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EXPLORING FIXED POINT RESULTS IN B-METRIC SPACES

USING RELATION-PRESERVING NONLINEAR

CONTRACTIONS WITH APPLICATIONS

SAVITA RATHEE AND PRIYANKA LATHWAL

Abstract. This paper aims to explore the relation-theoretic approach for
newly defined generalized (ϕ,ψ, bR) - contractions by utilizing the auxiliary

functions operating in a b-metric space along with a specific type of a binary

relation known as locally finitely T-transitive relation. The findings general-
ize and extend to the fixed point theorems in existing research. To demon-

strate the practical significance of our findings, we have added an example that
showcases their applicability. Based on our findings, we also explored whether

unique solutions to a Fredholm integral problems exist or not.

1. Introduction

The idea of combining order theory with metric fixed point results began
with Turinici’s [26] work in 1986. His approach introduced a new way of proving
fixed point theorems by incorporating an order structure into the metric frame-
work, thereby providing novel conditions under which fixed points can be guar-
anteed. This breakthrough enabled later researchers to explore more general set-
tings, where the underlying space is equipped not only with a distance function
but also with an ordering that can significantly influence the behavior of iterative
processes. Further, Nieto and Rodrguez-Lpez[22], Ran and Reurings [23] applied
partial order to extend his work. In 2015, Alam and Imdad [4] showed that the
partial order employed in the works of Ran and Reurings[23], Nieto and Rodrguez-
Lpez[22] could be further generalized to arbitrary relational structures and give the
relational-theoretic contraction principle using amorphous relation. This was an
adaptation of the Banach Contraction Principle(BCP ) using a relation-theoretic
approach. Many researchers have explored alternative approaches to extend the
Banach Contraction Principle by enriching the underlying space with additional
structures. In this direction, Bakhtin [7] introduced the concept of b-metric spaces,
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which was later investigated in detail by Czerwik [13]. Simultaneously, signifi-
cant efforts were devoted to weakening the classical contractive condition. Brow-
der [10] initiated this line of research, and Boyd and Wong [9] further generalized
the contraction condition by replacing the Lipschitz constant with an auxiliary func-
tion ϕ. Subsequently, Dutta and Choudhury [14] introduced the notion of (ϕ,ψ)-
contractions involving two auxiliary functions. These developments have stimulated
extensive research in fixed point theory on b-metric spaces, leading to numerous
extensions involving weak contractions, α-admissible mappings, generalized α-ψ-
Geraghty contractions, Istrăţescu-type contractions, wt-distance techniques, and
ε-chainable structures (see, for example, [15, 20, 2, 1, 12, 6, 21, 19]). For a compre-
hensive overview of recent advances in this area, we refer the reader to the survey
article of Karapınar [18].

Motivated by the above developments, in this work, we define generalized (ϕ,
ψ, bR)-contractions to prove fixed point results in b-metric spaces using relation-
theoretic approach along with a specific type of binary relation known as a locally
finitely T-transitive relation. Moreover, we provide an application to solve Fredholm
integral equation and an illustrative example that demonstrates the applicability
of the results.

2. Preliminaries

This section presents the foundational concepts and supporting results required
to establish the principal findings of the study. The symbol N is used to represent
the set of natural numbers, whereas N0 denotes the set of whole numbers, including
zero. A relation R on a set X is any collection of ordered pairs chosen from X× X.

Definition 2.1. [17] “A mapping db : X× X→ [0,∞) is said to be a b-metric if it
satisfies the following three conditions:

(i) db(σ, µ) = 0 if and only if σ = µ for any σ, µ ∈ X;
(ii) db(σ, µ) = db(µ, σ) for any σ, µ ∈ X;
(iii) there exists a real number b ≥ 1 such that

db(σ, µ) ≤ b[db(σ, ρ) + db(ρ, µ)]

for any σ, µ, ρ ∈ X.

In this case, the triplet (X, db, b) is called a b-metric space.”

Definition 2.2. [4] “A pair of elements σ, µ ∈ X satisfying either (σ, µ) ∈ R or
(µ, σ) ∈ R is said to be R-comparative. We shall denote such a pair by [σ, µ] ∈ R.”

Definition 2.3. [4] “Let X be a nonempty set, and R be a binary relation on X.

(i) The inverse of R, denoted by R−1, is defined as:

R−1 = {(σ, µ) ∈ X× X | (µ, σ) ∈ R}.
(ii) The symmetric closure of R, denoted by Rs, is given by

Rs = R ∪R−1.”

Definition 2.4. [4] “Let X be a non-empty set together with a self-mapping T on
X. A binary relation R defined on X is called T-closed if for any (σ, µ) ∈ R =⇒
(Tσ,Tµ) ∈ R.”

Definition 2.5. [4] “Let X be a non-empty set and R be a binary relation on X.
A sequence {σn} ⊂ X is called R-preserving if (σn, σn+1) ∈ R for all n ∈ N0.”
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Definition 2.6. [11] “Let (X, db, b ≥ 1) be a b-metric space and R a binary relation
on X. We say that (X, db) is Rb-complete if every R-preserving b-Cauchy sequence
in X converges.”

Definition 2.7. [11] “Let (X, db, b ≥ 1) be a b-metric space and R be binary
relation on X. A mapping T : X → X is called Rb-continuous at z ∈ X if for any

R-preserving sequence {σn} such that σn
db−→ z, we have Tσn

db−→ Tz”.

Definition 2.8. [11] “Let (X, db, b ≥ 1) be a b-metric space and T : X → X. A
binary relation R defined on X is called bdb -self-closed if whenever {σn} is an R-

preserving sequence and σn
db−→ z, then there exists a subsequence {σnk

} of {σn}
with [σnk

, z] ∈ R for all k ∈ N0.”

Definition 2.9. [4] “Let X be a non-empty set and R be a binary relation on X.
A subset E of X is called R-directed if for each σ, µ ∈ E, there exists ρ ∈ X such
that (σ, ρ) ∈ R and (ρ, µ) ∈ R.”

Definition 2.10. [8] “Given N ∈ N0, N ≥ 2, a binary relation R defined on
a non-empty set X is called N -transitive if for any σ0, σ1, . . . , σN ∈ X such that
(σi−1, σi) ∈ R for each i (1 ≤ i ≤ N), we have (σ0, σN ) ∈ R.”

Definition 2.11. [25] “A binary relation R defined on a non-empty set X is called
locally finitely transitive if for each denumerable subset E of X, there exists N =
N(E) ≥ 2, such that R �E is N -transitive.”

Definition 2.12. [3] “Let X be a non-empty set and T a self-mapping on X. A
binary relation R defined on X is called locally finitely T-transitive if for each denu-
merable subset E of TX, there exists N = N(E) ≥ 2, such that R � E = R∩(E×E)
is N -transitive.”

Definition 2.13. [5] “Let Φ be the family of functions ϕ : [0,+∞)→ [0,+∞) that
satisfy the conditions:
Φ1: ϕ is right-continuous,
Φ2: ϕ is monotonically increasing.
Also, let Ψ be the family of functions ψ : [0,+∞) → [0,+∞) that satisfy the
conditions:
Ψ1: ψ(σ) > 0 ∀, σ > 0,
Ψ2: lim inf

σ→z
ψ(σ) > 0, ∀ z > 0.”

The families Φ and Ψ are known as auxillary functions proposed by Alam et
al. [5]. In contrast to the framework presented by Dutta and Choudhury [14], this
framework offers a more comprehensive approach to contractivity conditions.
Proposition 2.14. [5] “Let φ, ψ : [0,∞)→ [0,∞) be auxiliary functions such that
φ satisfies (Φ2) and ψ satisfies (Ψ1). If

φ(σ) ≤ φ(µ)− ψ(µ)

for some σ, µ ∈ [0,∞), then
σ < µ.”

Proposition 2.15. [3] “Consider a non-empty set X with a binary relation R
defined on X and a self-mapping T: X → X. Then,

(1) R is T-transitive ⇐⇒ R �TX is transitive,
(2) R is locally finitely T-transitive ⇐⇒ R �TX is locally finitely transitive,



FIXED POINTS IN B-METRIC SPACES 51

(3) R is transitive ⇒ R is finitely transitive ⇒ R is locally finitely transitive
⇒ R is locally finitely T-transitive,

(4) R is transitive ⇒ R is T-transitive ⇒ R is locally finitely T-transitive.”

Lemma 2.16. [25] “Consider a non-empty set X, R a binary relation on X and a
R-preserving sequence say {σn}. If R is N -transitive on M = {σn : n ∈ N0} for
some natural number N ≥ 2, then

(σn, σn+1+s(N−1)) ∈ R ∀ n, s ∈ N0.”

3. Main Results

In this section, we introduce the generalized non linear contraction using aux-
illiary functions in setting of b-metric space endowed with the relation-theoretic
approach.

Definition 3.1. Let R be a binary relation on a b-metric space (X, db, b ≥ 1) and let
T : X→ X be a mapping. We can say that T is a generalized (ϕ,ψ, bR)-contraction
whenever the following condition is satisfied:

ϕ
(
b db(Tσ,Tµ)

)
≤ ϕ

(
db(σ, µ)

)
− ψ

(
db(σ, µ)

)
for all σ, µ ∈ X with (σ, µ) ∈ R,

where ϕ and ψ are the auxillary functions defined earlier.

Lemma 3.2. Given a b-metric space (X, db, b ≥ 1) and let {σn} be a sequence in
X. Suppose that

lim
n→∞

db(σn, σn+1) = 0. (3.1)

If {σn} is not a b-Cauchy sequence, then there exists some ε > 0 such that one can
extract two subsequences {σrk} and {σsk} satisfying the following conditions:

(F1) rk > sk ≥ k for all k ≥ 1,
(F2) db(σsk , σpk) < ε for all pk ∈ {sk + 1, sk + 2, . . . , rk − 2, rk − 1},
(F3) limk→+∞ db(σsk , σrk+n) = ε for all n ∈ N0.

Proof. Since the sequence {σn} is not b-Cauchy, there exists some ε > 0 such that
for any large enough indices, we can select subsequences {σrk} and {σsk} with
rk > sk ≥ k satisfying

db(σrk , σsk) ≥ ε, ∀k ≥ 0. (3.2)

We choose rk to be the smallest integer satisfying this condition and maintaining
rk > sk ≥ k. This ensures that

db(σrk−1, σsk) < ε, ∀k ≥ 0. (3.3)

Indeed, if db(σrk−1, σsk) ≥ ε, then rk − 1 would also satisfy condition (3.2),
contradicting the minimality of rk.

so

db(σpk , σsk) < ε, ∀pk ∈ {sk + 1, sk + 2, . . . , rk − 2, rk − 1}.
Thus, conditions (F1) and (F2) are verified.
Applying the triangle inequality and using (3.3), we get:

ε ≤ db(σrk , σsk) ≤ b(db(σrk , σrk−1) + db(σrk−1, σsk)) < b(db(σrk , σrk−1)) + ε.

Taking the limit as k →∞ and using (3.1), we obtain

lim
k→∞

db(σrk , σsk) = ε. (3.4)
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Now, using the triangle inequality again, we derive

|b(db(σsk , σrk+1))− db(σsk , σrk)| ≤ b(db(σrk+1, σrk)).

By taking limits and using (3.1) together with (3.4), we deduce

lim
k→∞

db(σsk , σrk+1) = ε.

Similarly, by applying the above arguments repeatedly, we obtain

lim
k→∞

db(σsk , σrk+n) = ε for all n ∈ N0.

Thus, condition (F3) is satisfied, completing the proof.

Theorem 3.3. Let R be a binary relation on non-empty set X and T is self-mapping
on X. Suppose (X, db, b ≥ 1) be a b-metric space, such that the following conditions
hold:

(a) X(T;R) is non-empty,
(b) (X, db) is Rb-complete,
(c) R is T-closed and locally finitely T-transitive,
(d) either T is Rb-continuous or R is bdb-self-closed,
(e) ∃ ϕ ∈ Φ and ψ ∈ Ψ such that

ϕ(bdb(Tσ,Tµ)) ≤ ϕ(db(σ, µ))− ψ(db(σ, µ)) for all σ, µ ∈ X with (σ, µ) ∈ R,
Then T has a fixed point.

Proof. Since X(T;R) is non-empty, let σ0 ∈ X(T, R).construct the Picard iterartion
sequence {σn} starting at σ0 i.e.,

σn = Tn(σ0) = T(σn−1) ∀ n ∈ N. (3.5)

Since (σ0,Tσ0) ∈ R, using the T-closedness property of R, it follows that:

(Tσ0,T
2σ0), (T2σ0,T

3σ0), . . . , (Tnσ0,T
n+1σ0), · · · ∈ R.

So that

(σn, σn+1) ∈ R for all n ∈ N0. (3.6)

Therefore, {σn} is R-preserving sequence. Now, if db(σn0
,Tσn0

) = 0 for some
n0 ∈ N0, then the result holds immediately. Otherwise, we have

dbn = db(σn, σn+1) > 0 ∀n ∈ N0.

Then, from the contractivity condition (e) and (3.5), it follows that

ϕ[db(σn+1, σn+2)] ≤ ϕ[bdb(σn+1, σn+2)]

= ϕ[bdb(Tσn,Tσn+1)]

≤ ϕ[db(σn, σn+1)]− ψ[db(σn, σn+1)].

Thus, we get:

ϕ(dbn+1) ≤ ϕ(bdbn+1) ≤ ϕ(dbn)− ψ(dbn). (3.7)

Using Proposition (2.14.),

dbn+1 < dbn for all n ∈ N0.

Therefore, dbn is a monotonically decreasing sequence, also dbn > 0. Hence there
exists t ≥ 0 such that:

lim
n→∞

dbn = t. (3.8)



FIXED POINTS IN B-METRIC SPACES 53

Next, we aim to prove that t = 0. Assume, for the sake of contradiction, that t > 0
and take the limit superior in (3.7), then we yield:

lim
n→∞

supϕ(dbn+1) ≤ lim
n→∞

supϕ(bdbn) ≤ lim
n→∞

supϕ(dbn)− lim
n→∞

inf ψ(dbn).

By virtue of ϕ’s right continuity, we deduce

ϕ(t) ≤ ϕ(bt) ≤ ϕ(t)− lim
n→∞

inf ψ(dbn) < ϕ(t).

This contradiction implies that t = 0, i.e.,

lim
n→∞

dbn = lim
n→∞

db(σn, σn+1) = 0. (3.9)

We now proceed to establish that the sequence {σn} is indeed b-Cauchy. Sup-
pose, on the contrary, that {σn} fails to be a b-Cauchy sequence. Then, us-
ing Lemma (3.2), there exists a constant ε > 0 together with two subsequences
{σrk} and {σsk} of {σn} satisfying k ≤ sk < rk, such that db(σskσrk) ≥ ε, and
db(σsk , σpk) < ε for all pk ∈ {sk + 1, sk + 2, . . . , rk − 2, rk − 1}.

lim
k→∞

db(σsk , σrk+n) = ε ∀n ∈ N0. (3.10)

Since {σn} ⊂ TX, the set E = {σn | n ∈ N0} is a countable subset of TX. Thus,
by the locally finitely T-transitive property of R, there exists a natural number
M = M(E) ≥ 2 such that the restriction R �E is N -transitive. Applying the
Division Algorithm to rk − sk − 1 with divisor M − 1, there exist integers νk ≥ 1
and ηk ∈ {2, 3, . . . ,M} such that

rk − sk − 1 = (M − 1)(νk − 1) + (M − ηk).

Equivalently,

rk + ηk = sk + 1 + (M − 1)νk,

where νk ≥ 1 and 1 < ηk ≤M .
Since ηk takes values in the finite set {2, 3, . . . ,M}, there exists a subsequence,

{σrk} and {σsk} of {σn}, satisfying (3.10) such that ηk = η for all k, where η is a
fixed integer satisfying 1 < η ≤M . Define

s′k = rk + η = sk + 1 + (M − 1)νk. (3.11)

Using (3.10), we get

lim
k→+∞

db(σsk , σs′k) = lim
k→+∞

db(σsk , σrk+η) = ε. (3.12)

Using the triangular inequality, we have

db(σsk+1, σs′k+1) ≤ b
[
db(σsk+1, σsk) + db(σsk , σs′k+1)

]
≤ b

[
db(σsk+1, σsk) + b

(
db(σsk , σs′k) + db(σs′k , σs′k+1)

)]
.

Applying (3.9) and (3.12), we have

db(σsk+1, σs′k+1) ≤ b2ε. (3.13)

and

db(σsk , σs′k) ≤ b
[
db(σsk , σsk+1) + db(σsk+1, σs′k)

]
≤ b

[
db(σsk , σsk+1) + b

(
db(σsk+1, σs′k+1) + db(σs′k+1, σs′k)

)]
.
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Using (3.9), we have db(σsk , σs′k) ≤ b2 db(σsk+1, σs′k+1).

Using (3.12), we have

db(σsk+1, σs′k+1) ≥ 1

b2
db(σsk , σs′k)

=
ε

b2

(3.14)

By (3.13) and (3.14), we obtain
ε

b2
≤ lim inf

k→∞
db(σsk+1, σs′k+1) ≤ lim sup

k→∞
db(σsk+1, σs′k+1) ≤ b2ε.

Further, by Lemma (2.16) together with (3.11), we have (σsk , σs′k) ∈ R for all

k ∈ N. Applying the contractive condition (e), we obtain

ϕ
(
b db(σsk+1, σs′k+1)

)
≤ ϕ

(
db(σsk , σs′k)

)
− ψ

(
db(σsk , σs′k)

)
. (3.15)

Taking the limit superior in above inequality and using (3.12), we get

lim sup
k→∞

ϕ
(
b db(σsk+1, σs′k+1)

)
≤ ϕ(ε)− lim inf

k→∞
ψ
(
db(σsk , σs′k)

)
.

Since db(σsk , σs′k)→ ε > 0 as k →∞ and ψ ∈ Ψ, condition (Ψ2) implies that

lim inf
k→∞

ψ
(
db(σsk , σs′k)

)
> 0.

Combining above two equations, we obtain

lim sup
k→∞

ϕ
(
b db(σsk+1, σs′k+1)

)
< ϕ(ε).

On the other hand, by (3.15) and the monotonicity of ϕ, we have

ϕ(ε) ≤ ϕ
(
b lim inf

k→∞
db(σsk+1, σs′k+1)

)
therefore

ϕ(ε) ≤ lim sup
k→∞

ϕ
(
b db(σsk+1, σs′k+1)

)
,

which contradicts lim supk→∞ ϕ
(
b db(σsk+1, σs′k+1)

)
< ϕ(ε). Therefore, the as-

sumption that {σn} is not a b-Cauchy sequence is false. Consequently, the sequence
{σn} is a b-Cauchy sequence, and because (X, db) is Rb-complete, there exists σ ∈ X

such that σn
db−→ σ.; by the Rb-continuity of T, Tσn

db−→ Tσ, and owing to (3.5),

Tσn = σn+1
db−→ σ, so by the uniqueness of the limit, Tσ = σ, i.e., T has a fixed

point.
Alternately, assume that R is bdb -self-closed; the sequence {σr} is R-preserving and

σr
db−→ σ, and therefore we can construct a subsequence {σrk} of {σr} such that

[σrk , σ] ∈ R for all k ∈ N0. Now, we claim that

lim
k→+∞

db(σrk+1,Tσ) = 0. (3.16)

To prove it, first consider the case when σrk = σ for some k ∈ N0; then σrk+1 =
Tσrk = Tσ, which gives

lim
k→+∞

db(σrk+1,Tσ) = 0. (3.17)
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Thus, (3.16) satisfies directly. If σrk 6= σ then db(σrk , σ) > 0 for every k ∈ N0.
Owing to condition (e), we obtain

ϕ(db(σrk+1,Tσ)) ≤ ϕ(bdb(σrk+1,Tσ))

= ϕ(bdb(Tσrk ,Tσ))

≤ ϕ(db(σrk , σ))− ψ(db(σrk , σ)).

Using Proposition 2.14, we obtain

db(σrk+1,Tσ) < db(σrk , σ). (3.18)

Taking the limit in (3.18) as k →∞ and using σrk
db−→ σ, we obtain limk→+∞ db(σrk+1,Tσ) =

0, which shows that (3.16) holds; by (3.16) and the uniqueness of the limit, we con-
clude Tσ = σ, i.e., T has a fixed point, completing the proof.

Theorem 3.4. In addition to the assumptions of (3.3), suppose that

(f) TX is Rs-connected,

then T has a unique fixed point.

Proof. According to Theorem (3.3), T has at least one fixed point; suppose σ and µ
are two such fixed points, so that Trσ = σ and Trµ = µ for all r ∈ N0, and clearly
both σ and µ belong to TX; by the Rs-connectedness of TX, there is a sequence
{z0, z1, z2, . . . , zm} of length m connecting σ with µ, as

z0 = σ, zm = µ, and [zi, zi+1] ∈ R where 0 ≤ i ≤ m− 1. (3.19)

since R is T-closed, so

[Trzi,T
rzi+1] ∈ R ∀i where 0 ≤ i ≤ m− 1,∀r ∈ N0. (3.20)

Now, for each r ∈ N0, define τ ir = db(T
rzi,T

rzi+1) for 0 ≤ i ≤ m − 1, and we
proceed to establish that

lim
r→+∞

τ ir = 0. (3.21)

To establish (3.21), we distinguish two possible situations for the sequence {τ ir}.
Either there exists r0 ∈ N0 such that τ ir0 = 0, or τ ir > 0 for all r ∈ N0. We treat
each case separately.
Case I. Suppose that there exists r0 ∈ N0 such that

db(T
r0zi,T

r0zi+1) = 0.

Then

Tr0zi = Tr0zi+1.

Applying T to both sides, we obtain

Tr0+1zi = Tr0+1zi+1,

and hence τ ir0+1 = 0. Now assume that τ ir = 0 for some r ≥ r0. Then

Trzi = Trzi+1.

Applying T once again, we get

Tr+1zi = Tr+1zi+1,

which implies that τ ir+1 = 0. Therefore, by mathematical induction, τ ir = 0 for all
r ≥ r0. Consequently,

lim
r→∞

τ ir = 0.
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Case II. Suppose that τ ir > 0 for all r ∈ N0. Utilizing (3.20) with an assumption
(e), we derive

ϕ(τ ir+1) ≤ ϕ(b(τ ir+1)) = ϕ(b(db(T
r+1zi,T

r+1zi+1)))

= ϕ(b(db(T(Trzi),T(Trzi+1))))

≤ ϕ(db(T
rzi,T

rzi+1))− ψ(db(T
rzi,T

rzi+1)).

which simplifies to

ϕ(τ ir+1) ≤ ϕ(τ ir)− ψ(τ ir). (3.22)

By Proposition 2.14, we conclude that

τ ir+1 < τ ir.

Thus, the sequence {τ ir} is monotonically decreasing and non-negative. Hence,
there exists s ≥ 0 such that

lim
r→+∞

τ ir = s.

Now, we demonstrate that s = 0. Assume s > 0, taking the lower limit in inequality
(3.22) yields

lim inf
r→+∞

ϕ(τ ir+1) ≤ lim inf
r→+∞

ϕ(τ ir)− lim inf
r→+∞

ψ(τ ir).

Using the right-continuity of ϕ, it follows that

lim inf
r→+∞

ψ(τ ir) ≤ 0.

which contradicts the axiom of Ψ. Consequently, we must have

lim
r→+∞

τ ir = 0.

Thus, (3.21) holds for every i where 0 ≤ i ≤ m−1, applying the triangle inequality,

db(σ, µ) = db(T
rz0,T

rzm) ≤ b(db(Trz0,Trz1) + db(T
rz1,T

rzm))

≤ b(db(Trz0,Trz1)) + b2(db(T
rz1,T

rz2) + db(T
rz2,T

rzm))

≤ bτ0r + b2τ1r + · · ·+ bmτm−1r → 0 as r → +∞.

which implies σ = µ. Therefore, the fixed point of T is unique.

Corollary 3.5. If any of the following criterion is substituted for the locally finitely
T-transitivity criterion, Theorem 3.3 still holds true:

(a) R is transitive,
(b) R is T-transitive,
(c) R is finitely transitive,
(d) R is locally finitely transitive.

Corollary 3.6. If condition (f) of Theorem (3.4), namely that TX is Rs-connected,
is replaced by one of the following conditions, then the uniqueness conclusion of
Theorem (3.4) remains valid:

(F1) TX is Rs-directed;
(F2) R|TX is complete.

Proof. For any σ, µ ∈ TX, ∃ ρ ∈ X such that both [σ, ρ] ∈ R and [ρ, µ] ∈ R If
condition (F1) holds. This implies that {σ, ρ, µ} forms a path of length 2 in Rs

between σ and µ. Hence, TX is Rs-connected, and Theorem (3.4) still applies.
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Alternatively, for any σ, µ ∈ TX, we have [σ, µ] ∈ R, meaning {σ, µ} forms a
path of length 1 in Rs whenever condition (F2) holds. Hence, TX is Rs-connected,
and Theorem (3.4) still applies.

Remark. When considering the universal relation R = X2 and b=1, the results
presented in theorems (3.3) and (3.4) simplify to a well-known fixed point theorem
established by Alam et al. [5].

Remark. Furthermore, by setting R as a partial order � in Theorem 3.3 and b=
1, we derive a result that aligns with the fixed point theorem presented by Harjani
and Sadarangani[16].

Corollary 3.7. [16] Let T: X → X be a mapping and (X, db) be a metric space
equipped with a partial order � . Assume that the following constraints hold:

(a) (X, db) is a complete,
(b) T is an increasing function w.r.t. �,
(c) either T is continuous, or (X, db,�) is a regular space,
(d) ∃ σ0 ∈ X such that σ0 � Tσ0,
(e) ∃ functions ϕ ∈ Φ and ψ ∈ Ψ satisfying

ϕ(db(Tσ,Tµ)) ≤ ϕ(db(σ, µ))− ψ(db(σ, µ)), ∀σ, µ ∈ X with σ � µ.
Then, T has at least one fixed point.

Remark. Furthermore, by taking b = 1 in Theorem (3.3), the underlying b-metric
space reduces to a metric space. Consequently, Theorem (3.3) yields the fixed point
result obtained by Sk F. et al.[24]. This demonstrates that our theorem extends
and generalizes the corresponding result in [24].

Corollary 3.8. [24] Let R be a binary relation on X, T be a self-mapping on X
and (X, db) be a metric space. Assume that the following constraints hold:

(a) (X, db) is complete w.r.t. R,
(b) R is T-closed and locally finitely T-transitive,
(c) either R is db-self-closed or T is R-continuous,
(d) ∃ σ0 ∈ X such that (σ0,Tσ0) ∈ R,
(e) ∃ ϕ ∈ Φ and ψ ∈ Ψ such that

ϕ(db(Tσ,Tµ)) ≤ ϕ(db(σ, µ))− ψ(db(σ, µ)), ∀σ, µ ∈ X with σ � µ.
Then, T has a fixed point.

Example 1. Consider the set X = [0, 4] equipped with the function db : X × X →
[0,∞) defined by

db(σ, µ) = |σ − µ|2 + |σ − µ|, σ, µ ∈ X.

It is immediate that db is non-negative and that db(σ, µ) = 0 holds precisely when
σ = µ. Symmetry follows from the identity |σ− µ| = |µ− σ|. Furthermore, writing
x = |σ − µ| and y = |µ− τ |, we compute

db(σ, τ) = (x+ y)2 + (x+ y) ≤ 3(x2 + x+ y2 + y) = 3
(
db(σ, µ) + db(µ, τ)

)
.

Thus (X, db) is a b-metric space with coefficient b = 3.
Define a binary relation R ⊂ X× X by

R = {(σ, µ) ∈ X× X : |σ − µ| ≤ 3}.
This relation is clearly reflexive and symmetric.
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Next consider the mapping T : X→ X given by

T(σ) =
σ

2
+

1

8
sin(πσ) +

1

8
.

Since σ/2 ∈ [0, 2] for all σ ∈ [0, 4] and 1
8 sin(πσ) ∈ [− 1

8 ,
1
8 ], we obtain

T(X) ⊂ [0, 2.25] ⊂ [0, 4],

hence T maps X into itself. By the Mean Value Theorem there exists ξ between σ
and µ such that

|T(σ)− T(µ)| =
∣∣∣∣12 +

π

8
cos(πξ)

∣∣∣∣ |σ − µ| ≤ L |σ − µ|,
where

L =
1

2
+
π

8
≈ 0.8927 < 1.

Consequently,
db(T(σ),T(µ)) ≤ L db(σ, µ), σ, µ ∈ X,

so that T satisfies a strict contractive condition in the b-metric. Let the altering
distance functions be defined by ϕ(t) = t and ψ(t) = (1 − L)t for t ≥ 0. Then the
above inequality yields

ϕ
(
db(T(σ),T(µ))

)
≤ ϕ(db(σ, µ))− ψ(db(σ, µ)),

which is precisely the contractive-type inequality required in Theorem 3.3.
We now verify the relational conditions. If (σ, µ) ∈ R, then |σ − µ| ≤ 3, and by

the Lipschitz estimate we have

|T(σ)− T(µ)| ≤ L|σ − µ| ≤ 3L < 3,

which implies (T(σ),T(µ)) ∈ R. Thus, R is T-closed. Furthermore, since T(X) =
[0, 2.25], any two points a, b, c ∈ T(X) satisfy |a−b| ≤ 2.25 ≤ 3 and |b−c| ≤ 2.25 ≤ 3,
hence (a, c) ∈ R. Therefore, R is locally T-transitive, and because it is symmetric,
its symmetrization satisfies Rs = R. It follows that T(X) is Rs-connected.

Finally, let {σn} ⊂ X be an R-preserving sequence such that σn → r with respect
to the b-metric db. Since convergence in db implies usual convergence in the Eu-
clidean metric on [0, 4], we have σn → r in the ordinary sense, and for sufficiently
large n this gives |σn − r| < 3, hence (σn, r) ∈ R. Hence R is bdb-self-closed. As T
is continuous on [0, 4], it is also Rb-continuous.

Since all the assumptions of Theorem 3.3 are fulfilled, it follows that T has a
unique fixed point in the b-metric space (X, db). Although the equation

T(σ) = σ

has no closed-form solution, the fixed point exists and is unique (see Fig. 3.1) by
virtue of the theorem.

Example 2. Consider the set X = [0, 4] equipped with the b-metric defined by
db(σ, µ) = |σ − µ|2 with b = 2. On X, define a binary relation R as follows:

R = {(0, 0), (0, 1), (1, 0), (0, 2), (1, 1), (3, 4), (2, 2)}.
Then, the metric space (X, db) is a Rb-complete metric space.
Next, ϕ,ψ : [0,∞)→ [0,∞) define the auxiliary functions as follows:

ϕ(ν) =

{
ν
2 , ν ∈ [0, 4)

ν2, ν ≥ 4
and ψ(ν) =

{
ν
3 , ν ∈ [0, 4)

4, ν ≥ 4
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Figure 3.1. Graph of T(σ) and the line y = σ, showing their
intersection (fixed point).

It is obivous that, ϕ ∈ Φ and ψ ∈ Ψ. Consider the mapping T : X→ X as follows:

T(σ) =

{
0, σ ∈ [0, 2]

1, σ ∈ (2, 4].

Clearly, R is T- closed. Note that R is not transitive although it is locally T-
transitive. Take a R-preserving sequence {σn} in X, which means that for every

n ∈ N0, (σn, σn+1) ∈ R and σn
db−→ r. Since (σn, σn+1) ∈ R ∀ n ∈ N0, so there

exists N ∈ N such that for all n ≥ N , we have σn = r, where r takes values in
{0, 1}. Now, we select a subsequence {σnk

} from {σn} satisfying σnk
= r for all

k ∈ N. This implies that (σnk
, r) ∈ R for all k ∈ N. Consequently, R is bdb-self-

closed. Also X(T, R) is non empty as (0, T0) ∈ R. Note that T is Rb-continous
also, but not continuous on X. It is clear that T(X) is Rs-connected and hypothesis
(e) holds for all (x, y) ∈ R. This means that T , has a unique fixed point, specifically
x = 0.

4. Fredholm Integral Equations: An Application

The existence and uniqueness of solutions to the Fredholm integral equation are
covered in this section.
Consider the Fredholm integral equation:

ξ(µ) =

∫ 1

0

κ(µ, ν)h
(
ν, ξ(ν)

)
dν, µ ∈ [0, 1], (4.1)

where the kernel κ(µ, ν) is defined by

κ(µ, ν) =
1

6

(3µ− ν)ν2, 0 ≤ ν ≤ µ,

(3ν − µ)µ2, µ ≤ ν ≤ 1.
(4.2)
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Now, we denote the class of functions θ : [0,∞) → [0,∞) by Θ that satisfy the
conditions:

(1) if ν > µ then θ(ν) > θ(µ),
(2) for any m ≥ 0, ∃ ψ ∈ Ψ such that θ(m) = m− ψ(m).

Furthermore, assume C[0, 1] represent the set of all real-valued continuous functions
on I = [0, 1].

Theorem 4.1. In addition to equation (4.1) assume that ∃ θ ∈ Θ satisfies

0 ≤ h(µ, l)− h(µ,m) ≤ θ(l −m) ∀ l,m ∈ R with l ≥ m and ∀µ ∈ I, (4.3)

and if there exists α ∈ C[I], satisfying

α(µ) ≥
∫ 1

0

κ(µ, ν)h
(
ν, α(ν)

)
dν, µ ∈ I, (4.4)

where the kernal κ(µ, ν) is defined as in (4.2). Then, there is only one solution to
the integral equation (4.1).

Proof. We establish a function M: C[0, 1] → C[0, 1] by

Mξ(µ) =

∫ 1

0

κ(µ, ν)h(ν, ξ(ν)) dν. (4.5)

It can be easily seen that 0≤ κ(µ, ν) ≤ νµ2

2 and define a binary relation by

R = {(ν, µ) ∈ C[0, 1]× C[0, 1] : ν(ω) ≥ µ(ω) for all ω ∈ [0, 1]}.

(i) Let X = C[0, 1] and define a metric

db : X× X→ [0,∞) by db(ν, µ) = sup
ω∈[0,1]

|ν(ω)− µ(ω)|,

for all ν, µ ∈ X. Then, (X, db) is b-complete metric space, this imply Rb-
complete.

(ii) Pick a R-preserving sequence {ξn} such that ξn
db−→ ξ. Then, , we have

ξ0(ω) ≥ ξ1(ω) ≥ ξ2(ω) ≥ · · · ≥ ξn(ω) ≥ ξn+1(ω) ≥ · · · . for all ω ∈ [0, 1]. (4.6)

and converges to ξ(ω) implies that ξn(ω) ≥ ξ(ω) for all ω ∈ [0, 1] and n ∈ N0

so there exists a subsequence {ξnk
} of {ξn} with

[ξnk
, ξ] ∈ R for all k ∈ N0.

So, R is bdb -self closed.
(iii) From (4.5) and for any (ξ, µ) ∈ R (i.e., µ(ω) ≥ ξ(ω) for all ω ∈ [0, 1]), we

have

(Mξ)(µ) =

∫ 1

0

κ(µ, ν)h(ν, ξ(ν)) dν ≥
∫ 1

0

κ(µ, ν)h(ν, ω(ν)) dν = (Mω)(µ).

which shows that (Mξ,Mω) ∈ R i.e. R is M -closed. Moreover M(C[0,1])
is Rs-directed.

(iv) In view of (4.4) ∃ α(µ) ∈ C[0,1] such that

α(µ) ≥
∫ 1

0

κ(µ, ν)h(ν, α(ν)) dν = (Mα)(µ), ∀µ ∈ [0, 1].

This implies that (α,Mα) ∈ R and hence X(M,R) 6= φ.
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Before proceeding further, we estimate the kernel integral. For each ω ∈
[0, 1], we have∫ 1

0

κ(ω, ν) dν =
1

6

[∫ ω

0

(3ω − ν)ν2 dν +

∫ 1

ω

(3ν − ω)ω2 dν

]
=

1

6

[
3

4
ω4 +

3

2
ω2 − ω3 − 1

2
ω4

]
=

1

4
ω2 − 1

6
ω3 +

1

24
ω4.

Let

f(ω) =
1

4
ω2 − 1

6
ω3 +

1

24
ω4.

Then

f ′(ω) =
ω

6
(ω2 − 3ω + 3).

Since

ω2 − 3ω + 3 =

(
ω − 3

2

)2

+
3

4
> 0,

it follows that f ′(ω) ≥ 0 for all ω ∈ [0, 1]. Hence f is increasing on [0, 1].
Therefore,

sup
ω∈[0,1]

∫ 1

0

κ(ω, ν) dν = f(1) =
1

8
.

Consequently,∫ 1

0

κ(ω, ν) dν ≤ 1

8
<

1

4
, ∀ω ∈ [0, 1].

(v) Let for (ξ, µ) ∈ R,

(Mξ)(ω)− (Mµ)(ω) =

∫ 1

0

κ(ω, ν)
[
h(ν, ξ(ν))− h(ν, µ(ν))

]
dν

≤
∫ 1

0

κ(ω, ν)θ(|ξ(ν)− µ(ν)|) dν

≤ θ(‖ξ − µ‖)
∫ 1

0

κ(ω, ν) dν

≤ 1

4
θ(‖ξ − µ‖)

< θ(‖ξ − µ‖)
= db(ξ, µ)− ψ(db(ξ, µ)) .

This shows that db(Mξ, Mµ) ≤ db(ξ, µ) - ψ(db(ξ, µ)).

Hence, all the hypotheses of Theorems (3.3) and (3.4) are satisfied with respect to
the binary relation

R = {(ν, µ) ∈ C[0, 1]× C[0, 1] : ν(ω) ≥ µ(ω), ∀ω ∈ [0, 1]} .

Therefore, the operator M admits a unique fixed point ω ∈ C[0, 1]. Consequently,
ω is the unique solution of the Fredholm integral (4.1).
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5. Conclusion

This paper explores the relation-theoretic approach for generalized (ϕ,ψ, bR)-
contraction by incorporating auxiliary functions in a b-metric space. Instead of
strict transitivity, we worked with a weaker version called locally finitely T-transitivity,
making our framework more flexible and widely applicable. Our results offer new
insights into contraction principles in more generalized metric settings. Finally, to
demonstrate the applicability of our findings, we have provided an application to
solve the Fredholm integral problem.
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