| ≤ 2|x− y| for all x, y ∈ H.

In addition we have U = {z : g(z) = minx∈H g(x)} = {0}. Let {λn} be a
sequence in

(

0, 2
L

)

= (0, 1) be defined as λn = 1− 1
n
, n = 1, 2, 3, · · · so that

γn = 2−λnL
4 = 1

2n . Then it can be shown that

PC(I − λn∇g)x =
x

n
=

x

2n
+ (1−

1

2n
)

x

2n− 1
= γnx+ (1− γn)Tnx,

where Tn(x) =
x

2n−1 for x ∈ H.

• φ satisfies Condition A. Indeed, for all x, y, z ∈ H

A1. φ(x, x) = −3x2 + 2x2 + x2 = 0;
A2. φ(x, y)+φ(y, x) = −3x2+2xy+y2−3y2+2xy+x2 = −2(x−y)2 ≤ 0;
A3. Obviously, limt→0 φ(x + t(z − x), y) = φ(x, y); and
A4. For x ∈ H, φ(x, .) is convex and continuous; and so φ is convex and

lower semi-continuous on the second argument.
• For each x, y ∈ H

1

4
(Bx −By)2 = (x− y)2 ≤ 2(x− y)2 = (Bx −By)(x− y);

so that B is a 1
4−ism.

• Let z ∈ EP (φ,B). Then

φ(z, y) + 〈y − z,Bz〉 ≥ 0, for all y ∈ H

⇔ −3z2 + 2zy + y2 + 2zy − 2z2 ≥ 0, for all y ∈ H

⇔ y2 + 4zy − 5z2 ≥ 0, for all y ∈ H.

Since y is the variable in the quadratic inequality above, the discriminant
b2 − 4ac ≤ 0, where a = 1, b = 4z, and c = −5z2. Thus we get

b2 − 4ac = 16z2 − 4(1)(−5z2) = 36z2 ≤ 0 if z = 0.

Therefore, 0 ∈ EP (φ,B) 6= ∅.
• Let x ∈ H and z = Qr(x). Then

φ(z, y) +
1

r
〈y − z, z − x〉 ≥ 0 for all y ∈ H

⇔ −3z2 + 2zy + y2 +
1

r
(z − x)y +

1

r
zx−

1

r
z2 ≥ 0 for all y ∈ H

⇔ y2 + [(2 +
1

r
)z −

x

r
]y − (3 +

1

r
)z2 +

1

r
zx ≥ 0 for all y ∈ H.
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Since y is the variable in the quadratic inequality above, the discriminant
b2 − 4ac ≤ 0, where a = 1, b = (2 + 1

r
)z − x

r
, and c = −(3 + 1

r
)z2 + 1

r
zx.

Thus, we get

b2 − 4ac =

[

(4 +
1

r
)z −

x

r

]2

≤ 0 if z =
x

4r + 1
.

Therefore, Qr(x) =
x

4r+1 for x ∈ H and r > 0.
• For each n ∈ N, Sn is a directed nonexpansive mapping. For n = 1, the
identity mapping is obviously a directed nonexpansive mapping. For n ≥ 2,
F ix(Sn) = {0} and so that for all x ∈ H, we have

(Snx− 0)2 =
1

n2
x2 ≤

2n− 1

n2
x2 = (x− 0)2 − (x− Snx)

2.

Moreover,
⋂∞

n=1 Fix(Sn) = {0}. If K is a nonempty subset of H such that
for some positive real number M, |x| ≤ M for all x ∈ K, then

∞
∑

n=1

sup

{
∣

∣

∣

∣

x

n+ 1
−

x

n

∣

∣

∣

∣

: x ∈ K

}

≤
∞
∑

n=1

M

n(n+ 1)
≤ M

∞
∑

n=1

1

n2
< ∞.

• Σ =
⋂∞

n=1[U ∩EP (φ,B) ∩ Fix(Sn)] = {0} 6= ∅.

The mappings φ, B, g, Sn satisfy all the conditions stated in the main result
(Theorem 3.3). For each natural number n, let us define

rn =
1

4
, αn =

1

n
, βn =

1

n
.

Then, {rn} is a sequence in (0, 2α) =
(

0, 12
)

since α = 1
4 . Thus the sequences of

parameters {λn}, {rn}, {αn} and {βn} satisfy all the conditions of the involved
parameters in the main result.

Thus, with the above mappings and parameters, Algorithm 3.3 reduses to the
following:
Algorithm 1. Let x1 ∈ R.











un = Qrn(xn − rnBxn) =
1

4rn+1 (xn − rnBxn) =
1
4xn,

vn = αnxn + (1 − αn)Tnun = 9n−5
4n(2n−1)xn,

xn+1 = βnf(xn) + (1− βn)Snvn = 1
2n−1

[

1 + 7
4n − 7

2n2 + 5
4n3

]

xn.

(4.5)

The following graphs for the initial guess x1 = 1 in Figure 1 and x1 = 100 in
Figure 2 are evaluated by MATLAB R2026a. For both initial guesses the iteration
converges to the common solution before computing the first ten iterations.
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5. Conclusions

In our results, we proposed an approximation scheme for finding a common so-
lution to a constrained convex minimization problem, a finite family of generalized
equilibrium problems, and a fixed point problem for a sequence of directed non-
expansive mappings in Hilbert spaces. The approximation technique we employed
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was not a direct composite viscosity method. Although many authors had previ-
ously considered composite iterative schemes for approximating solutions of any
two, or all three, of these problems, our methods of proof were mainly aligned with
the methodologies implemented by Sangago et al. [24], Cai et al. [10], Naidu and
Sangago [20], Xu [27, 28, 29, 30], Yazdi [31, 32], and Yazdi and Sababe [34, 35].

Conflict of interests. The authors declare that there is no conflict of interests.

Acknowledgments. The authors would like to thank the anonymous referee(s)
for the valuable comments and suggestions which improved the quality of this man-
uscript.

References

[1] K. Aoyama, Y. Kimura, W. Takahashi and M. Toyoda, Approximation of common fixed
points of a countable family of nonexpansive mappings in a Banach space, Nonlinear Anal.
67 (2007), 2350-2360.
https://doi.org/10.1016/j.na.2006.08.032

[2] S. Banach, Sur les operations dans les ensembles abstraits et leures applications, Fund. Math.
3 (1) (1922), 133-181.
http://eudml.org/doc/213289

[3] E. Blum and W. Oettli, From optimization and variatinal inequalities to equilibrium prob-
lems, Math. Student. 63 (1) (1994), 123-145.
https://mathscinet.ams.org/mathscinet/relay-station?mr=1292380

[4] A. Bnouhachem, A modified projection method for a common solution of a system of varia-
tional inequalities, a split equilibrium problem and a hierarchical fxed-point problem, Fixed
Point Theory Appl 2014, 22 (2014).
https://doi.org/10.1186/1687-1812-2014-22

[5] H. Brezis, Operateurs Maximaux Monotones et Semi-Groups de Contractions dans les Es-
paces de Hilbert. North-Holland, Amsterdam (1973).
https://www.sciencedirect.com/bookseries/north-holland-mathematics-studies/vol/5

[6] F. E. Browder, Fixed point theorems for nonlinear semicontractive mappings in Banach
spaces, Arch. Rational Mech. Anal. 21 (1966), 259-269.
https://doi.org/10.1007/BF00282247

[7] F. E. Browder and W. V. Petryshyn, Construction of Fixed Points of Nonlinear Mappings
in Hilbert Space, J. Math. Anal. Aappl. 20 (1967), 197-228
https://doi.org/10.1016/0022-247X(67)90085-6

[8] C. Byrne, Iterative oblique projection onto convex sets and the split feasibility problem, Inverse
Problems 18 (2002), 441-173.
https://iopscience.iop.org/article/10.1088/0266-5611/18/2/310

[9] C. Byrne, A unified treatment of some iterative algorithms in signal processing and image
reconstruction, Inverse Problems 20 (1) (2004), 103-120.
https://iopscience.iop.org/article/10.1088/0266-5611/20/1/006

[10] G. Cai, Y. Shehu and O. S. Iyiola, The modified viscosity implicit rules for variational
inequality problems and fixed point problems of nonexpansive mappings in Hilbert spaces,
RACSAM 113 (2019), 3545-3562
https://doi.org/10.1007/s13398-019-00716-2

[11] Y. Censor and T. Elfving, A multiprojection algorithm using Bregman projections in a product
space, Numer Algor 8 (1994), 221-179.
https://doi.org/10.1007/BF02142692

[12] P. L. Combettes and S. A. Hirstoaga, Equilibrium programming in Hilbert spaces, J. Nonlinear
Convex Anal. 6 (1) (2005), 117-136.

http://www.yokohamapublishers.jp/online2/jncav6.html

[13] K. Goebel and W. A. Kirk, Topics in Metric Fixed Point Theory, Cambridge Stud. Adv.
Math. 28, Cambridge Univ. Press, Cambridge, (1990).
https://doi.org/10.1017/CBO9780511526152



VISCOSITY APPROXIMATION FOR A COMMON SOLUTION OF CCMP, EP & FPP 87

[14] D. Han and H. K. Lo, Solving non-additive traffic assignment problems: A descent method
for co-coercive variational inequalities, Eur. J. Oper. Res. 159 (3) (2004), 529-544.
https://doi.org/10.1016/S0377-2217(03)00423-5

[15] J. S. Jung, A general composite iterative method for equilibrium problems and fixed point
problems, J. Comput. Anal. Appl. 12 (2010), 124-140.
https://dokumen.pub/journal-of-computational-analysis-and-applications-volume-12-2010-0651098283.html

[16] M. A. Khamsi and W. A. Kirk, An Introduction to Metric Spaces and Fixed Point Theory,
John Wiley & Sons, Inc., New York, (2001).
https://onlinelibrary.wiley.com/doi/book/10.1002/9781118033074
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