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ϕ-FIXED POINT AND COMMON ϕ-FIXED POINT RESULTS

WITH APPLICATION TO VOLTERRA INTEGRAL INCLUSIONS

IN SUPER METRIC SPACE

SAVITA RATHEE, DIVYA KAUSHIK, REETU GUPTA

Abstract. This article extends ϕ-fixed point results from metric space to su-

per metric space using (%, ϕ)-contraction [8] and rational contractions. More-

over the ϕ-fixed point theorems in the main results are also utilized to prove to
ϕ-coincidence point results for two continuous self mappings in super metric

space. In order to further clarify the ideas and findings discussed in the main

results, examples are also given. Furthermore, the paper also presents solution
to Volterra integral inclusions as an application of established ϕ-fixed point

results to this class of functional equations.

1. Introduction

The metric fixed point theory (FPT) is a key area of nonlinear functional analy-
sis, highly regarded for its utility and appeal. Building on Banach’s groundbreaking
fixed point theorem [3], numerous results have been published over the past century.
The advancements in this field generally follow two main approaches: one focuses
on relaxing the conditions of contraction mappings, while the other involves alter-
ing the underlying abstract structure. Exploring new types of spaces and their core
characteristics is a widely discussed subject. Among them are quasi-metric spaces,
b-metric spaces, symmetric spaces, fuzzy metric spaces, dislocated metric spaces,
partial metric spaces, 2-metric space, and numerous other combinations of these
spaces.

We begin by reviewing the definitions of some of the spaces.

(1) b is a b-metric [4] on E if it satisfies the following conditions:
(b1) For every (σ, µ) ∈ E × E, we have b(σ, µ) = 0 ⇐⇒ σ = µ;
(b2) For every (σ, µ) ∈ E × E, we have b(σ, µ) = b(µ, σ);
(b3) There exists s ≥ 1 such that for every (σ, µ,$) ∈ E ×E ×E, we have

b(σ, µ) ≤ s[b(σ,$) + b($,µ)].

This Triplet (E, b, s) is called a b-metric space.
(2) D is a generalized metric [7] on E if it satisfies the following conditions:
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(D1) For every (σ, µ) ∈ E × E, we have D(σ, µ) = 0 =⇒ σ = µ;
(D2) For every (σ, µ) ∈ E × E, we have D(σ, µ) = D(µ, σ);
(D3) There exists C > 0 such that if (σ, µ) ∈ E × E, {σn} ∈ C(D, E, σ),

then

D(σ, µ) ≤ C lim sup
n→∞

D(σn, µ),

where C(D, E, σ) =
{
{σn} ∈ E : lim

n→∞
D(σn, σ) = 0

}
.

The triplet is called a generalized metric space.

Many authors have presented various results pertaining to fixed points, coincidence
points, and common fixed points in the framework of various generalized metric
spaces, which has advanced this field of study in this direction.

Recently, Karapınar has extended on the concept of metric structures by propos-
ing a super metric space (SM-Space) [12] in the following way:

Let E be a non-empty set. We say that ζ : E × E → [0,∞) is super metric if it
satisfies

(i) If ζ(σ, µ) = 0 then σ = µ for all σ, µ ∈ E;
(ii) ζ(σ, µ) = ζ(µ, σ), for all σ, µ ∈ E;

(iii) There exists s ≥ 1 such that for all µ ∈ E, there exists distinct sequences
(σn), (µn) ⊂ E, with ζ(σn, µn)→ 0 when n tends to infinity, such that

lim sup
n→∞

ζ(µn, µ) ≤ s lim sup
n→∞

ζ(σn, µ).

Then, we call (E, ζ) a SM-Space.
This topic has gotten a lot of attention in nonlinear analysis and FPT. The

study of SM-Spaces gives a good framework for investigating various contraction
mappings and their properties [10]. These spaces are more flexible, making them
useful in situations when regular metric spaces may not be appropriate.

On the other hand in 2014, Jleli et al. [8] were the first to explore the fixed points
of functions that are also zeros of lower semi continous (LSC) function ϕ. They
introduced ϕ-FP and (F,ϕ)-contraction for establishing existence and uniqueness
results for ϕ-FP in complete metric space. Identifying the zeros of the ϕ-function
simplifies the procedure of determining the fixed point. Later on many researchers
have studied ϕ-fixed point(ϕ-FP) problems in works like [6], [13], [14]. In 2021,
Saleh et al. [15] further extended the concept of ϕ-FP by defining the terms “ϕ-
coincidence point (ϕ-CP)” and “common ϕ-fixed point”. They also demonstrated
some of the associated results in the context of metric spaces and partial metric
spaces.

In the current paper, we prove ϕ-FP and ϕ-coincidence point (ϕ-CP) theorems
in SM-Space for F -contractions [8] and rational contractions. Several examples
are given to illustrate these findings. Additionally, the paper demonstrates the
application of the established results to solving Volterra integral equations.

2. Preliminaries

In this section, some important definitions and results are provided for further
explanation of the main results.

Definition 2.1 ([12]). Let (E, ζ) be a SM-Space and let {σn} be sequence in E.
We say that {σn} converges to σ in E, if and only if, ζ(σn, σ)→ 0, as n→∞.
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Definition 2.2 ([12]). Let (E, ζ) be a SM-Space and let {σn} be sequence in E.
We say that {σn} is a Cauchy sequence in E, if and only if, lim sup

n→∞
{ζ(σn, σm) :

m > n} = 0.

Definition 2.3 ([12]). Let (E, ζ) be a SM-Space. We say that (E, ζ) is a complete
SM-Space, if and only if, every cauchy sequence is convergent in E.

Remark 2.1 ([10]). A mapping T on a metric space (E, ζ) is considered asymp-
totically regular if for every σ ∈ E, the sequence ζ(Tnσ, Tn+1σ) converges to zero
as n approaches to infinity.

Remark 2.2 ([10]). Let T : E → E be an asymptotically regular mapping on a
complete SM-Space (E, ζ, s). Then, the Picard iteration {Tnσ} for the initial point
σ ∈ E is a convergent sequence on X.

Definition 2.4 ([10]). On a SM-Space, the limit of a convergent sequence is unique.

Definition 2.5 ([9]). Let A and S be two self mappings on a set E. Mappings A
and S are said to be commuting if A(S(σ)) = S(A(σ)) for all σ ∈ E.

Definition 2.6 ([16]). Let (E, ζ) be a complete metric space and F denotes the
family of all functions F : (0,∞)→ R satisfying the following conditions:

(F1) F is strictly increasing, i.e., σ < µ =⇒ F (σ) < F (µ) for all σ, µ ∈ (0,∞);
(F2) for each sequence θm of positive numbers, lim

m→∞
θm = 0 if and only if

lim
m→∞

F (θm) = −∞;

(F3) there exists l ∈ (0, 1) such that lim
θ→0+

θlF (θ) = 0.

Then, T : E → E is said to be an F -contraction if there exist F ∈ F and real
number τ > 0 such that

ζ(Tσ, Tµ) > 0 =⇒ τ + F (ζ(Tσ, Tµ)) ≤ F (ζ(σ, µ))

for all σ, µ ∈ E.

Definition 2.7 ([8]). Let ϕ : E → [0,∞) be a lower semi continous function and
T : E → E. A point σ ∈ E is called a ϕ-fixed point of T if σ = Tσ and ϕ(σ) = 0.

Definition 2.8 ([15]). Let ϕ : E → [0,∞) and T, S : E → E be two self-mappings
on E. A point σ ∈ E is called a ϕ-coincidence point of T ans S if Tσ = Sσ and
ϕ(σ) = 0.

Definition 2.9 ([15]). Let ϕ : E → [0,∞) and T, S : E → E be two self-mappings
on E. A point σ ∈ E is called a common ϕ-fixed point of T ans S if Tσ = Sσ = σ
and ϕ(σ) = 0.

Definition 2.10 ([8]). Let ϕ : E → [0,∞). A mapping T : E → E is called a
ϕ-Picard mapping if the following conditions hold:

(i) F (T ) ∩ Zϕ = {σ};
(ii) lim

n→∞
Tnσ0 = σ for all σ0 ∈ E.

Clearly, if T is a ϕ-Picard mapping, then it has a unique ϕ-fixed point.

Definition 2.11 ([8]). A function % : [0,∞)3 → [0,∞) is said to be a control
function if for θ1, θ2, θ3 ∈ [0,∞), it satisfies the following conditions:
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(%1) max{θ1, θ2} ≤ %(θ1, θ2, θ3);
(%2) %(0, 0, 0) = 0;
(%3) % is continuous.

3. Main Results

Theorem 3.1. Let Γ : Ξ → Ξ be a continuous self mapping defined on (Ξ, ζ), a
complete SM-Space such that for all σ, µ ∈ Ξ and ι ∈ (0, 1), it satisfies

%(ζ(Γσ,Γµ), ϕ(Γσ), ϕ(Γµ)) ≤ ι%(ζ(σ, µ), ϕ(σ), ϕ(µ)) (3.1)

where % is a control function and ϕ : Ξ→ [0,∞) is a LSC function. Then, Γ : Ξ→
Ξ has a unique ϕ-FP.

Proof. Firstly, we show that if $′′ is a fixed point of Γ then its distance is zero
from itself. Let $′′ ∈ F (Γ) (set of fixed point of Γ) and set σ = µ = $′′ in (3.1).
Then, we have

%(ζ(Γ$′′,Γ$′′), ϕ(Γ$′′), ϕ(Γ$′′)) ≤ ι%(ζ($′′, $′′), ϕ($′′), ϕ($′′))

=⇒ %(ζ($′′, $′′), ϕ($′′), ϕ($′′)) ≤ ι%(ζ($′′, $′′), ϕ($′′), ϕ($′′)).

Since ι < 1, thus %(ζ($′′, $′′), ϕ($′′), ϕ($′′)) = 0. Also, using property (%1), we
get

max{ζ($′′, $′′), ϕ($′′)} ≤ %(ζ($′′, $′′), ϕ($′′), ϕ($′′)) = 0

=⇒ ϕ($′′) = ζ($′′, $′′) = 0.

Thus, whenever $′′ ∈ F (Γ), then ζ($′′, $′′) = 0 and ϕ($′′) = 0.
Now, let σ0 ∈ Ξ and let the sequence σn be defined by σn = Γ(σn−1) = Γn(σ0)

for all n ∈ N. If for any m ∈ N, σm = σm−1, then, Γσm = Γσm−1, that is
σm+1 = σm. Therefore, σm ∈ F (Γ), which obviously gives, ϕ(σm) = 0. Hence,
we consider ζ(σn, σn+1) > 0 for all n∈ N and take σ = σn, µ = σn−1 in inequality
(3.1), which gives

%(ζ(Γσn,Γσn−1), ϕ(Γσn), ϕ(Γσn−1)) ≤ ι%(ζ(σn, σn−1), ϕ(σn), ϕ(σn−1))

=⇒ %(ζ(σn+1, σn), ϕ(σn+1), ϕ(σn)) ≤ ι%(ζ(σn, σn−1), ϕ(σn), ϕ(σn−1))

By induction and property (%1), we have

%(ζ(σn+1, σn), ϕ(σn+1), ϕ(σn)) ≤ ιn%(ζ(σ1, σ0), ϕ(σ1), ϕ(σ0))

=⇒ max{ζ(σn+1, σn), ϕ(σn+1)} ≤ ιn%(ζ(σ1, σ0), ϕ(σ1), ϕ(σ0).

As ι < 1, so clearly we have lim
n→∞

ιn = 0 and therefore by above inequality, we get

lim
n→∞

ζ(σn+1, σn) = lim
n→∞

ζ(Γn+1σ0,Γ
nσ0) = 0, lim

n→∞
ϕ(σn+1) = 0.

Thus Γ is asymptotically regular mapping on Complete metric space Ξ therefore
by Remark 2.2 or [10, Proposition 2], the Picard iteration {Γnσ} is a Convergent
sequence. Hence there exists some $′′ ∈ Ξ, such that σn → $′′ as n → ∞. Since
ζ(σn+1, σn)→ 0, we apply property (iii) of the SM-Space by taking µn = σn+1 and
µ = $′′. Then, we obtain

lim sup
n→∞

ζ(σn+1, $
′′) ≤ s lim sup

n→∞
ζ(σn, $

′′).

Since σn → $′′, it follows that

lim sup
n→∞

ζ(σn, $
′′) = 0,
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and hence

lim sup
n→∞

ζ(σn+1, $
′′) = 0.

Therefore, σn+1 → $′′ as n→∞.
Since σn+1 = Γ(σn) and σn → $′′, passing to the limit, we obtain

Γ($′′) = $′′,

which shows that $′′ is a fixed point of Γ. Moreover, as ϕ is LSC, we have

ϕ($′′) ≤ lim inf
n→∞

ϕ(σn).

Therefore,

ϕ($′′) ≤ 0.

Since ϕ takes values in [0,∞), we also have ϕ($′′) ≥ 0. Thus,

ϕ($′′) = 0.

Hence, we obtain $′′ as a zero of given function ϕ. Therefore $′′ is a ϕ-fixed
point of Γ.

Uniqueness: Let $′ and $′′ be ϕ-FP of mapping Γ. Setting σ = $′ and µ = $′′

in equation (3.1) and using the condition that self distance of a fixed point is zero
with respect to given metric, we have

%(ζ(Γ$′,Γ$′′), ϕ(Γ$′), ϕ(Γ$′′)) ≤ ι%(ζ($′, $′′), ϕ($′), ϕ($′′))

=⇒ %(ζ($′, $′′), ϕ($′), ϕ($′′)) ≤ ι%(ζ($′, $′′), 0, 0)

=⇒ %(ζ($′, $′′), 0, 0) ≤ ι%(ζ($′, $′′), 0, 0)

which gives %(ζ($′, $′′), 0, 0) = 0 as ι < 1. Therefore by property (%1), we get
ζ($′, $′′) = 0. Hence $′ = $′′. So $′′ is unique ϕ-FP of mapping Γ. �

Example 3.1. Let Ξ = [0, 1], s=1, and the application ζ : Ξ × Ξ → [0,∞) be
defined as follows:

ζ(σ, µ) = σµ, for all σ 6= µ, σ, µ ∈ (0, 1);

ζ(σ, µ) = 0, for all σ = µ, σ, µ ∈ [0, 1];

ζ(0, µ) = ζ(µ, 0) = µ, for all µ ∈ (0, 1];

ζ(1, µ) = ζ(µ, 1) = 1− µ

2
, for all µ ∈ [0, 1).

Now, we prove that ζ is a super-metric on Ξ. Conditions (1) and (2) are easy to
check, so, we will verify condition (3). For this, if µ ∈ (0, 1), be any number, then
sequences {σn}, {µn} in Ξ cen be chosen, where

σn =
n2 + 1

n2 + 2
and µn =

n+ 1

n2 + 1
,

for any n∈N. As lim
n→∞

σn=1 and lim
n→∞

µn=0, therefore, we get lim
n→∞

ζ(σn, µn) = 0.

Hence,

lim sup
n→∞

ζ(µn, µ) = lim sup
n→∞

µnµ = 0,

lim sup
n→∞

ζ(σn, µ) = lim sup
n→∞

σnµ = µ,
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and condition (1) holds. If µ = 0, choosing the same sequences, we have

lim sup
n→∞

ζ(µn, µ) = lim sup
n→∞

µn = 0,

lim sup
n→∞

ζ(σn, µ) = lim sup
n→∞

σn = 1,

and again, condition (1) holds. If µ = 1, choosing σn = n+1
n2+2 and µn = n+2

n+3 , we

have ζ(σn, µn) = 0 and

lim sup
n→∞

ζ(µn, µ) = lim sup
n→∞

(
1− µn

2

)
=

1

2
,

lim sup
n→∞

ζ(σn, µ) = lim sup
n→∞

(
1− σn

2

)
= 1.

Therefore, lim sup
n→∞

ζ(µn, µ) = 1
2 < 1 = lim sup

n→∞
ζ(σn, µ). Hence, ζ is a super-metric

on Ξ. Now, consider the mapping Γ : Ξ→ Ξ, with

Γσ =

{
σ
8 , if σ ∈ [0, 1)

1
1024 , if σ = 1.

We then check if the mapping Γ satisfies (3.1) for %(θ1, θ2, θ3) = θ1 + θ2 + θ3 and
ϕ(σ) = σ for all σ ∈ Ξ. Now we consider the following cases:

Case 1. For σ, µ ∈ (0, 1), we get

%(ζ(Γσ,Γµ), ϕ(Γσ), ϕ(Γµ)) = ζ
(σ

8
,
µ

8

)
+
σ

8
+
µ

8

=
σµ

64
+
σ

8
+
µ

8

and

%(ζ(σ, µ), ϕ(σ), ϕ(µ)) = σµ+ σ + µ

=⇒ %(ζ(Γσ,Γµ), ϕ(Γσ), ϕ(Γµ)) ≤ %(ζ(σ, µ), ϕ(σ), ϕ(µ))

as
σµ

64
+
σ

8
+
µ

8
≤ 1

2
(σµ+ σ + µ).

Case 2. For σ = 0, µ ∈ (0, 1), we have

%(ζ(Γ0,Γµ), ϕ(Γ0), ϕ(Γµ)) =
(
ζ
(

0,
µ

8

)
+ 0 +

µ

8

)
=
µ

8
+
µ

8

=
µ

4

and

%(ζ(0, µ), ϕ(0), ϕ(µ)) = µ+ 0 + µ

= 2µ.

Thus inequality (3.1) is satisfied here.

Case 3. If σ = µ ∈ (0, 1), we have

%(ζ(Γσ,Γσ), ϕ(Γσ), ϕ(Γσ)) =
(
ζ
(σ

8
,
σ

8

)
+
σ

8
+
σ

8

)
=
σ

4
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and

%(ζ(σ, σ), ϕ(σ), ϕ(σ)) = 2σ.

Case 4. If σ = µ = 1, we have

%(ζ(Γσ,Γσ), ϕ(Γσ), ϕ(Γσ)) =

(
ζ

(
1

1024
,

1

1024

)
+

1

1024
+

1

1024

)
=

1

512

and

%(ζ(σ, σ), ϕ(σ), ϕ(σ)) = 2.

Clearly in Case 2 and Case 3 inequality (3.1) is satisfied.

Case 5. If σ = 0, µ = 1, we get

%(ζ(Γ0,Γ1), ϕ(Γ0), ϕ(Γ1)) =

(
ζ

(
0,

1

1024

)
+ 0 +

1

1024

)
=

1

1024
+

1

1024

=
1

512

and

%(ζ(0, 1), ϕ(0), ϕ(1)) = 2.

Case 6. If σ = 1, µ ∈ (0, 1), we have

%(ζ(Γ1,Γµ), ϕ(Γ1), ϕ(Γµ)) =

(
ζ

(
1

1024
,
µ

8

)
+

1

1024
+
µ

8

)
=

µ

8192
+

1

1024
+
µ

8

=
1025µ

8192
+

1

1024

and

%(ζ(1, µ), ϕ(1), ϕ(µ)) =
(

1− µ

2

)
+ 1 + µ

= 2 +
µ

2

=⇒ 1025µ

8192
+

1

1024
≤ 1

2

(
2 +

µ

2

)
.

Case 7. If µ = 1, σ ∈ (0, 1), we have

%(ζ(Γσ,Γ1), ϕ(Γσ), ϕ(Γ1)) =

(
ζ

(
σ

8
,

1

1024

)
+
σ

8
+

1

1024

)
=

σ

8192
+

1

1024
+
σ

8

=
1025σ

8192
+

1

1024
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and

%(ζ(σ, 1), ϕ(σ), ϕ(1)) =
(

1− σ

2

)
+ σ + 1

= 2 +
σ

2

=⇒ 1025σ

8192
+

1

1024
≤ 1

2

(
2 +

σ

2

)
.

Therefore in all the cases inequality (3.1) is satisfied and clearly σ = 0 is a unique
ϕ-FP of given mapping Γ.

Theorem 3.2. Let (Ξ, ζ) be a complete SM-Space and Γ is a continuous self map-
ping defined on Ξ such that for all σ, µ ∈ Ξ and ι ∈ (0, 1), it satisfies

%(ζ(Γσ,Γµ), ϕ(Γσ), ϕ(Γµ)) ≤ ι%(S(σ, µ), ϕ(σ), ϕ(µ)), (3.2)

where S(σ, µ) = max
{
ζ(σ, µ), ζ(σ,Γσ)(1+ζ(µ,Γµ))

1+ζ(Γσ,Γµ)

}
, ϕ : Ξ→ [0,∞) is a LSC function

and % is a control function. Then, Γ : Ξ→ Ξ has a unique ϕ-FP.

Proof. Firstly, we show that if $′′ is a fixed point of Γ then its distance from itself
is zero. Let $′′ ∈ F (Γ) and set σ = µ = $′′ in (3.2). Then

%(ζ(Γ$′′,Γ$′′), ϕ(Γ$′′), ϕ(Γ$′′) ≤ ι%(S($′′, $′′), ϕ($′′), ϕ($′′))

=⇒ %(ζ($′′, $′′), ϕ($′′), ϕ($′′)) ≤ ι%(ζ($′′, $′′), ϕ($′′), ϕ($′′)).

Since ι < 1, so %(ζ($′′, $′′), ϕ($′′), ϕ($′′)) = 0. Now, using property (%1), we get

max{ζ($′′, $′′), ϕ($′′)} ≤ %(ζ($′′, $′′), ϕ($′′), ϕ($′′)) = 0

=⇒ ζ($′′, $′′) = 0, ϕ($′′) = 0.

Next, we show that lim
n→∞

ζ(σn, σn+1) = 0 and lim
n→∞

ϕ(σn) = 0.

Let σ0 ∈ Ξ and let the sequence σn be defined by σn = Γ(σn−1) = Γn(σ0) for
all n ∈ N. If for any m ∈ N, σm = σm−1, then Γσm = Γσm−1, that is σm+1 = σm.
Therefore, σm ∈ F (Γ). Therefore, we can assume that σm+1 6= σm for all m ∈ N.
Hence, we consider that ζ(σn, σn+1) > 0 for all n∈ N and take σ = σn−1, µ = σn in
(3.2), which gives

%(ζ(Γσn−1,Γσn), ϕ(Γσn−1), ϕ(Γσn)) ≤ ι%(S(σn−1, σn), ϕ(σn−1), ϕ(σn))

=⇒ %(ζ(σn, σn+1), ϕ(σn), ϕ(σn+1)) ≤ ι%(S(σn−1, σn), ϕ(σn−1), ϕ(σn)),

where

S(σn−1, σn) = max

{
ζ(σn−1, σn),

ζ(σn−1, σn)(1 + ζ(σn, σn+1))

1 + ζ(σn, σn+1)

}
= ζ(σn−1, σn).

Then, we have

%(ζ(Γσn−1,Γσn), ϕ(Γσn−1), ϕ(Γσn)) ≤ ι%(ζ(σn−1, σn), ϕ(σn−1), ϕ(σn))

=⇒ %(ζ(σn, σn+1), ϕ(σn), ϕ(σn+1)) ≤ ι%(ζ(σn−1, σn), ϕ(σn−1), ϕ(σn)).

By induction and property (%1), we have

%(ζ(σn, σn+1), ϕ(σn), ϕ(σn+1)) ≤ ιn%(ζ(σ0, σ1), ϕ(σ0), ϕ(σ1))

=⇒ max{ζ(σn, σn+1), ϕ(σn)} ≤ ιn%(ζ(σ0, σ1), ϕ(σ0), ϕ(σ1).



20 S. RATHEE, D. KAUSHIK, R. GUPTA

Now ι < 1, hence we get lim
n→∞

ιn = 0 and then above inequality, we have

lim
n→∞

ζ(σn, σn+1) = lim
n→∞

ζ(Γnσ0,Γ
n+1σ0) = 0, lim

n→∞
ϕ(σn) = 0.

Therefore Γ is asymptotically regular mapping on Complete metric space Ξ and
again by [10, Proposition 2], the Picard iteration {Γnσ} is a Convergent sequence
and there exists some $′′ ∈ Ξ, such that σn → $′′ as n→∞. As ζ(σn, σn+1)→ 0
and by taking µn = σn+1 and µ = $′′ in condition (iii) of SM-Space, we get

lim sup
n→∞

ζ(σn+1, $
′′) ≤ s lim sup

n→∞
ζ(σn, $

′′).

Since σn → $′′, it gives

lim sup
n→∞

ζ(σn, $
′′) = 0,

and hence

lim sup
n→∞

ζ(σn+1, $
′′) = 0.

Therefore, σn+1 → $′′ as n→∞.
Now σn+1 = Γ(σn) and σn → $′′, passing to the limit, we obtain

Γ($′′) = $′′,

which clearly shows that $′′ is a fixed point of Γ. Now, since ϕ is LSC, and
lim
n→∞

ϕ(σn) = 0 so we get ϕ($′′) = 0 by convergence of sequence {σn} to $′′.

Hence, we obtain $′′ as a zero of given function ϕ. Therefore $′′ is a ϕ-FP of Γ.

Uniqueness: Let $′ and $′′ be two ϕ-FP of Γ. Setting σ = $′ and µ = $′′ in
equation (3.2), we have

%(ζ(Γ$′,Γ$′′), ϕ(Γ$′), ϕ(Γ$′′)) ≤ ι%(S($′, $′′), ϕ($′), ϕ($′′))

where

S($′, $′′) = max

{
ζ($′, $′′),

ζ($′,Γ$′)(1 + ζ($′′,Γ$′′))

1 + ζ(Γ$′,Γ$′′)

}
.

As Γ$′=$′ and Γ$′′=$′′, so we get S($′, $′′)=max {ζ($′, $′′), 0} = ζ($′, $′′).
Hence, we obtain

%(ζ(Γ$′,Γ$′′), ϕ(Γ$′), ϕ(Γ$′′)) ≤ ι%(ζ($′, $′′), ϕ($′), ϕ$′′)).

As ϕ($′) = ϕ($′′) = 0, thus we have

%(ζ($′, $′′), 0, 0) ≤ ι%(ζ($′, $′′), 0, 0),

which implies ζ($′, $′′) = 0. Hence $′ = $′′, thus $′′ is unique ϕ-FP of Γ. �

Clearly Example 3.1 is also satisfying contractive conditions of Theorem 3.2 as
%(S(σ, µ), ϕ(σ), ϕ(µ)) ≥ %(ζ(σ, µ), ϕ(σ), ϕ(µ)) for all σ, µ ∈ Ξ.

Example 3.2. Let Ξ = {1, 2, 3} ba a set and ζ : Ξ× Ξ→ [0,∞) be a super metric
on Ξ with s = 2 defined as follows:

ζ(σ, µ) = ζ(µ, σ) = |σ − µ|2, for σ, µ ∈ {2, 3}
ζ(1, σ) = ζ(σ, 1) = (1− σ3), for σ ∈ Ξ.

Now, let the mapping Γ : Ξ→ Ξ defined as, Γ(1) = 2,Γ(2) = Γ(3) = 3.
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It can be observed that for n ∈ {2, 3, . . .}, γnσ = 3 and hence Γ is asymptotically
regular now for %(θ1, θ2, θ3) = θ1 + θ2 + θ3 and ϕ(σ) = 0 for all σ ∈ Ξ, following
cases arise:

Case 1. If σ = 1, µ = 2, we get

%(ζ(Γσ,Γµ), ϕ(Γσ), ϕ(Γµ)) = %(ζ(Γ(1),Γ(2)), ϕ(Γ(1)), ϕ(Γ(2)))

= ζ(2, 3) + 0 + 0

= 1

and

ζ(1, 2) = 49.

Therefore, if ι ≥ 1
49 , then we see,

%(ζ(Γ(1),Γ(2), ϕ(Γ(1)), ϕ(Γ(2))) ≤ %(S(1, 2), ϕ(1), ϕ(2))

where S(1, 2) = max
{
ζ(1, 2), ζ(1,Γ(2))(1+ζ(2,Γ(2)))

1+ζ(Γ(1),Γ(2))

}
.

Case 2. For σ = 1, µ = 3, we have

%(ζ(Γ(1),Γ(3)), ϕ(Γ(1)), ϕ(Γ(3))) = ζ(2, 3) + 0 + 0

= 1

and

ζ(1, 3) = 262.

Thus for ι ≥ 1
262 , (3.2) is satisfied.

Case 3. If σ = 2, µ = 3, then we get

%(ζ(Γ(2),Γ(3)), ϕ(Γ2)), ϕ(Γ(3))) = ζ(3, 3) + 0 + 0

= 0.

Clearly for Case 3, and σ = µ, inequality (3.2) is trivially satisfied. Hence inequality
(3.2) is satisfied in each of these cases and σ = 3 is a unique ϕ-FP of mapping Γ.

Common ϕ-Fixed Point Result

Here, we extend ϕ-FP result to Common ϕ-FP result for two weakly compatible
mappings.

Theorem 3.3. Let Υ,Γ : Ξ→ Ξ be two continuous self mappings defined on (Ξ, ζ),
a complete SM-Space such that for all σ, µ ∈ Ξ and ι ∈ (0, 1), they satisfy

%(ζ(Γσ,Γµ), ϕ(Γσ), ϕ(Γµ)) ≤ ι%(ζ(Υσ,Υµ), ϕ(Υσ), ϕ(Υµ)) (3.3)

where % is a control function and ϕ : Ξ → [0,∞) is a LSC function. Moreover Γ
and Υ mappings are weakly compatible with the condition that Γ(Ξ) ⊂ Υ(Ξ) and
Υ(Ξ) is a complete subspace of Ξ. Then Γ and Υ have a unique ϕ-CP.

Proof. Let σ0 ∈ Ξ be an arbitrary point in Ξ. Since Γ(Ξ) ⊂ Υ(Ξ), there exists
σ1 ∈ Ξ such that Υσ1 = Γσ0. In this way, we construct two distinct sequences
{Γσn} and {Υσn} such that Υσn+1 = Γσn for all n ∈ N. If for some n ∈ N, we
have Υσn = Υσn+1 that is Υσn = Γσn, then σn is a ϕ-coincidence point of Γ and



22 S. RATHEE, D. KAUSHIK, R. GUPTA

Υ. So on the contrary, let Υσn 6= Υσn+1 ∀ n ∈ N. If we take σ = σn−1 and µ = σn
in (3.3) for each n ∈ N, we have

%(ζ(Γσn−1,Γσn), ϕ(Γσn−1), ϕ(Γσn) ≤ ι%(ζ(Υσn−1,Υσn), ϕ(Υσn−1), ϕ(Υσn))

=⇒ %(ζ(Υσn,Υσn+1), ϕ(Υσn), ϕ(Υσn+1))

≤ ι%(ζ(Υσn−1,Υσn), ϕ(Υσn−1), ϕ(Υσn))

≤ ι2%(ζ(Υσn−2,Υσn−1), ϕ(Υσn−2), ϕ(Υσn−1))

...

≤ ιn%(ζ(Υσ0,Υσ1), ϕ(Υσ0), ϕ(Υσ1)). (3.4)

Since ι < 1, so ιn%(ζ(Υσ0,Υσ1), ϕ(Υσ0), ϕ(Υσ1)) = 0 as n → ∞. Therefore by
property (%1), we get lim

n→∞
ζ(Υσn,Υσn+1) = 0 and lim

n→∞
ϕ(Υσn) = 0. Therefore Υ

is an asymptotically regular mapping on complete metric space Υ(Ξ). Here again
we use in [10, Proposition 2] for the convergence of given sequence and hence there
exists point say $′′ ∈ Υ(Ξ) such that {Υσn} or {Γσn−1} converges to $′′. Which
gives Υ$ = $′′ = lim

n→∞
Υσn for some $ ∈ Ξ. Furthermore as ϕ is LSC, hence we

have

lim
n→∞

ϕ(Υσn) = ϕ(Υ$) = ϕ($′′) = 0. (3.5)

Now we will show that Υ$ = Γ$. For this, we have

ζ(Υ$,Γ$) = lim
n→∞

ζ(Υσn,Γ$) = lim
n→∞

ζ(Γσn−1,Γ$). (3.6)

Next by setting σ = σn−1 and µ = $ in (3.3), we get

%(ζ(Γσn−1,Γ$), ϕ(Γσn−1), ϕ(Γ$)) ≤ ι%(ζ(Υσn−1,Υ$), ϕ(Υσn−1), ϕ(Υ$))

=⇒ lim
n→∞

%(ζ(Γσn−1,Γ$), ϕ(Γσn−1), ϕ(Γ$))

≤ lim
n→∞

ι%(ζ(Υσn−1,Υ$), ϕ(Υσn−1), ϕ(Υ$))

=⇒ lim
n→∞

ζ(Γσn−1,Γ$) ≤ ι%( lim
n→∞

ζ(Υσn−1,Υ$), lim
n→∞

ϕ(Υσn−1), ϕ(Υ$)).

Since Υσn converges to $′′, therefore lim
n→∞

ζ(Υσn−1,Υ$) = 0 and using (3.5), we

have

=⇒ lim
n→∞

ζ(Γσn−1,Γ$) ≤ ι%(0, 0, 0) = 0. (3.7)

Therefore sequence {Γσn−1} converges to Γ$. But lim
n→∞

Γσn−1 = lim
n→∞

Υσn = Υ$,

hence

ζ(Υ$,Γ$) = 0

=⇒ Υ$ = Γ$ = $′′.

Therefore, we obtain that $ is the ϕ-CP of mappings Γ and Υ.
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Uniqueness: Let $ and π be two ϕ-CP of mappings Γ and Υ. Then by taking
σ = $ and µ = π in (3.3), we have

%(ζ(Γ$,Γπ), ϕ(Γ$), ϕ(Γπ)) ≤ ι%(ζ(Υ$,Υπ), ϕ(Υ$), ϕ(Υπ))

=⇒ %(ζ(Γ$,Γπ), 0, 0) ≤ ι%(ζ(Υ$,Υπ), 0, 0)

=⇒ %(ζ(Υ$,Υπ), 0, 0) ≤ ι%(ζ(Υ$,Υπ), 0, 0)

=⇒ ζ(Υ$,Υπ) = 0

=⇒ Υ$ = Υπ.

This implies that Γ and Υ have a unique coincidence point. Also it is well known if
two weakly compatible self-mappings Γ and Υ have unique coincidence point $′′,
then $′′ is their unique common fixed point. Therefore $′′ is a unique common
ϕ-FP of mappings Γ and Υ. �

Example 3.3. Let Ξ = [0, 1], s=1, and the application ζ : Ξ × Ξ → [0,∞) be a
super metric defined as follows:

ζ(σ, µ) = σµ, for all σ 6= µ, σ, µ ∈ (0, 1);

ζ(σ, µ) = 0, for all σ = µ, σ, µ ∈ [0, 1];

ζ(0, µ) = ζ(µ, 0) = µ, for all µ ∈ (0, 1];

ζ(1, µ) = ζ(µ, 1) = 1− µ

2
, for all µ ∈ [0, 1).

Now consider mappings Γ and Υ as follows:

Γ(σ) =

{
σ
8 , σ ∈ [0, 1),

1
1000 , σ = 1

and Υ(σ) = σ
2 for all σ ∈ [0, 1]. Now it can be checked easily that Γ(Ξ) ⊂ Υ(Ξ). If

we take %(θ1, θ2, θ3) = θ1 + θ2 + θ3 and ϕ(σ) = σ for all σ ∈ [0, 1], then we have the
following cases.

Case 1. Let σ, µ ∈ (0, 1) and σ 6= µ, then we have

%(ζ(Γσ,Γµ), ϕ(Γσ), ϕ(Γµ)) = ζ(Γσ,Γµ) + ϕ(Γσ) + ϕ(Γµ))

= ζ
(σ

8
,
µ

8

)
+ ϕ

(σ
8

)
+ ϕ

(µ
8

)
=
σ + µ

8
+
σµ

64

and

%(ζ(Υσ,Υµ), ϕ(Υσ), ϕ(Υµ)) = ζ(Υσ,Υµ) + ϕ(Υσ) + ϕ(Υµ))

= ζ
(σ

2
,
µ

2

)
+ ϕ

(σ
2

)
+ ϕ

(µ
2

)
=
σ + µ

2
+
σµ

2
.

Therefore for ι = 1
2 , (3.3) is satisfied.

Case 2. If σ = µ ∈ (0, 1), we get

ζ(Γσ,Γσ) + ϕ(Γσ) + ϕ(Γσ)) = 0 +
σ

4
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and

ζ(Υσ,Υσ) + ϕ(Υσ) + ϕ(Υσ)) = σ.

Case 3. If σ = 0, µ ∈ (0, 1), then we have

ζ(Γ(0),Γµ) + ϕ(Γ(0)) + ϕ(Γµ)) = ζ
(

0,
µ

8

)
+
µ

8

=
µ

4

and

ζ(Υ(0),Υµ) + ϕ(Υ(0)) + ϕ(Υµ)) = ζ
(

0,
µ

2

)
+
µ

2
= µ.

Case 4. If σ = µ = 0, then L.H.S of (3.3) is zero and hence this case is satisfied.
But if σ = µ = 1, then we have

ζ(Γ(1),Γ(1)) + ϕ(Γ(1)) + ϕ(Γ(1))) =
1

500

and

ζ(Υ(1),Υ(1)) + ϕ(Υ(1)) + ϕ(Υ(1))) = 1.

Case 5. For σ = 0 and µ = 1, we get

ζ(Γ(0),Γ(1)) + ϕ(Γ(0)) + ϕ(Γ(1))) = ζ

(
0,

1

1000

)
+

1

1000

=
1

500

and

ζ(Υ(0),Υ(1)) + ϕ(Υ(0)) + ϕ(Υ(1))) = ζ

(
0,

1

2

)
+

1

2
= 1.

Case 6. If σ = 1 and µ ∈ (0, 1), we have

ζ(Γ(1),Γµ+ ϕ(Γ(1)) + ϕ(Γµ) = ζ

(
1

1000
,
µ

8

)
+

1

1000
+
µ

8

=
µ

8000
+

1

1000
+
µ

8

and

ζ(Υ(1),Υµ+ ϕ(Υ(1)) + ϕ(Υµ) = ζ

(
1

2
,
µ

2

)
+

1

2
+
µ

2

=
µ

4
+

1

2
+
µ

2
.

Clearly in each of these cases, we can take ι = 1
2 and (3.3) is satisfied. Moreover Γ

and Υ has a unique common ϕ-FP at σ = 0.
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4. Application of Main Results to Volterra Integral Inclusions

This section includes proof of volterra integral equation inclusion.

σ(t) =

∫ Λ

0

Θ(t, s)A(s, σ(s))ds+ τ(t), t ∈ [0,Λ], τ ∈ Ξ = [2, 3]. (4.1)

Here Λ > 0 is a constant.
Define a super metric ζ : Ξ× Ξ→ Ξ by

ζ(σ, µ) = σµ,for all σ 6= µ, σ, µ ∈ Ξ;

ζ(σ, µ) = 0, for all σ = µ.

It can be verified from [1, Example 3] that above defined metric satisfies all the
conditions of SM-Space. Now, the proof of our results will be presented as follows:

Theorem 4.1. Consider that, for all t, s ∈ C([0,Λ],R), the following conditions
holds:

(1) There exists a continuous function A ∈ [0,Λ]× R such that

|A(s, σ(s)) · A(s, µ(s))| ≤ ι|σ(s)µ(s)|, (4.2)

(2) There exists t, s ∈ [0,Λ] and ι > 0 such that∣∣∣∣∣
∫ Λ

0

∫ Λ

0

Θ(t, s)

∣∣∣∣∣ ≤ 1, τ(t) = 0. (4.3)

Then, the Volterra integral equation inclusion (4.1) has unique solution.

Proof. First of all, we can define an operator Γ : Ξ→ Ξ, using the Volterra integral
equation inclusion (4.1), as follows:

Γ(σ(t)) =

∫ Λ

0

Θ(t, s)A(s, σ(s))ds+ τ(t), t ∈ [0,Λ], τ ∈ Ξ, (4.4)

which clearly shows that σ is a solution of eq. (4.1) iff it is a fixed point of the
operator Γ. Now, for all non-zero σ, µ ∈ Ξ, using conditions (1), (2), and (4.4), we
get

ζ(Γ(σ),Γ(µ)) =

∫ Λ

0

Θ(t, s)|A(s, σ(s))|ds
∫ Λ

0

Θ(t, s)|A(s, µ(s))|ds

=

[∫ Λ

0

∫ Λ

0

Θ(t, s)ds

]
|A(s, σ(s))A(s, µ(s))|

≤ ι|σ(s)µ(s)|
≤ ιζ(σ(s)µ(s)).

Now if we take %(θ1, θ2, θ3) = θ1 + θ2 + θ3 and ϕ(σ) = 0 for all σ ∈ Ξ, then, clearly
we get

%(ζ(Γ(σ),Γ(µ)), ϕ(Γ(σ)), ϕ(Γ(µ))) ≤ ι%(ζ(σ, µ), ϕ(σ), ϕ(µ)).

Therefore Γ : Ξ→ Ξ is satisfying the contractive conditions in Theorem 3.1 in each
of the case and hence it will have a unique ϕ-FP in Ξ. �
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5. Conclusion

This paper establishes the results of ϕ-FP and Common ϕ-FP in the context of
SM-Spaces. We show the existence and uniqueness of such points in these spaces
by using the notion of super metrics along with suitable conditions. The study
offers a comprehensive approach with clear examples that show how these findings
can be applied to solve real-world issues, particularly in the context of Volterra
integral inclusions. The results extend the theoretical foundation of fixed-point
theory in metric spaces and provide possible uses in a number of domains, including
differential equations, mathematical modeling, and functional analysis.

6. Future Scope

The future scope involves expanding the results to other types of integral inclu-
sions, such as Fredholm and nonlinear equations, Fractional differential equation,
to broaden their applicability. Additionally, Common ϕ-FP results presented in
the article can be extended to common ϕ-FP results for more than two mappings
in SM-Spaces. Another potential area of growth is the extension of the theory to
multivalued mappings and set-valued functions, which would open up applications
in optimization and control theory. Finally, exploring the topological aspects of su-
permetric spaces and their relationship to the existence of fixed points could deepen
the theoretical understanding of these concepts. These future research directions
have the potential to significantly advance both the theory and application of ϕ-FP
and Common ϕ-FP.

7. Data Availability

Data sharing not applicable to this article as no datasetswere generated or ana-
lyzed during the preparation of the paper.
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