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SOME SUBCLASSES OF CLOSE-TO-CONVEX FUNCTION

BOUNDED IN A VERTICAL DOMAIN AND DEFINED USING A

DIFFERENTIAL OPERATOR

KADHAVOOR R. KARTHIKEYAN, GANGADHARAN MURUGUSUNDARAMOORTHY,
DHARMARAJ MOHANKUMAR

Abstract. A new family of close-to-convex function associated with verti-

cal domain involving a differential operator has been introduced and studied.
The differential operator that has been used here is the most generalized as it
uses the so-called generalized M -series, which unifies the generalized Gaussian
hypergeometric function and Mittag-Leffler function. We derive the initial co-
efficient estimates a2 , a3 and Fekete-Szegő inequality for the defined function
class. Further by appropriate choice of parameters, we provided some new and
well known results of our main result.

1. Introduction and Definition

LetDenote by A the class of functions having a Taylor series expansion of the
form

f(z) = z +
∞
∑

n=2

anz
n, (z ∈ U = {z : |z| < 1}) . (1.1)

We let S to denote the class of functions in A which are univalent in U. let P
denote the class of functions of the form p(z) = 1 + p1z + p2z

2 + p3z
3 + · · · that

are analytic in U and such that Re (p(z)) > 0 for all z in U. Also, we let S∗, C
and K to denote the well known classes of starlike, convex and close-to-convex
(normalized) function respectively. For 0 ≤ α < 1, S∗(α) and C(α) symbolize the
classes of starlike functions of order α and convex functions of order α respectively.
Gao and Zhou [7] introduced and studied a class of analytic functions satisfying
the condition

Re

(

z2f ′(z)

g(z)g(−z)

)

< 0, (z ∈ U; g ∈ S∗(1/2)) , (1.2)

where S∗(1/2) denotes the class of starlike functions of order 1/2. The class of
functions satisfying the above condition will be denoted as Ks. Since G(z) =
g(z)g(−z)/z is starlike if g ∈ S∗(1/2), the class Ks would belong to the family of
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close-to-convex functions. Hence functions in Ks are univalent in U. Using the
principle of subordination, Wang, Gao and Yuan [27] (also see [5, 28]) extended the
class Ks to Ks(Ψ) by replacing the condition (1.2) with the following condition

−
z2f ′(z)

g(z)g(−z)
≺ Ψ(z), (z ∈ U; g ∈ S∗(1/2)) . (1.3)

The class was further generalized and studied by various authors (see [3, 4, 11, 12]).

1.1. Differential Operators Using GeneralizedM-Series. Mittag-Leffler func-
tion appears naturally in the kernel of the fractional derivative operators. Indeed,
most the derivatives which is applied to the natural phenomena involves the Mittag-
Leffler function. Whereas the generalized Gaussian hypergeometric function which
is a solution of the differential equations, has been an important tool in both the-
oretical analysis and practical applications. The classical Mittag-Leffler function
and its extension are as follows:

Eη(z) =
∞
∑

n=0

zn

Γ (ηn+ 1)
, Eη, θ(z) =

∞
∑

n=0

zn

Γ (ηn+ θ)
,

and

Eν, ε
η, θ(z) =

∞
∑

n=0

(ν)nεz
n

Γ (ηn+ θ)n!
.

where z, η, θ, ν, ε ∈ C, Re(η) > 0, Re(ε) > 0, z ∈ Π = {z : | z |< 1}, C denotes the
sets of complex numbers and (x)n denotes the Pochhammer symbol defined by

(x)n =
Γ(x + n)

Γ(x)
=

{

1 if n = 0

x(x + 1)(x+ 2) . . . (x+ n− 1) if n ∈ N.

The classical Mittag-Leffler function Eη(z) was introduced by Gosta Mittag-Leffler
[18] and it generalization Eη, θ(z) by Wiman [29]. Whereas, the extension Eν, ε

η, θ(z)
is called the Srivastava–Tomovski generalization of the Mittag-Leffler function see
[24, 26]. Note the function Eν, 1

η, θ(z) is popularly known as Prabhakar function or gen-
eralized Mittag-Leffler three-parameter function. For various reasons, Srivastava–
Tomovski generalization of the Mittag-Leffler function has been widely used in
study of subclasses in Univalent Function Theory.

The generalized M -series[21, Eq. 1] (also see [25]) defined to unify the stud-
ies pertaining to Mittag-Leffler function and Gaussian hypergeometric function, is
given by

rM
η,θ
s (z) = rM

η,θ
s (κ1, . . . , κr;σ1, . . . , σs; z) =

∞
∑

n=0

(κ1)n . . . (κr)n
(σ1)n . . . (σs)n

zn

Γ(nη + θ)
,

(1.4)
z, η, θ ∈ C,Re(η) > 0 and (κi)n, (σj)n are the well-known Pochhammer symbol.
Further the primary condition for the existence of the series (1.4) is that the de-
nominator terms σ′

js, (j = 1, 2, . . . s) are never zero or negative integer. Whereas

if any of the numerator terms κ′js, (j = 1, 2, . . . r) is zero or negative integer, then
the infinite series terminates to be polynomial in z.

Corresponding to a function Gη, θ
r, s (κ1, σ1; ξ) defined by

Gη, θ
r, s (κ1, σ1; ξ) := ξΓ(θ)

[

rM
η,θ
s+1(κ1, . . . , κr;σ1, . . . , σs, 1; z)

]

, (1.5)
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using the Hadamard product recently Karthikeyan et al. in [9], defined the following
operator Dm

λ (κ1, σ1; η, θ)f : A −→ A by

Dm
λ (κ1, σ1; η, θ)f = z+

∞
∑

n=2

(κ1)n−1 . . . (κr)n−1

(σ1)n−1 . . . (σs)n−1

[

1 + (n− 1)λ
]m

Γ(θ) an

(n− 1)!Γ(η(n− 1) + θ)
zn (1.6)

where κj ∈ C (j = 1, . . . , r); σj ∈ C\Z−

0 = {0, −1, . . .} (j = 1, . . . , s); m ∈ N0; λ ≥
0; η, θ ∈ C and Re(η) > 0.

(1) D
m
λ (κ1, σ1; 0, θ)f(z) = Dm

λ (κ1, σ1)f , where D
m
λ (κ1, σ1)f is the operator

introduced by Selvaraj and Karthikeyan et al. [20].
(2) D

0
1(κ1, σ1; 0, θ; 1, 0)f(z) = Hm

λ (κ1, σ1)f , where H
m
λ (κ1, σ1)f is the well-

known Dziok and Srivastava [6].
(3) For r = 2, s = 1; κ1 = σ1, κ2 = 1, η = 0 and λ = 1 in (1.6), we get the

operator introduced by Sălăgean [19].

1.2. Vertical Domain. Aracı et al. in [1] defined the following function to study
the effect of the vertical domain on the conic region

Λ[α, β; Ψ(z)] = 1 + i
β − α

π
log

[

Ψ(z)(1− λ2) + (1 + λ2)

2

]

, (z ∈ U) (1.7)

where Ψ(z) = 1 +
∑

∞

n=1 ψ1z
n ∈ P and λ is defined by

λ = exp

(

i
1− α

β − α
π

)

= cos θ + i sin θ, θ =
1− α

β − α
π ∈ (0, π). (1.8)

In [1], authors established that Λ[α, β; Ψ(z)] ∈ P if Ψ(z) ∈ P .If we let Ψ(z) = 1+z
1−z

(which is an extremal function in the class P) in (1.7), we will see Λ[α, β; Ψ(z)]
reducing to pα,β(z) which maps U onto a vertical domain and is of form

pα,β(z) = 1 + i
β − α

π
log

(

1− λ2z

1− z

)

. (1.9)

Note that the function pα,β(z) is a conformal mapping of U \
{

1, λ−2
}

with

pα,β(U) = {w ∈ C : α < Re(w) < β} = Ωα,β .

Refer to [4, 8, 10, 16, 17, 22], for information on geometric and analytic properties
of analytic functions associated with vertical domain.

1.3. Novelty, Motivation and Objectives: A very limited number of studies
on Geometric Function Theory involve analytic characterization that is motivated
by the class Ks. The main purpose of this study is to fill this gap. Also, we aim to
study the behavior when such a differential characterization is sandwiched inside
a vertical domain. That is the differential implication or superordinate term that
is used here is related to functions associated with the vertical domain which was
recently introduced by Araci et al. [1]. We present the geometrical impact that it
would create when an analytic characterization related to close-to-convex functions
is subordinated to a function that is associated with the vertical domain. Further to
generalize, extend and unify the existing results, we have defined the subclass using
the operator Dm

λ (κ1, σ1; η, θ)f . The differential operator Dm
λ (κ1, σ1; η, θ)f is so

much versatile that it includes very large number of existing differential operators
as its special cases. The other main result are the coefficient inequalities and the
Fekete-Szegő inequality, which would help us to understand the geometric and
algebraic properties.
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Motivated by the class Ks(Ψ) and studies [11, 12], we now define the following.

Definition 1.1. For Λ[α, β; Ψ(z)] defined as in (1.7), a function f ∈ A is said to

be in Lλ,m
g, t (α, β; κ1, σ1; η, θ; Ψ) if and only if

tz2[Dm
λ (κ1, σ1; η, θ)f(z)]

′

[Dm
λ (κ1, σ1; η, θ)g(z)][Dm

λ (κ1, σ1; η, θ)g(tz)]
≺ Λ[α, β; Ψ(z)], (1.10)

when f ∈ A; |t| ≤ 1, t 6= 0, Dm
λ (κ1, σ1; η, θ)g(z) ∈ S∗

(

1
2

)

.

Remark. Letting Ψ(z) = 1+z
1−z

in (1.10), then the class Lλ,m
g, t (α, β; κ1, σ1; η, θ; Ψ)

reduces to Lλ,m
g, t (α, β; κ1, σ1; η, θ), the class of functions satisfying the condition

α < Re

{

tz2[Dm
λ (κ1, σ1; η, θ)f(z)]

′

[Dm
λ (κ1, σ1; η, θ)g(z)][Dm

λ (κ1, σ1; η, θ)g(tz)]

}

< β.

On further specializing the parameters m = 0 = η, r = 2, s = 1, κ1 = σ1 and

κ2 = 1 in Lλ, 0
g, t (α, β; κ1, σ1; η, θ), we get the Lg, t(α, β) which consist of functions

satisfying the condition

α < Re

{

tz2f ′(z)

g(z)g(tz)

}

< β.

2. Coefficient Estimates and Fekete-Szegö inequality

To prove our results, we make use of the following Lemmas.

Lemma 2.1. [1] Let Λ[α, β; Ψ(z)] ∈ P be convex univalent in U. If ℓ(z) = 1 +
∞
∑

k=1

ℓkz
k is analytic in U satisfy the subordination condition

ℓ(z) ≺ 1 + i
β − α

π
log

[

Ψ(z)(1− λ2) + (1 + λ2)

2

]

, (2.1)

then

|ℓk| ≤
ψ1(β − α)

π
sin

(

π(1 − α)

(β − α)

)

, (k ≥ 1; ψ1 > 0). (2.2)

Lemma 2.2. [23] Let g(z) ∈ S∗(12 ) and 0 < |t| ≤ 1, then g(z)g(tz)
tz

∈ S∗.

Using Lemma 2.2 and proceeding on lines similar to Theorem 2.3 of [23], we get
the following result.

Lemma 2.3. [23] Let Dm
λ (κ1, σ1; η, θ)g ∈ S∗

(

1
2

)

, then

G(z) =
[Dm

λ (κ1, σ1; η, θ)g(z)][D
m
λ (κ1, σ1; η, θ)g(tz)]

tz

= z +
∞
∑

n=2

cnz
n ∈ S∗, and |cn| ≤ n, (2.3)

where
cn =

[

Mnbn +Mn−1M2bn−1b2t+ · · ·+Mnbnt
n−1
]

,

and

Mn =
(κ1)n−1 . . . (κr)n−1

(σ1)n−1 . . . (σs)n−1

[

1 + (n− 1)λ
]m

Γ(θ)

(n− 1)!Γ(η(n− 1) + θ)
.

To start with we prove the following result :
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Theorem 2.4. If f(z) ∈ Lλ,m
g, t (α, β; κ1, σ1; η, θ; Ψ), then

| an |≤
1

|Mn|

[

1 +
ψ1(β − α)

π
sin

(

π(1− α)

(β − α)

)]

. (2.4)

The above inequality is sharp.

Proof. Let f(z) ∈ Lλ,m
g, t (α, β; κ1, σ1; η, θ; Ψ), then there exist a function p(z) ∈ P

analytic U such that

p(z) =
z[Dm

λ (κ1, σ1; η, θ)f(z)]
′

G(z)
≺ Λ[α, β; Ψ(z)], (2.5)

where Λ[α, β; Ψ(z)] is defined by the equation (1.7). Clearly Λ[α, β; Ψ(z)] is ana-
lytic and maps U on to a convex domain provided Ψ is convex in U. From (2.5),
we have

z [Dm
λ (κ1, σ1; η, θ)f(z)]

′

G(z)
= p(z), (p(z) ∈ P) . (2.6)

Using Lemma 2.1 and Lemma 2.3 in (2.6), we get

z +

∞
∑

n=2

nMnanz
n =

(

1 +

∞
∑

n=1

pnz
n

)(

z +

∞
∑

n=2

cnz
n

)

. (2.7)

Equating the coefficients of zn in (2.7), we have

nMnan = cn + p1cn−1 + p2cn−2 + · · · + pn−1. (2.8)

Therefore using (2.2) and Lemma 2.3 , we get

|nMnan| ≤ n

[

1 +
ψ1(β − α)

π
sin

(

π(1 − α)

(β − α)

)]

. (2.9)

From (2.9), we get the desired result in (2.4). The inequality (2.4) will attain its
sharpness if and only if

G(z) =
z

(1− z)2
and Ψ(z) =

1 + z

1− z
.

�

Letting m = 0 = η, r = 2, s = 1, κ1 = σ1, κ2 = 1 and Ψ = 1+z
1−z

in Theorem 2.4,
we get the following.

Corollary 2.5. If f(z) ∈ Lg, t(α, β) (see Remark 1.3), then

| an |≤ 1 +
2(β − α)

π
sin

(

π(1− α)

(β − α)

)

.

Now we will present the application of our result, in particular the impact of petal
shaped domain when it is struck inside a vertical domain. Arora and Kumar[2]
studied a subclass of starlike function involving a petal shaped domain namely
Ψ(z) = 1 + sinh−1(z) (see Figure 1a). The function Ψ(z) = 1 + sinh−1(z) maps
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(a) f(z) = 1 + sinh−1(z)
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(b) Ψ[0, 1; 1 + sinh−1(z)]

Figure 1. (a) The image of f(z) = 1+ sinh−1(z) with domain as
unit disc; (b) The image of Ψ[0, 1; 1 + sinh−1(z)] with domain as
unit disc

the unit disk onto a cardioid domain in the right half plane. On letting Ψ(z) =

1 + sinh−1(z) in (1.7), we get

Λ[α, β; 1 + sinh−1(z)] = 1 +
i
(

1− e
2iπ(1−α)

β−α

)

(β − α)z

2π
+
i
(

1− e
2iπ(1−α)

β−α

)2

(α − β)z2

8π

+
i
(

1 + e
2iπ(1−α)

β−α − 3e
4iπ(1−α)

β−α + e
6iπ(1−α)

β−α

)

(α− β)z3

24π
+ · · · .

Note that the function Λ[α, β; 1 + sinh−1(z)] belongs to class P for all admissible
values of α and β. Letting ψ1 = 1 and ψ2 = 0 in Theorem 2.4, we have

Corollary 2.6. If f(z) ∈ Lλ,m
g, t (α, β; κ1, σ1; η, θ; 1 + sinh−1(z)), then

| an |≤
1

|Mn|

[

1 +
(β − α)

π
sin

(

π(1 − α)

(β − α)

)]

.

2.1. Fekete-Szegö Problem. We recall the following lemmas to prove our results
in this subsection:

Lemma 2.7. [13] If p(z) = 1 + p1z + p2z
2 + · · · is a function with positive real

part, then for each complex number µ

| p2 − µp21 |≤ 2max (1, | 2µ− 1 |) (2.10)

and the result is sharp for the functions given by

p(z) =
1 + z2

1− z2
, p(z) =

1 + z

1− z
.

Lemma 2.8. [14] If

G(z) = z +

∞
∑

n=2

cnz
n ∈ S∗,
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then for each complex number λ we have | c3 − λc22 |≤ max (1, | 3− 4λ |) and the
result is sharp for the Koebe functon

k(z) =
z

(1− z)2
if

∣

∣

∣

∣

λ−
3

4

∣

∣

∣

∣

≥
1

4

and for

k
1
2

(

z2
)

=
z

1− z2
if | λ−

3

4
| ≤

1

4
.

Theorem 2.9. If f(z) ∈ Lλ,m
g, t (α, β; κ1, σ1; η, θ; Ψ), then

|a2| ≤
1

|M2|

{

1 +
ψ1(β − α)

2π
sin

[

π
(1− α)

(β − α)

]}

. (2.11)

|a3| ≤
1

3 |M3|

[

3 +
2 |ψ1| (β − α)

π
sin

[

π
(1− α)

(β − α)

]

+
|ψ1| (β − α)

π
sin

[

π
(1− α)

(β − α)

]

max











1,

∣

∣

∣

∣

∣

∣

∣

ψ2

ψ1
−
ψ1

(

1− e
2iπ(1−α)
(β−α)

)

4

∣

∣

∣

∣

∣

∣

∣
















(2.12)

for µ ∈ C we have

∣

∣a3 − µa22
∣

∣ ≤
1

3 |M3|

[

2 |ψ1| (β − α)

π |M2|
sin

[

π
(1− α)

(β − α)

] ∣

∣

∣

∣

1−
3µM3

2M2
2

∣

∣

∣

∣

+

max

{

1,

∣

∣

∣

∣

3−
3µM3

M2
2

∣

∣

∣

∣

}

+
|ψ1| (β − α)

π
sin

[

π
(1− α)

(β − α)

]

max











1,

∣

∣

∣

∣

∣

∣

∣

ψ2

ψ1
−
ψ1

(

1− e
2iπ(1−α)
(β−α)

)

4
−

3iM3µψ1(β − α)
(

1− e
2iπ(1−α)
(β−α)

)

8πM2
2

∣

∣

∣

∣

∣

∣

∣
















,

(2.13)

and the result is sharp for the functions

p1(z) =
1 + z

1− z
, G1(z) =

z

(1− z)2
and p2(z) =

1 + z2

1− z2
, G2(z) =

z2

(1− z2)2

Proof. As f(z) ∈ Lλ,m
g, t (α, β; κ1, σ1; η, θ; Ψ), by (1.10) we have

z [Dm
λ (κ1, σ1; η, θ)f(z)]

′

G(z)
= Λ[α, β; Ψ[w(z)]]. (2.14)

Let h(z) ∈ P be of the form h(z) = 1 +
∑

∞

n=1 pnz
n, we consider h(z) = 1+w(z)

1−w(z) ,

where w(z) is such that w(0) = 0 and |w(z)| < 1. On simple computation, we have

w(z) =
h(z)− 1

h(z) + 1
=

p1z + p2z
2 + p3z

3 + · · ·

2 + p1z + p2z2 + p3z3 + · · ·

=
1

2
p1z +

1

2

(

p2 −
1

2
p21

)

z2 +
1

2

(

p3 − p1p2 +
1

4
p31

)

z3 + · · · . (2.15)
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Using (2.15) in (1.7), we have the right hand side of (2.14)

Λ [α, β; Ψ {w(z)}] = 1 + i
β − α

π
log

[

{w(z)} (1 − λ2) + (1 + λ2)

2

]

= 1 +
ip1
4π

(

1− e
2iπ(1−α)
(β−α)

)

ψ1(β − α)z +
i

4π

(

1− e
2iπ(1−α)
(β−α)

)

ψ1(β − α)





p2 −

p21
2






1−

ψ2

ψ1
+
ψ1

(

1− e
2iπ(1−α)
(β−α)

)

4












z2 + . . . . (2.16)

Similarly, on computation we have the left hand side of (2.14)

1 + (2a2M2 − c2)z +
[

(3a3M3 − c3) +
(

c22 − 2a2c2M2

)]

z2 + · · ·

= 1 +
ip1
4π

(

1− e
2iπ(1−α)
(β−α)

)

ψ1(β − α)z +
i

4π

(

1− e
2iπ(1−α)
(β−α)

)

ψ1(β − α)





p2 −

p21
2






1−

ψ2

ψ1
+
ψ1

(

1− e
2iπ(1−α)
(β−α)

)

4












z2 + . . . .

(2.17)

Equating the coefficients at z and z2 on both sides of the above equation, we get

a2 =
1

2M2

[

ip1ψ1(β − α)

4π

(

1− e
2iπ(1−α)
(β−α)

)

+ c2

]

. (2.18)

and

(3a3M3 − c3) = (2a2M2 − c2)c2 +
iψ1(β − α)

4π

(

1− e
2iπ(1−α)
(β−α)

)

[

p2−

p21
2






1−

ψ2

ψ1
+
ψ1

(

1− e
2iπ(1−α)
(β−α)

)

4












.

On simplification,

a3 =
1

3M3

[

c3 +
ic2p1ψ1(β − α)

4π

(

1− e
2iπ(1−α)
(β−α)

)

+
iψ1(β − α)

4π

(

1− e
2iπ(1−α)
(β−α)

)






p2 −

p21
2






1−

ψ2

ψ1
+
ψ1

(

1− e
2iπ(1−α)
(β−α)

)

4



















=
1

3M3

{

c3 +
ic2p1ψ1(β − α)

4πM2

(

1− e
2iπ(1−α)
(β−α)

)

+
iψ1(β − α)

4π

(

1− e
2iπ(1−α)
(β−α)

)






p2 −

p21
2






1−

ψ2

ψ1
+
ψ1

(

1− e
2iπ(1−α)
(β−α)

)

4























. (2.19)

Using the bounds of |c2| ≤ 2, and |pn| ≤ 2 (∀n ≥ 1) in (2.18), we can obtain (2.11).
Taking modulus and using Lemma 2.7 in (2.19), we get the coefficient bound of a3.
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Therefore, we have

| a3 − µa22 |=
1

3M3











(

c3 −
3µM3

4M2
2

c22

)

+
ic2p1ψ1(β − α)

(

1− e
2iπ(1−α)
(β−α)

)

4πM2

(

1−
3µM3

2M2
2

)

(2.20)

+
iψ1(β − α)

4π

(

1− e
2iπ(1−α)
(β−α)

)






p2 −

p21
2






1−

ψ2

ψ1
+
ψ1

(

1− e
2iπ(1−α)
(β−α)

)

4

+
3iM3µψ1(β − α)

(

1− e
2iπ(1−α)
(β−α)

)

8πM2
2























. (2.21)

Using Lemma 2.7 and Lemma 2.8 in (2.21), we complete the proof of the theorem.
�

Letting m = 0 = η, r = 2, s = 1, κ1 = σ1, κ2 = 1 and Ψ = 1+z
1−z

in Theorem 2.9,
we get the following.

Corollary 2.10. If f(z) ∈ Lg, t(α, β), then

|a2| ≤

{

1 +
2(β − α)

2π
sin

[

π
(1− α)

(β − α)

]}

.

|a3| ≤
1

3






3 +

4(β − α)

π
sin

[

π
(1− α)

(β − α)

]

+
2(β − α)

π
sin

[

π
(1− α)

(β − α)

]

max











1,

∣

∣

∣

∣

∣

∣

∣

1−

(

1− e
2iπ(1−α)
(β−α)

)

2

∣

∣

∣

∣

∣

∣

∣

















for µ ∈ C we have

∣

∣a3 − µa22
∣

∣ ≤
1

3

[

max {1, |3− 3µ|}+
4(β − α)

π
sin

[

π
(1− α)

(β − α)

] ∣

∣

∣

∣

1−
3µ

2

∣

∣

∣

∣

+
2(β − α)

π
sin

[

π
(1− α)

(β − α)

]

max











1,

∣

∣

∣

∣

∣

∣

∣

1−

(

1− e
2iπ(1−α)
(β−α)

)

2
−

3iµ(β − α)
(

1− e
2iπ(1−α)
(β−α)

)

4π

∣

∣

∣

∣

∣

∣

∣
















.

Letting Psi(z) = 1 + sinh−1(z), we get the following.

Corollary 2.11. If f(z) ∈ Lλ,m
g, t (α, β; κ1, σ1; η, θ; 1 + sinh−1(z)), then

|a2| ≤
1

|M2|

{

1 +
(β − α)

2π
sin

[

π
(1 − α)

(β − α)

]}

.

|a3| ≤
1

|M3|

{

1 +
(β − α)

π
sin

[

π
(1− α)

(β − α)

]}
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for µ ∈ C we have

∣

∣a3 − µa22
∣

∣ ≤
1

3 |M3|

[

max

{

1,

∣

∣

∣

∣

3−
3µM3

M2
2

∣

∣

∣

∣

}

+
2(β − α)

π |M2|
sin

[

π
(1− α)

(β − α)

] ∣

∣

∣

∣

1−
3µM3

2M2
2

∣

∣

∣

∣

+
(β − α)

π
sin

[

π
(1 − α)

(β − α)

]

max











1,

∣

∣

∣

∣

∣

∣

∣

(

1− e
2iπ(1−α)
(β−α)

)

4
+

3iM3µ(β − α)
(

1− e
2iπ(1−α)
(β−α)

)

8πM2
2

∣

∣

∣

∣

∣

∣

∣
















.

Concluding Remarks:

Here, we introduced a new family of analytic functions whose characterization is
motivated by the class of starlike functions with respect to symmetric points. The
defined function class is restricted to region has been associated with the vertical
domain which is accomplished using the principle of subordination. We obtained
the several interesting properties of the defined function class for example inclusion
relationship, initial coefficient bounds and the Fekete-Szegő inequalities.

For the purpose of future scope, we now present the following questions:

(1) What are necessary and sufficient conditions for functions to be in

Lλ,m
g, t (α, β; κ1, σ1; η, θ; Ψ).

(2) The functions belonging to the classes need not be starlike or convex, so

what should be the disc size for which the functions in Lλ,m
g, t (α, β; κ1, σ1; η, θ; Ψ)

would be starlike or convex.
(3) For what values of the parameters involved namely κ1, σ1; η, and θ, would

the functions belonging to the class Lλ,m
g, t (α, β; κ1, σ1; η, θ; Ψ) be univa-

lent.
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[26] Ž. Tomovski, R. Hilfer and H. M. Srivastava, Fractional and operational calculus with gener-
alized fractional derivative operators and Mittag-Leffler type functions, Integral Transforms
Spec. Funct. 21 11 (2010) 797–814.

[27] Z.-G. Wang, C. Gao, and S. Yuan, On certain subclass of close-to-convex functions, Acta
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