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DIFFERENCE-QUOTIENT HYPERDERIVATIVES ON REAL

TOPOLOGICAL KRASNER HYPERMODULES

YILMAZ EROL

Abstract. In this paper, we develop a difference–quotient–based multival-
ued derivative concept on topological hypermodule structures in the sense of

Krasner. Focusing on real Krasner hypermodules endowed with a compatible

topology, we introduce the right hyperdifference

a	 b = {x ∈M : a ∈ b⊕ x}
on canonical hypergroups (M,⊕) and define the associated hyper difference
quotients ∆hf(t0).

The set of all sequential cluster limits of these difference quotients is denoted

by HDer f(t0) and interpreted as a hyperderivative set. We establish reduction
to the classical derivative, positive homogeneity with respect to scalar multi-

plication, and inclusion–type derivative rules for hyperaddition, together with

monotonicity and critical point conditions induced by positive cones.
Moreover, in situations where Hausdorff convergence of the difference quo-

tients fails, the analytic behavior of the resulting set–valued derivatives is cap-

tured via the Painlevé–Kuratowski (PK) upper limit approach. This frame-
work unifies classical differentiability, singleton hyperderivatives, and genuinely

multivalued PK cluster derivatives within a single coherent scheme.

1. Introduction

The concept of a derivative is a fundamental tool in classical analysis, captur-
ing the local behavior of a function by means of a single velocity or slope. Since
the pioneering works of Newton and Leibniz, this viewpoint has provided a highly
successful theoretical and practical framework for real-valued smooth functions.
Over time, the notion of differentiation has been extended and refined in vari-
ous directions, including multivariable analysis, functional analysis, and differen-
tial equations, and generalized to infinite-dimensional settings through Fréchet and
Gâteaux derivatives [1, 2, 3].

Nevertheless, many modern problems involve systems that cannot be adequately
described by single-valued functions. In particular, models arising from uncertainty,
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parameter dependence, optimization, and control naturally lead to set-valued map-
pings. In such contexts, the direct application of the classical derivative becomes
severely limited.

Efforts to define derivatives for set-valued functions have intensified since the
second half of the twentieth century. One of the earliest and most influential ap-
proaches is based on the Hukuhara difference. The Hukuhara derivative relies on
the solvability of the difference between two sets as another set, and it has been
widely used for interval- and fuzzy-number-valued functions [4, 5]. However, this
approach often enforces a one-sided behavior of uncertainty (typically expansion),
which restricts its modeling flexibility.

To overcome these limitations, the generalized Hukuhara (gH) difference and
the corresponding gH-derivatives have been introduced. The gH framework sym-
metrizes the difference operation, thereby enlarging the class of differentiable set-
valued functions [6, 7]. Despite this improvement, both Hukuhara- and gH-based
derivatives ultimately depend on the solvability of the underlying difference, which
may fail or lead to information loss in certain natural set-valued dynamics.

An alternative line of research defines derivatives of set-valued mappings through
geometric constructions. In this direction, concepts such as the contingent deriva-
tive, Bouligand tangent cones, and the epiderivative, developed by Aubin, Frankowska,
and others, play a central role in variational analysis and optimization [8, 9, 10].
These approaches emphasize tangential behavior of graphs rather than difference
quotients, and they provide powerful geometric insights. However, they do not al-
ways yield an intuitive interpretation in terms of instantaneous velocities for time-
parameterized systems. Moreover, several of these notions can be characterized in
terms of Painlevé–Kuratowski limits of suitable difference quotients, highlighting a
close connection with cluster-based constructions [11, 12].

The main objective of this work is to preserve the classical idea of difference
quotients while reinterpreting it within the framework of hyperstructures, thereby
developing a flexible derivative concept for multivalued and uncertain dynamics.
We adopt canonical hypergroups with multivalued addition and the associated
Krasner hypermodules as a natural algebraic setting [13, 14]. Besides Krasner hy-
perstructures, weaker hyperalgebraic frameworks such as HV-structures have also
been extensively studied. Introduced by Vougiouklis, HV-structures replace ex-
act algebraic identities by nonempty intersection conditions and provide a flexible
setting for multivalued algebraic systems. General references on hyperstructures,
HV-structures, and their applications can be found in [14, 24], while recent devel-
opments on Krasner-type structures include [25, 26]. Since the difference–quotient
construction inherently relies on topological limits and scalar rescaling, we restrict
our attention to topological Krasner hypermodules over R, in particular to real hy-
pervector spaces endowed with a compatible topology.

In the proposed approach, the difference between two values is not required to be
solvable in the Hukuhara or gH sense. Instead, we employ the right hyperdifference
induced by the hyperaddition. The resulting hyper difference quotients need not
converge to a single limit in general. Consequently, the derivative is defined as a
set of derivatives, collecting all cluster limits of the difference quotients. We refer
to this object as the hyperderivative set and denote it by HDer f(t0).



30 Y. EROL

This viewpoint naturally unifies two convergence regimes. If the difference quo-
tients converge stably in the Hausdorff topology, a singleton hyperderivative cor-
responding to the classical derivative is obtained. If Hausdorff stability fails, the
Painlevé–Kuratowski (PK) cluster limits yield a genuinely multivalued “instanta-
neous velocity set” [11]. In this way, the classical derivative, the single-valued
hyperderivative, and the multivalued PK cluster derivative are combined within a
single coherent framework.

The remainder of the paper is organized as follows. We first present the neces-
sary algebraic and topological preliminaries. Next, the notions of hyperdifference
and hyperderivative on topological Krasner hypermodules are introduced. We then
derive derivative rules for hyperaddition, scalar multiplication, composition, and
product/quotient operations, and investigate monotonicity and extremum condi-
tions via positive cones. Finally, we discuss the interpretation of the hyperderivative
for time-dependent dynamical systems and position the proposed approach within
the existing literature.

2. Preliminaries: Hyperstructures and Algebraic Framework

In this section, we briefly recall the hyper-algebraic structures that will be used
throughout the paper, together with their basic properties. The purpose is to
present, in a clear and coherent manner, the algebraic foundation on which the
notion of hyperderivative is built. Unless stated otherwise, all sets are assumed to
be nonempty.

2.1. Hyperoperations and hypergroups. Let H be a nonempty set. A hyper-
operation on H is a mapping

⊕ : H ×H → P(H) \ {∅}, (x, y) 7→ x⊕ y,
which assigns to each ordered pair (x, y) a set of elements of H. Such structures
were first studied systematically by Marty [15].

Definition 2.1 (Hypergroupoid). A nonempty set H endowed with a hyperoper-
ation ⊕ is called a hypergroupoid.

Definition 2.2 (Hypergroup [15]). A hypergroupoid (H,⊕) is called a hypergroup
if it satisfies the following two axioms:

(H1) (Associativity)

(x⊕ y)⊕ z = x⊕ (y ⊕ z) for all x, y, z ∈ H,
where associativity is understood in the sense of set equality;

(H2) (Reproduction axiom)

x⊕H = H ⊕ x = H for all x ∈ H.

In this definition, no identity element, inverse element, or reversibility condition
is required. Hypergroups in this sense provide a natural generalization of classical
groups, where the single-valued operation is replaced by a multivalued one.

Remark 2.3. Additional properties such as the existence of a neutral element,
inverses, or reversibility are imposed only for special subclasses of hypergroups,
for instance canonical (reversible) hypergroups. In the present work, such stronger
structures are introduced only when they are needed, in particular to guarantee the
nonemptiness of the right hyperdifference.
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2.2. Canonical (reversible) hypergroups. A particularly important class in
hyperanalysis is formed by canonical, or reversible, hypergroups.

Definition 2.4 (Canonical (reversible) hypergroup). A hypergroup (H,⊕) is called
canonical (or reversible) if the following conditions hold:

(i) (Existence of identity) There exists an element 0 ∈ H such that

0⊕ x = x⊕ 0 = {x} for all x ∈ H.
(ii) (Existence of inverses) For every x ∈ H there exists an element −x ∈ H

such that
0 ∈ x⊕ (−x).

(iii) (Reversibility) For all x, y, z ∈ H,

x ∈ y ⊕ z ⇐⇒ y ∈ x⊕ (−z).

2.3. Krasner hyperrings. As a hyper-algebraic counterpart of classical rings,
Krasner hyperrings are defined as follows.

Definition 2.5 (Krasner hyperring). A structure (R,⊕, ·) is called a Krasner hy-
perring if:

• (R,⊕) is a canonical hypergroup,
• (R, ·) is a semigroup in the classical sense,
• Multiplication is distributive over hyperaddition on both sides:

a · (x⊕ y) = (a · x)⊕ (a · y), (x⊕ y) · a = (x · a)⊕ (y · a).

In this work, we take the scalar ring to be the classical real field R = R with its
usual (single-valued) addition and multiplication. The hyperstructure is carried by
the hyperaddition ⊕ on M , while the scalar multiplication R×M →M is assumed
to be single-valued and compatible with ⊕ as in Definition 2.6. This choice allows
us to perform rescaling operations such as 1

h · x (for h 6= 0) in a standard analytic
way [16, 14].

2.4. Krasner hypermodules. Linear structures defined over Krasner hyperrings
are referred to as hypermodules.

Definition 2.6 (Krasner hypermodule). Let (R,⊕, ·) be a Krasner hyperring. Let
(M,⊕) be a canonical hypergroup and

· : R×M →M

a single-valued scalar multiplication. The set M is called a Krasner hypermodule if
the following conditions hold:

• a · (x⊕ y) = (a · x)⊕ (a · y),
• (a⊕ b) · x = (a · x)⊕ (b · x),
• (ab) · x = a · (b · x),
• 1 · x = x.

This structure provides a natural generalization of classical modules under hyper-
addition. In this framework, hyperdifference quotients and hyperderivative sets are
studied throughout the paper. Whenever limits or continuity are involved, Krasner
hypermodules are assumed to be endowed with a topology compatible with the hy-
peraddition and scalar multiplication. In particular, we work with real topological
Krasner hypermodules.



32 Y. EROL

2.5. HV-Hypermodules. The notion of an HV-structure was introduced by Vou-
giouklis as a weak generalization of classical hyperstructures, where algebraic iden-
tities are replaced by nonempty intersection conditions [24, 14].

Definition 2.7 (HV-hypermodule). Let R be a HV-ring and let (M,⊕) be an
HV-group. Assume that a scalar multiplication

· : R×M −→ P∗(M), (r, x) 7−→ r · x
is defined.

Then M is called an HV-hypermodule over R if for all r, r1, r2 ∈ R and a, b ∈M
the following conditions are satisfied:

r · (a⊕ b) ∩
(
(r · a)⊕ (r · b)

)
6= ∅,

(r1 + r2) · a ∩
(
(r1 · a)⊕ (r2 · a)

)
6= ∅,

(r1r2) · a ∩ r1 · (r2 · a) 6= ∅.
The above conditions are weak counterparts of the distributive and compatibility

axioms of classical modules and Krasner hypermodules. They play a fundamental
role in the theory of HV-structures developed by Vougiouklis.

2.6. Hyperfields. A special subclass of Krasner hyperrings is given by hyperfields,
where addition is hyper-valued, multiplication is single-valued and invertible.

Definition 2.8 (Hyperfield). A structure (F,⊕, ·) is called a hyperfield if:

• (F,⊕) is a canonical (reversible) hypergroup,
• (F, ·) is a single-valued multiplication,
• (F \ {0}, ·) is a group (every nonzero element is invertible),
• 0 · x = x · 0 = 0 for all x ∈ F ,
• Multiplication is distributive over hyperaddition on both sides:

a · (x⊕ y) = (a · x)⊕ (a · y), (x⊕ y) · a = (x · a)⊕ (y · a).

Hyperfields play a central role in many modern algebraic and applied models,
including sign, tropical, and interval-type structures [17, 18].

Remark 2.9. Every hyperfield is naturally a Krasner hyperring; however, not
every Krasner hyperring is a hyperfield. In the present work, we do not require
the hyperfield assumption, and the development of the hyperderivative concept is
carried out entirely within the framework of Krasner hypermodules.

Definition 2.10 (Singleton embedding and induced order). Define the mapping
ι : R→ K(R) by

ι(x) := {x}.
This mapping is called the singleton embedding. Accordingly, any classical function
g : T → R can be regarded as a singleton-valued function

f := ι ◦ g : T → K(R), f(t) = {g(t)}.
Moreover, on singleton sets, the relation

{x} � {y} ⇐⇒ x ≤ y
transfers the natural order on R to K(R) via the embedding ι.

Remark 2.11. This definition ensures that notions such as “increasing” and “de-
creasing” for singleton-valued functions reduce to the classical monotonicity of real-
valued functions.
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2.7. The classical derivative. Let f : T ⊂ R → R be a function and let t0 ∈ T
be an accumulation point of T . If the limit

lim
h→0

f(t0 + h)− f(t0)

h

exists, then this limit is called the derivative of f at t0 and is denoted by

f ′(t0) := lim
h→0

f(t0 + h)− f(t0)

h

[19, 1].

2.8. Hausdorff topology. Let Y be a normed vector space and let K(Y ) denote
the family of nonempty compact subsets of Y . For A,B ∈ K(Y ), the Hausdorff
distance is defined by

dH(A,B) = max
{

sup
a∈A

inf
b∈B
‖a− b‖, sup

b∈B
inf
a∈A
‖a− b‖

}
.

The topology induced by this metric is called the Hausdorff topology. The Hausdorff
metric and the corresponding topology are standard tools in set-valued analysis for
studying the convergence of families of compact sets [12, 8].

2.9. Framework: Which class of sets are we working with? Since two dif-
ferent notions of convergence (Hausdorff and Painlevé–Kuratowski) are employed
in this work, it is important to clearly distinguish the classes of sets under consid-
eration.

Let Y be a normed space.

• K(Y ): the family of nonempty compact subsets of Y ,
• F(Y ): the family of nonempty closed subsets of Y .

In this paper, we begin with compact-valued functions f : T → K(Y ). However,
due to the scaling by 1/h in the difference quotient

∆hf(t0) =
f(t0 + h)− f(t0)

h
,

the sets ∆hf(t0) may become unbounded as h→ 0 and therefore may fail to remain
in K(Y ) (see Example 3.7). For this reason:

• the Hausdorff hyperderivative is considered only when the family ∆hf(t0)
remains in K(Y ) and converges in the Hausdorff topology;
• the Painlevé–Kuratowski (PK) approach is used to produce multival-

ued derivative sets via cluster limits on F(Y ), even when ∆hf(t0) does not
stay in K(Y ).

This distinction allows the Hausdorff approach to capture “stable/single-limit”
behavior, whereas the PK approach captures “all possible cluster limits” of the
difference quotients.

2.10. Painlevé–Kuratowski set convergence. Let {An}n∈N be a sequence of
subsets of Y . The Painlevé–Kuratowski upper limit and lower limit of this sequence
are defined, respectively, by

lim sup
n→∞

An :=
{
x ∈ Y : ∃nk ↑ ∞, ∃xnk

∈ Ank
such that xnk

→ x
}
,

lim inf
n→∞

An :=
{
x ∈ Y : ∃xn ∈ An such that xn → x

}
.
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If
lim inf
n→∞

An = lim sup
n→∞

An = A,

then the sequence {An} is said to converge to A in the Painlevé–Kuratowski sense,

and we write A = limPK
n→∞An. This notion of convergence is weaker than Hausdorff

convergence and provides a framework for capturing all possible cluster limits of a
sequence of sets [20, 11].

Remark 2.12 (Relation between HDer and PK cluster limits). In metric spaces,
the hyperderivative set HDer f(t0) defined via sequential cluster limits of the dif-
ference quotients coincides with the sequential Painlevé–Kuratowski upper limit of
the family {∆hf(t0)}h→0. More precisely, if the PK upper limit is taken along
sequences hn → 0, then

HDer f(t0) =
PK, seq

lim sup
h→0

∆hf(t0).

Consequently, the notion of hyperderivative introduced in Definition 3.5 can be
interpreted as a Painlevé–Kuratowski cluster-derivative in the sequential sense.

3. Hyperderivatives on Krasner Hypermodules: Main Results

Throughout this section, we take the scalar structure to be R = R. Multiplica-
tion is the classical (single-valued) real multiplication, and (M,⊕) is assumed to be
a Krasner hypermodule over R such that (M,⊕) is a canonical (reversible) hyper-
group. Whenever limits or continuity are involved, we assume that M is endowed
with a metric topology compatible with the hyperaddition and scalar multiplica-
tion. In particular, scalar multiplication by 1/h is well defined and continuous for
every h ∈ R \ {0}.

3.1. Hyperdifference, difference quotients, and hyperderivatives.

Definition 3.1 (Right hyperdifference). For a, b ∈M , the right hyperdifference is
defined by

a	 b := {x ∈M : a ∈ b⊕ x}.

Remark 3.2. If (M,⊕) is a classical abelian group, then a 	 b = {a − b} and
the definition reduces to the usual difference. In general hypergroupoids the set
a	 b may be multi-element or empty; however, if (M,⊕) is a canonical (reversible)
hypergroup, then a 	 b 6= ∅ for all a, b ∈ M . The multivalued nature of the
hyperderivative originates from the multivalued character of the underlying hyper-
addition.

Definition 3.3 (Hyper difference quotient). Let T ⊂ R and let f : T → M be a
function. Fix t0 ∈ T and h ∈ R \ {0} such that t0 + h ∈ T . The hyper difference
quotient of f at t0 is defined by

∆hf(t0) :=
1

h
·
(
f(t0 + h)	 f(t0)

)
=

{
1

h
· x : x ∈ f(t0 + h)	 f(t0)

}
.

Remark 3.4. If (M,⊕) is a canonical (reversible) hypergroup, then f(t0 + h) 	
f(t0) 6= ∅ for all t0 + h ∈ T , and consequently ∆hf(t0) 6= ∅ for all h 6= 0. In
contrast, for general hypergroupoids or partial hyperstructures, the right hyperdif-
ference may be empty, and hence ∆hf(t0) may be empty as well. In such cases, the
hyperderivative set is formed using sequences with nonempty difference quotients.
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Definition 3.5 (Sequential (cluster) hyperderivative set). Let M be a metric space
and assume that scalar multiplication is continuous. The hyperderivative set of f
at t0 is defined by

HDer f(t0) := {v ∈M : ∃hn → 0, ∃ vn ∈ ∆hn
f(t0) such that vn → v} .

Remark 3.6. The set HDer f(t0) represents all possible instantaneous velocities of
f at t0. It may be empty, a singleton, or genuinely multivalued. In the classically
differentiable case, it reduces to a single element.

3.2. An example exhibiting genuine hyper behavior.

Example 3.7 (A nontrivial hypervector space example: PK cluster limit versus
Hausdorff failure). Let M = Rn be endowed with its usual vector space structure
and norm. Fix a nonempty, compact, convex, and symmetric set B ⊂ Rn with
nonempty interior, such that 0 ∈ B and B 6= {0}. Define a hyperaddition on M by

x⊕ y := x+ y +B,

and scalar multiplication by the usual real multiplication λ·x := λx. Then (M,⊕) is
a real hypermodule. More precisely, it satisfies the axioms of an HV-hypermodule,
and its hyperaddition is convex-valued.

The right hyperdifference associated with this hyperaddition is given by

a	 b = {x ∈M : a ∈ b⊕ x} = a− b−B.
Let v ∈ Rn be fixed and consider the function f : R→M defined by

f(t) = t v.

For h 6= 0 we compute

f(t0 + h)	 f(t0) = h v −B,
and hence the hyper difference quotient becomes

∆hf(t0) =
1

h
(h v −B) = v − 1

h
B.

Failure of Hausdorff convergence. Since B 6= {0} and has nonempty inte-
rior, the scaled sets 1

hB become unbounded as h → 0. Consequently, the family
{∆hf(t0)}h→0 does not remain in K(Rn) and cannot converge in the Hausdorff
topology. Thus, a Hausdorff hyperderivative does not exist at t0.

Existence of a PK cluster-derivative. Let w ∈ Rn be arbitrary. Since 1
hB

expands to fill Rn as h→ 0, there exists a sequence hk → 0 such that

w ∈ v − 1

hk
B = ∆hk

f(t0).

Choosing wk := w for all k, we obtain a constant sequence wk ∈ ∆hk
f(t0) with

wk → w. Therefore,
w ∈ HDer f(t0).

Since w ∈ Rn was arbitrary, it follows that

HDer f(t0) = Rn.

Nontriviality of the example. Although f is classically differentiable with
f ′(t0) = v, its hyperderivative set coincides with the entire space Rn. The multi-
valuedness of the hyperderivative therefore does not originate from irregularity of
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the function, but from the intrinsic hyperstructure of the underlying hypermod-
ule. This example clearly separates Hausdorff differentiability from the existence
of Painlevé–Kuratowski cluster derivatives.

3.3. Basic structural properties.

Theorem 3.8 (Reduction to the classical case). If (M,⊕) is a classical abelian
group, then for every t0 ∈ T and every h 6= 0,

∆hf(t0) =

{
f(t0 + h)− f(t0)

h

}
.

In this case,

HDer f(t0) =

{
lim
n→∞

f(t0 + hn)− f(t0)

hn
: hn → 0

}
.

In particular, if the classical derivative exists, then

HDer f(t0) = {f ′(t0)}.

Proof. In the classical group case, hyperaddition is single-valued: a ⊕ b = {a +
b}. Hence the right hyperdifference satisfies a 	 b = {a − b}. The claim follows
immediately from the definition. �

Proposition 3.9 (Closedness of the hyperderivative set). Let M be a metric space.
Then for every t0 ∈ T , the set HDer f(t0) is closed.

Proof. The hyperderivative set consists of all limits of convergent sequences vn ∈
∆hn

f(t0) with hn → 0. Sets of limit points are closed in metric spaces. �

Proposition 3.10 (A sufficient condition for nonemptiness). Let M be a metric
space. If, as h → 0, the sets ∆hf(t0) remain within a relatively compact subset of
M , then

HDer f(t0) 6= ∅.

Proof. Relative compactness guarantees the existence of convergent subsequences
of elements selected from ∆hf(t0). The limit of such a subsequence belongs to
HDer f(t0) by definition. �

Proposition 3.11 (Translation invariance of the right hyperdifference). Let (M,⊕)
be a hypergroupoid and let a, b, c ∈M . Then

(a⊕ c)	 (b⊕ c) ⊇ a	 b.
If (M,⊕) is a canonical (reversible) hypergroup, then equality holds:

(a⊕ c)	 (b⊕ c) = a	 b.

Proof. First, assume x ∈ a	 b. By definition, this means

a ∈ b⊕ x.
Hyperadding c to both sides and using associativity gives

a⊕ c ⊆ (b⊕ x)⊕ c = b⊕ (x⊕ c).
Hence, for every y ∈ a ⊕ c there exist by ∈ b (so by = b) and uy ∈ x ⊕ c such that
y ∈ b⊕ uy. This implies

x ∈ (a⊕ c)	 (b⊕ c)
and therefore (a⊕ c)	 (b⊕ c) ⊇ a	 b.
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Now assume (M,⊕) is canonical (reversible). To prove the reverse inclusion, let
x ∈ (a⊕ c)	 (b⊕ c). Then there exists y ∈ a⊕ c such that

y ∈ (b⊕ c)⊕ x = b⊕ (c⊕ x).

So y ∈ b⊕ v for some v ∈ c⊕ x. Since y ∈ a⊕ c and the hypergroup is reversible,
from y ∈ a⊕ c we obtain

a ∈ y ⊕ (−c).
Also, from v ∈ c⊕ x reversibility gives

x ∈ v ⊕ (−c).

Combining these relations inside the associative structure yields

a ∈ b⊕ x,

hence x ∈ a	 b. Therefore,

(a⊕ c)	 (b⊕ c) ⊆ a	 b,

and equality follows. �

Proposition 3.12 (Positive homogeneity). Let f : T →M and let λ > 0. Then

HDer(λf)(t0) = λHDer(f)(t0).

Proof. Since scalar multiplication is single-valued and compatible with the hyper-
difference,

∆h(λf)(t0) = λ∆hf(t0).

Taking cluster limits yields the claim. �

4. Derivative Rules for the Hyperderivative

In this section, we study to what extent the classical differentiation rules can
be generalized for the hyperderivative concept developed in the setting of a hyper-
module over a Krasner hyperring.

Due to the multivalued nature of hyperoperations, one typically obtains inclusion-
type statements (⊆) instead of equalities.

4.1. Scalar multiplication rule.

Theorem 4.1 (Hyperderivative under scalar multiplication). Let f : T →M be a
function and let λ ∈ R \ {0}. Then for every t0 ∈ T ,

HDer(λf)(t0) = λHDer(f)(t0).

Proof. We first establish the relation at the level of difference quotients. Let t0+h ∈
T with h 6= 0. By definition,

∆h(λf)(t0) =
1

h
·
(

(λf)(t0 + h)	 (λf)(t0)
)
.

Since scalar multiplication is single-valued and compatible with the hyperdifference,

(λf)(t0 + h)	 (λf)(t0) = λ
(
f(t0 + h)	 f(t0)

)
.

Hence

∆h(λf)(t0) =
λ

h
·
(
f(t0 + h)	 f(t0)

)
= λ∆hf(t0).
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Now let v ∈ HDer(f)(t0). Then there exist hn → 0 and vn ∈ ∆hn
f(t0) such

that vn → v. By the equality above, λvn ∈ ∆hn(λf)(t0) and λvn → λv. Thus
λv ∈ HDer(λf)(t0), which gives

λHDer(f)(t0) ⊆ HDer(λf)(t0).

Conversely, let w ∈ HDer(λf)(t0). Then there exist hn → 0 and wn ∈ ∆hn
(λf)(t0)

such that wn → w. Using ∆hn(λf)(t0) = λ∆hnf(t0), we may write wn = λvn with
vn ∈ ∆hnf(t0). Since λ 6= 0, it follows that vn → λ−1w, hence λ−1w ∈ HDer(f)(t0).
Therefore,

HDer(λf)(t0) ⊆ λHDer(f)(t0).

Combining both inclusions yields the desired equality. �

Theorem 4.2 (Derivative rule for hyperaddition). Let f, g : T → M be functions
and define the pointwise hyperaddition

(f ⊕ g)(t) := f(t)⊕ g(t).

Assume that the hyperaddition ⊕ and scalar multiplication are continuous. Assume
moreover that the following precompactness condition holds near t0: as h→ 0 there
exist precompact sets Kf ,Kg ⊂M such that

∆hf(t0) ⊂ Kf , ∆hg(t0) ⊂ Kg

for all sufficiently small h. Then

HDer(f ⊕ g)(t0) ⊆ HDer(f)(t0)⊕HDer(g)(t0).

Proof. Let v ∈ HDer(f ⊕ g)(t0). Then there exist hn → 0 and

vn ∈ ∆hn
(f ⊕ g)(t0) such that vn → v.

By distributivity of scalar multiplication over hyperaddition and by the definition
of the right hyperdifference,

∆hn(f⊕g)(t0) =
1

hn

(
(f(t0+hn)⊕g(t0+hn))	(f(t0)⊕g(t0))

)
⊆ ∆hnf(t0)⊕∆hng(t0).

Hence for each n we can choose xn ∈ ∆hn
f(t0) and yn ∈ ∆hn

g(t0) such that
vn ∈ xn⊕yn. By the precompactness assumption, passing to a common subsequence
we may assume

xn → x ∈ HDer(f)(t0), yn → y ∈ HDer(g)(t0).

By continuity of ⊕, we obtain v = lim vn ∈ x⊕ y, which yields the inclusion. �

Theorem 4.3 (Chain rule (real-valued case; controlled cluster derivative)). Let
g : T → R be a function and let t0 ∈ T be an accumulation point. Assume that
φ : R → R is differentiable at g(t0). Moreover, assume that there exist constants
C > 0 and δ > 0 such that∣∣∣∣g(t0 + h)− g(t0)

h

∣∣∣∣ ≤ C for all 0 < |h| < δ

(a local Lipschitz-type control). Then

HDer(φ ◦ g)(t0) ⊆ φ′(g(t0)) ·HDer(g)(t0).
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Proof. Let v ∈ HDer(φ ◦ g)(t0). By definition, there exists a sequence hn → 0 such
that

wn :=
φ(g(t0 + hn))− φ(g(t0))

hn
→ v.

Set un := g(t0 + hn) − g(t0). Since φ is differentiable at g(t0), there exists a
remainder r(u) such that

φ(g(t0) + u) = φ(g(t0)) + φ′(g(t0))u+ r(u),
r(u)

u
→ 0 (u→ 0).

Applying this with u = un yields

wn = φ′(g(t0))
un
hn

+
r(un)

hn
.

By the control assumption,
∣∣∣un

hn

∣∣∣ ≤ C, hence un

hn
is bounded. Also,

r(un)

hn
=

(
r(un)

un

)(
un
hn

)
→ 0.

Therefore, passing to a subsequence if needed, there exists w ∈ R such that
un
hn
→ w.

By the definition of HDer(g)(t0), this implies w ∈ HDer(g)(t0). Taking limits in
the decomposition of wn gives

v = lim
n→∞

wn = φ′(g(t0))w,

so v ∈ φ′(g(t0)) ·HDer(g)(t0).
�

Corollary 4.4 (Trigonometric and exponential functions). Let f : T → R be a
function and assume that there exist C > 0 and δ > 0 such that∣∣∣∣f(t0 + h)− f(t0)

h

∣∣∣∣ ≤ C for all 0 < |h| < δ.

Then the following inclusions are valid:

HDer(sin ◦f)(t0) ⊆ cos
(
f(t0)

)
·HDer(f)(t0),

HDer(cos ◦f)(t0) ⊆ − sin
(
f(t0)

)
·HDer(f)(t0),

HDer(exp ◦f)(t0) ⊆ ef(t0) ·HDer(f)(t0).

Proof. Since sin, cos, and exp are differentiable at f(t0), the claim follows by ap-
plying Theorem 4.3 with φ = sin, φ = cos, and φ = exp, respectively. �

Corollary 4.5 (Logarithmic function). Let f : T → R satisfy f(t0) > 0. Assume
that there exist C > 0 and δ > 0 such that∣∣∣∣f(t0 + h)− f(t0)

h

∣∣∣∣ ≤ C for all 0 < |h| < δ.

Assume moreover that f takes positive values in a neighborhood of t0. Then

HDer(log ◦f)(t0) ⊆ 1

f(t0)
·HDer(f)(t0).

Proof. Since log is differentiable on (0,∞) with log′(x) = 1/x, the claim follows by
applying Theorem 4.3 with φ = log. �
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4.2. Product and quotient rules.

Theorem 4.6 (Product rule). Let f, g : T → R and assume that there exists δ > 0
such that the families{

f(t0 + h)− f(t0)

h
: 0 < |h| < δ

}
,

{
g(t0 + h)− g(t0)

h
: 0 < |h| < δ

}
are bounded. Then

HDer(f · g)(t0) ⊆ f(t0) ·HDer(g)(t0)⊕ g(t0) ·HDer(f)(t0).

Proof. Let v ∈ HDer(fg)(t0). Then there exist hn → 0 such that

f(t0 + hn)g(t0 + hn)− f(t0)g(t0)

hn
→ v.

Using the classical decomposition

f(t0 + h)g(t0 + h)− f(t0)g(t0)

h
= f(t0)

g(t0 + h)− g(t0)

h
+g(t0)

f(t0 + h)− f(t0)

h
+

(f(t0 + h)− f(t0))(g(t0 + h)− g(t0))

h
,

and noting that

(f(t0 + h)− f(t0))(g(t0 + h)− g(t0))

h
=

(
f(t0 + h)− f(t0)

h

)(
g(t0+h)−g(t0)

)
→ 0

along any sequence for which f(t0+h)−f(t0)
h remains bounded, we conclude that

every cluster limit v belongs to the hyperaddition of the two cluster-derivative
contributions on the right-hand side. �

Theorem 4.7 (Quotient rule). Let f, g : T → R and assume g(t0) 6= 0. Assume
moreover that there exists δ > 0 such that the families{

f(t0 + h)− f(t0)

h
: 0 < |h| < δ

}
,

{
g(t0 + h)− g(t0)

h
: 0 < |h| < δ

}
are bounded. Then

HDer

(
f

g

)
(t0) ⊆ 1

g(t0)
·HDer(f)(t0)⊕

(
− f(t0)

g(t0)2

)
·HDer(g)(t0).

Proof. Write f
g = f ·(g−1) and note that g−1 is differentiable at t0 whenever g(t0) 6=

0. Applying the product rule (Theorem 4.6) and the chain rule (Theorem 4.3) with
φ(x) = 1/x (which satisfies φ′(x) = −1/x2), we obtain

HDer(g−1)(t0) ⊆ − 1

g(t0)2
HDer(g)(t0),

and hence the stated inclusion for HDer(f/g)(t0). �

4.3. Equality under regularity.

Remark 4.8. If the difference quotients ∆hf(t0) converge stably, as h → 0, to a
singleton set (for instance, if a strong Hausdorff limit exists, or if a strong PK-limit
exists and yields a singleton), then the inclusions above reduce to equalities, and
the classical differentiation rules are recovered.
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4.4. Positive cone and induced preorder.

Definition 4.9 (Positive cone). A set P ⊂M is called a positive cone if:

• 0 ∈ P ,
• P ⊕ P ⊆ P ,
• λ · P ⊆ P for all λ ≥ 0,
• P ∩ (−P ) = {0}.

Definition 4.10 (Cone-induced relation). The relation on M induced by the pos-
itive cone P is defined by

x �P y :⇐⇒ y ∈ x⊕ P.

Proposition 4.11 (The relation is a preorder). Let (M,⊕) be a canonical hyper-
group and let P ⊂ M be a positive cone. Then the relation �P is reflexive and
transitive; hence it is a preorder.

Proof. Reflexivity: Since 0 ∈ P , we have x ∈ x⊕ 0 ⊆ x⊕ P , hence x �P x.
Transitivity: Assume x �P y and y �P z. Then there exist p, q ∈ P such that

y ∈ x⊕ p and z ∈ y ⊕ q. Hence

z ∈ y ⊕ q ⊆ (x⊕ p)⊕ q = x⊕ (p⊕ q).

Since P ⊕ P ⊆ P , we have p ⊕ q ⊆ P , and thus x ⊕ (p ⊕ q) ⊆ x ⊕ P . Therefore
z ∈ x⊕ P , i.e., x �P z. �

Remark 4.12. The condition P ∩ (−P ) = {0} allows �P to approach antisym-
metry under suitable additional regularity assumptions. However, in the general
hyper setting, guaranteeing antisymmetry typically requires additional structural
conditions.

Definition 4.13 (P -monotone increasing and decreasing functions). Let f : T →
M be a function. We say that f is P -increasing on an interval I ⊂ T if

t1 < t2 =⇒ f(t2) ∈ f(t1)⊕ P.

Similarly, f is called P -decreasing on I if

t1 < t2 =⇒ f(t1) ∈ f(t2)⊕ P

for all t1, t2 ∈ I.

Theorem 4.14 (Monotonicity via the hyperderivative set (interior-cone condi-
tion)). Let M be a normed (hence metric) space, and assume that the hyperoper-
ation ⊕ and scalar multiplication are continuous. Let P ⊂ M be a closed positive
cone and let the relation �P be defined by

x �P y ⇐⇒ y ∈ x⊕ P.

Let f : T →M and let I ⊂ T be an interval. Assume that for each t ∈ I:

(i) For 0 < |h| < δt, one has f(t+ h)	 f(t) 6= ∅,
(ii) As h → 0, the family ∆hf(t) remains in a precompact region of M (e.g.,

there exists a precompact Kt such that ∆hf(t) ⊂ Kt for all sufficiently
small h),

(iii)

HDer f(t) ⊂ int(P ) for all t ∈ I.
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Then f is P -increasing on I, i.e.

t1 < t2 =⇒ f(t2) ∈ f(t1)⊕ P (t1, t2 ∈ I).

Proof. Fix t ∈ I. We first prove local monotonicity:

∃ ηt > 0 : 0 < h < ηt ⇒ f(t+ h) ∈ f(t)⊕ P.

Suppose the contrary. Then there exists a sequence hn ↓ 0 such that

f(t+ hn) /∈ f(t)⊕ P.

By definition of the right hyperdifference, this means(
f(t+ hn)	 f(t)

)
∩ P = ∅

(because p ∈ f(t+ hn)	 f(t) iff f(t+ hn) ∈ f(t)⊕ p). By assumption (i), for each
n choose xn ∈ f(t + hn) 	 f(t). Then xn /∈ P . Since hn > 0 and P is a cone, we
have

vn :=
1

hn
· xn /∈ P, vn ∈ ∆hn

f(t).

By assumption (ii), {vn} is precompact; hence, along a subsequence, vnk
→ v.

By definition,

v ∈ HDer f(t).

Since P is closed and int(P ) is open, the condition v ∈ int(P ) would imply vnk
∈ P

for all sufficiently large k, contradicting vnk
/∈ P . Therefore v /∈ int(P ), contradict-

ing (iii).
This proves local monotonicity.
Now take t1 < t2. Choose a finite partition t1 = s0 < s1 < · · · < sm = t2 with

si+1 − si < ηsi . Then f(si+1) ∈ f(si) ⊕ P for each i, hence f(si) �P f(si+1). By
transitivity of �P (Proposition 4.11), f(t1) �P f(t2), i.e. f(t2) ∈ f(t1)⊕ P . �

4.5. Local extrema and critical points.

Definition 4.15 (P -local minimum). We say that f : T → M has a P -local
minimum at t0 ∈ T if there exists a neighborhood U of t0 such that

f(t) ∈ f(t0)⊕ P for all t ∈ U.

Similarly, a P -local maximum is defined analogously.

Theorem 4.16 (A necessary condition for a hyper critical point). Let M be a
normed space, and assume that ⊕ and scalar multiplication are continuous. Let
P ⊂M be a positive cone and define �P by

x �P y ⇐⇒ y ∈ x⊕ P.

Assume that f : T →M admits a hyperderivative set at t0 ∈ T . Moreover, assume
that for some δ > 0 and every 0 < h < δ,

f(t0 + h)	 f(t0) 6= ∅,

and that as h→ 0+ the family of difference quotients is precompact:

∃Ktextprecompact : ∆hf(t0) ⊂ K for all sufficiently small h > 0.

If t0 is a P -local minimum point, then

HDer f(t0) ∩ (−P ) 6= ∅.
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Proof. Let t0 be a P -local minimum. By definition, there exists a right neighbor-
hood of t0 such that for 0 < h < δ0,

f(t0 + h) ∈ f(t0)⊕ P

(i.e., near a minimum, values remain “above” f(t0) in the P -direction).
Now fix 0 < h < min{δ, δ0}. Since f(t0 +h) ∈ f(t0)⊕P , there exists some p ∈ P

such that

f(t0 + h) ∈ f(t0)⊕ p.
Equivalently, by the definition of the right hyperdifference,

p ∈ f(t0 + h)	 f(t0).

Define xh := −p ∈ (−P ). Then

xh ∈ f(t0)	 f(t0 + h) ∩ (−P ).

Consequently, setting vh := xh

h yields vh ∈ ∆hf(t0) ∩ (−P ).
By the precompactness assumption, for a sequence hn ↓ 0 the sequence vhn has

a convergent subsequence; write again vhn
→ v. Then v ∈ HDer f(t0) by definition.

Since −P is closed and each vhn
∈ (−P ), we also have v ∈ (−P ).

Thus v ∈ HDer f(t0) ∩ (−P ), proving the claim. �

5. Hyperdynamics and a Time-Dependent Interpretation

In many real systems, the time evolution of a state is not represented by a single
trajectory, but rather by many possible transition paths. Such uncertainties can
be modeled naturally within hypermodule structures. In this section, we discuss
how the hyperderivative concept acquires a dynamic meaning for time-dependent
systems.

5.1. Hyperstate and hypervelocity.

Definition 5.1 (Hyperstate). A function f : T →M is called the time-dependent
hyperstate of a system.

Definition 5.2 (Hypervelocity set). The hyperderivative set of f at t0 ∈ T ,

HDer f(t0),

represents all instantaneous hypervelocities attainable by the system at time t0.

This set provides a multivalued notion of velocity that simultaneously encodes
all possible instantaneous directions and speeds the system may exhibit at that
moment.

5.2. Tangent hyper-template and first-order approximation.

Definition 5.3 (Tangent hyper-template). Let f : T → M and t0 ∈ T . The
tangent hyper-template of f at t0 is defined by

Tant0(t) := f(t0)⊕ (t− t0) ·HDer f(t0).

Remark 5.4. The tangent hyper-template is the natural hypermodule analogue of
the tangent line in classical analysis. Instead of a single linear approximation, one
obtains an approximation band or a hypercone describing the first-order behavior
of f near t0.
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5.3. A hyperdynamic interpretation. For a hyperstate f : T → M , an inclu-
sion of the form

HDer f(t) ⊆ V (t)

indicates that the instantaneous velocities allowed at time t are constrained by a
set V (t) ⊆M .

This viewpoint is essentially different from the classical differential inclusion

x′(t) ∈ F (x(t)).

Indeed, in differential inclusions the uncertainty is modeled at the level of a vector
field, whereas here uncertainty is defined directly from the time evolution of the
state via the cluster behavior of difference quotients. Therefore, the hyperderiva-
tive provides a complementary and flexible analysis tool, especially for dynamic
problems in which only time-dependent observational data are available and the
system equation is not explicitly known.

6. Literature Review and Positioning of the Present Work

Derivative concepts for set-valued functions have been extensively studied, espe-
cially in the context of modeling dynamical systems under uncertainty, set differ-
ential equations, and fuzzy/interval analysis. Two main approaches stand out in
this literature: (i) preserving the classical difference-quotient idea by introducing a
special notion of difference (e.g., the Hukuhara difference and its generalizations),
(ii) defining derivatives geometrically through tangent or conic structures of graphs.

6.1. Hukuhara and generalized Hukuhara (gH) derivatives. The classical
Hukuhara difference requires that for two sets A,B there exists a set C such that
A = B+C. This approach has been widely used to define derivatives and formulate
differential equations for interval- and fuzzy-number-valued functions. However,
Hukuhara differentiability may enforce a one-sided behavior of uncertainty width
(often expanding), which can be restrictive for modeling.

To overcome this limitation, the generalized Hukuhara (gH) difference and gH-
derivatives were developed, and systematically studied for interval-valued functions
and interval differential equations [6]. There are also comparative studies and recent
survey papers on fuzzy dynamics and families of fuzzy derivatives [23].

6.2. Set-valued derivatives in variational analysis: tangent/contingent
approaches. In set-valued analysis, derivatives are often defined as “velocity” or
“tangent” objects through tangent cones of graphs. In this direction, notions such
as the contingent derivative and epiderivative play a central role in stability, sensi-
tivity, and optimality conditions for set-valued maps [8, 22]. This approach relies
on geometric and conic tangent structures rather than difference-quotient limits.

6.3. Set convergence: Painlevé–Kuratowski (PK) and related topologies.
Among set-limit notions, Painlevé–Kuratowski (PK) convergence is one of the most
fundamental weak convergence concepts on the space of closed sets. The PK upper
and lower limits capture all cluster behaviors of set sequences. A comprehensive
reference on PK convergence and compatible topologies is Beers monograph [11].
Relationships between PK convergence and other convergence notions on closed
and convex sets are also discussed in detail in the literature [21].
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6.4. Contributions and differences of this work. The approach proposed in
this paper aims to produce a multivalued “velocity set” by taking into account
all cluster limits of the difference-quotient sets. When a stable limit exists in the
Hausdorff sense, one obtains a singleton (classical) derivative, whereas in the ab-
sence of a Hausdorff limit, one defines a multivalued hyperderivative via Painlevé–
Kuratowski-type cluster limits.

In this respect, the present framework differs from (i) derivative notions based
solely on Hukuhara or gH differences, and (ii) purely geometric tangent/contingent
approaches. In particular, the ability to extract first-order information even when
Hausdorff differentiability fails is one of the main contributions of the proposed
setting. The framework unifies the classical derivative, a singleton hyperderivative,
and a multivalued PK-derivative within a single scheme.

7. Main Theorem Backbone: Existence, Closedness, and Boundedness

In this section, we investigate analytical properties of the hyperderivative concept
introduced earlier, in the context of set-valued functions. For this purpose, we
consider functions of the form f : T → K(Y ), whose values are nonempty compact
subsets of a normed space Y .

7.1. Nonemptiness and closedness of the PK cluster-derivative set.

Definition 7.1 (PK cluster-derivative set). Let f : T → K(Y ) and t0 ∈ T . The
PK cluster-derivative set is defined by

PKDer f(t0) :=
PK

lim sup
h→0

∆hf(t0).

Theorem 7.2 (The PK cluster set is closed; it is nonempty under precompactness).
Let Y be a metric space. If, as h→ 0, the family ∆hf(t0) remains in a precompact
region of Y , then PKDer f(t0) 6= ∅. Moreover, PKDer f(t0) is always closed.

Proof idea. By the sequential characterization of the PK upper limit, PKDer f(t0)
consists of all limit points of sequences yn chosen from ∆hn

f(t0) with hn → 0. The
precompactness assumption guarantees that every such sequence has a convergent
subsequence, which yields nonemptiness. Closedness follows from the fact that the
set of limit points is closed in metric spaces [11]. �

7.2. A sufficient condition for Hausdorff differentiability: Lipschitz-type
control.

Theorem 7.3 (A sufficient condition for Hausdorff differentiability). Let Y be a
normed space and let f : T → K(Y ). Assume that for some L > 0 near t0,

dH
(
f(t0 + h), f(t0)

)
≤ L|h|.

Assume furthermore that, as h → 0, the sets ∆hf(t0) admit a subsequence that
converges in the Hausdorff topology. Then a stable hyperderivative exists in the
Hausdorff sense.

Proof idea. The Lipschitz-type control prevents the difference-quotient sets from
becoming unbounded with respect to the Hausdorff metric. This allows one to apply
sequential compactness/tightness arguments in the space of compact sets. Together
with the existence of a convergent subfamily, one obtains a stable limit. �
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7.3. Comparison with Hukuhara/gH approaches via Minkowski-type dif-
ferences.

Remark 7.4. Hukuhara and gH derivatives define the difference operation via a
solvability requirement, which makes them more selective from a modeling perspec-
tive, but often more stable [6, 23]. The difference-based approach used in this work
is more flexible in that it does not require such solvability; however, in some cases
the difference-quotient sets may become unbounded. Therefore, it is unavoidable to
emphasize sufficient conditions such as precompactness and Lipschitz-type control
in the main theorems.

8. Conclusions

We introduced a difference–quotient–based hyperderivative set HDer f(t0) on
real topological Krasner hypermodules by using the right hyperdifference a 	 b =
{x ∈ M : a ∈ b ⊕ x}. This construction reduces to the classical derivative in the
single-valued (abelian group) case and naturally produces multivalued “instanta-
neous velocity” sets when the underlying hyperaddition is genuinely multivalued.

We established basic structural properties (closedness and nonemptiness under
precompactness), translation invariance of the right hyperdifference, positive ho-
mogeneity, and inclusion-type differentiation rules for hyperaddition, composition,
and product/quotient operations in the real-valued case. When Hausdorff stability
of difference quotients fails, the PK cluster-limit viewpoint captures the full set of
attainable first-order behaviors.

Future work includes sharper conditions guaranteeing singleton hyperderivatives,
and the development of hypervector-field and dynamical formulations driven by
HDer f(t).
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