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ON LACUNARY STATISTICAL BOUNDEDNESS OF ORDER «
OF GENERALIZED DIFFERENCE SEQUENCES

FATIH TEMIZSU, ABDULLAH AYDIN, MIKAIL ET, MUHAMMED CINAR

ABSTRACT. In this work, a new generalization of statistical boundedness is
provided for difference sequences in regard to lacunary a—density and lacunary
statistical sense. Apart from examining some inclusion theorems on related
sequence spaces, we show that AJ*(Sp) does not form a sequence algebra
unlike Sg (b).

1. INTRODUCTION

In 1935, Zygmund [34] mentioned the idea of statistical convergence in the first
edition of his monograph puplished in Warsaw. This concept, as a generalized
type of ordinary convergence, appeared in the papers of Steinhaus [31] and Fast
[13] independently. Later, Schoenberg [30] studied it as a summability method.
Researches on statistical convergence have had an obvious rise after the frequently
cited papers of Salat [28] and Fridy [15]. It was further investigated from the
sequence space point of view and linked with summability theory by Bhardwaj et
al. [4 [5], Braha et al. [6, [7], Colak []], Connor [9], Et et al. [3, 20 B2 [33], Fridy
and Orhan [T16], Isik et al. [2] 2] [22], Mohiuddine et al. [25], Mursaleen [26], Rath
and Tripathy [27] and many others.

Before advancing more, we pause to compile some notation and definitions.
Throughout the sequel, we let

w := the set of all real (or complex) valued sequences

lo := the set of all bounded sequences

¢ := the set of all convergent sequences

cp := the set of all null sequences

x := the set of all sequences of zeros and ones.

We also would like to recall some concepts on seqeunce spaces that will take
place in following sections. A sequence space X is said to be

Solid (or normal), if (agxy) € X for all sequences (o) of scalars with |y | <1
for all k € N, whenever (z3) € X
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Monotone, if (upzy) € X for all (ug) € x and (zy) € X

Symmetric, if (x)) € X implies (vr(x)) € X, where 7 is any permutation of N

Sequence algebra, if (xyy) € X whenever (z3) and (yx) € X.

The definition of statistical convergence relies on the density of subsets of the
set N of natural numbers. The density of a subset E of N is defined by

I(E) = n]l_}n;lo - ]; xe(k), provided that the limit exists.

A sequence © = (x,) is said to be statistically convergent to Lif 6 ({k € N: |z — L| > ¢}) =
0 for every € > 0.

The concept of statistical boundedness was given by Fridy and Orhan [I7] as

follows:

The real number sequence = = () is statistically bounded if there is a number
M > 0 such that 6 ({k : |xx| > M}) = 0.

It is well known that every bounded sequence is statistically bounded, but the
converse is not true.

The order of statistical convergence of a sequence of numbers was given by Gad-
jiev and Orhan [I8] and afterwards statistical convergence of order o was studied
by Colak []].

By a lacunary sequence we mean an increasing sequence 6 = (k,.) of non-negative
integers such that kg = 0 and h, = (k. — k,—1) — 00 as r — oo. The intervals
determined by 6 will be denoted by I, = (k,_1,k.] and the ratio kfil will be
abbreviated by ¢, and q; = k1 for convenience. In recent years, lacunary sequences
have been studied in [4} [7, 111, 14} 16 [24].

Study of difference sequence spaces is quite new in summability theory. This
concept was introduced by Kizmaz [23] and generalized by Et and Colak [I0].
Afterwards Et and Nuray [I2] studied it in order to mainly generalize statistical
convergence with respect to A™ difference operator as follows

A" (X)) ={z = (z1) : (A"zx) € X}
where X is any sequence space, m € N, Az = (z), Az = (v — 2p41), A™x =
(Amzy) = (A™ oy, — A™ ) and so A™xp =300 0 (—1)" () Tkpo-

If 2 €A™ (X) then there exists one and only one y = (yx) € X such that
yr = A™zy and

k—m k

m(k—v—1 m{k+m—v—1

= -1 v = -1 v—mm 1

we= 3 0 (5 D= e (T e
Yi-m =Y2-m ==y =0

for sufficiently large k, for instance k£ > 2m. For more information reader is referred

to [II, 19} 29, [32].

In this paper we introduce A" —lacunary statistical boundedness of order o and
give some inclusion theorems on this concept. We wish to state that main definitions
and results generalize that of some former works mentioned above.
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2. MAIN RESULTS

In this section we present the main results of the paper.

Definition 2.1. [II] Let 6 = (k,) be a lacunary sequence and 0 < a <1 be given.
The lacunary a—density of a subset E of N is defined by

1
5y (B) = li_>m 7 H{kr—1 <k <k, :keE} provided the limit exists.
T o0 r

Lacunary a—density 55 (E) reduces to natural density 6 (E) in the special case o = 1
and 6 = (27).

Throughout this work, |.| will denote the cardinality of the enclosed set.

Proposition 2.2. [I1] Let 0 = (k) be a lacunary sequence and «, 8 € (0,1] such
that a < B, then 8§ (E) < &, (E).

Definition 2.3. [I] Let 0 = (k) be a lacunary sequence and 0 < a < 1 be given.
The sequence x = (xy) € w is said to be A™—lacunary statistically convergent of
order o ( or AJ'(S*)—convergent to L ) if there is a real number L such that

1
; AL > _
Thm o kel :|A™Mx, — L| > e}| =0 for each e >0 (2)

where he denotes the ot power (h,.)® of hy., that is h% = (h%) = (h$, hS, ..., S, ...).

In this case we write AJ*(S*) — limxzy, = L. By A}'(S®), we will denote the set
of such sequences.

In the sequel, Ay*(S) shall be replaced by

A™(S%) for the special case § = (27),

AP (S) for the special case a = 1,

A™(S) for the special cases § = (27) and a = 1.

Now we provide the main definition of this work.

Definition 2.4. Let 0 = (k) be a lacunary sequence and 0 < o < 1 be given. The
sequence x = (xg) € w is said to be A™—lacunary statistically bounded of order «
(or AT (S§)—bounded ) if there is an M > 0 such that

1
lim — {k €l :|A™xi| > M}| =0. (3)

r—00 h?‘

By AJ(SyY), we will denote the set of such sequences.

In the following, A}*(S;}) shall be replaced by

A™(S§"), which was studied in [32], for the special case 8 = (27),
AP (Sy) for the special case o =1,
A™(Sy) for the special cases § = (27) and a = 1.

We begin with a basic theorem between the spaces A™ (£ ) and A} (SF).

Theorem 2.5. Every A™—bounded sequence is A" —lacunary statistically bounded
of order a,, but the converse is not true.
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Proof. Let 6 = (k,.), 0 < o < 1 be given and # € A™({s,). Then there exists such a
number M > 0 that |[A™z,| < M for every k € N. So {k € I, : |[A™xy| > M} =)
which yields

1 " B
Jim e [k € 12 [ A" > M| =0.

Thus, z is Aj*(S§¥)—bounded. To show the strictness, take 6 = (2"), a =1, m =1
and define x as follows:

_{ 0 k=1, 4
Tk = M7 (n—1!+1<k<nl W

—nl
We obtain Axy, = g’ kelsen.’ which means © € A(Sc,) C A(Sy) (= Ag(Sy)).
But it is obvious that x is not A—bounded. O

Theorem [2.5] yields the following result.

Corollary 2.6. Every A™—convergent sequence is A™—lacunary statistically bounded
of order o, not conversely.

Theorem 2.7. A™—lacunary statistically convergent sequences of order « are
strictly included by A™—lacunary statistically bounded sequences of order o.

Proof. Let x € AJ(S®) and € > 0 be given. Then there exists an L € R such that
o1 m
TILH;OEHICGI,« DA™y, — L > e} = 0.
The result follows from the following inequality

1 . 1 o
Tl;r&h—g|{kelr.|A xk|>|L\+€}|§Tgrgoﬁ|{kEIT.|A xp — L| > e}

For the opposite, let § = (2") be given and consider the sequence y = (yx) defined
by

1, k=2n
yk—{ 1 k#£om k,n € N. (5)
In view of (1) we can determine a sequence x such that A"z = yi. Then we have
€ AP(SE)\ AR(S°). 0

Theorem [2.7] yields the following result.

Corollary 2.8. Fvery A™—lacunary statistically convergent sequence is A™—lacunary
statistically bounded, but the converse is not true.

Theorem 2.9.
i) AJ(SP) is not symmetric,
ii) Although Sg (b) is normal and monotone, AJ(Sy') is not normal and mono-
tone,
iii) Although S§ (b) is a sequence algebra AJ'(S§') is not a sequence algebra.
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Proof. (i) Let denote the sequence x = (zy) as follows:
(07 71a 717 71a 737 73a 737 73a 737 76a 767 76a 767 76a 767 76’ e )

and take m = 1. Since Az = (1,0,0,2,0,0,0,0,3,0,0,..) € S§ (b) we have z €
Ag(Sy) where 8§ = (27). Now define sequence y = (yx) as a rearrangement of
x by y=(yx) = (0,—-1,-3,-1,-3,—1,-3,—6,—3,—6,—3, —6, ..) which yields to
Ay =(1,2,-2,2,-2,2,3,-3,3,-3,...). We observe

. 1
Tgrgoh—g\{kEIT:|Ayk\ > M}| # 0 for any M > 0.

This means (z,()) = (yx) € Ao(Sy') and so Ap(S;') is not symmetric.

(#4) Take the sequence x defined in part i. We showed & € Ay(S§') when m =1
and 6 = (27). Now picking the sequence u = (uy) = (0,1,0,1,...) € x we obtain
uzr = (0,-1,0,-1,0,-3,0,—3,0,—6,0,—6,0, ...) which is not in Ag(S") since

r—00

1
lim e Hk € I : |A(ux)g| > M}| # 0 for any M >0

where A(uz), = (1,-1,1,-1,3,-3,3,-3,6,—6,...). Thus Ag(S;") is not mono-
tone. It follows Ap(Sf) is not normal from the fact that any normal space is
monotone.

(7i7) In view of (1) we can construct a sequence x = (z) € w such that

m. [ n, k=n?
ATy = { 0, else
for all k&, n € N. Following part (i), we get € AJ*(Sy') where § = (2"). Now
consider the sequence y = (yx) = (1,2,3,..). Due to y being A™—bounded it is
obvious that y € A}*(Sy). However, we observe yz = (kzy)32, ¢ AJ(Sy). Thus
AP (S§Y) is not a sequence algebra. O

In the next result we establish an inclusion theorem explaining the relationship
between the spaces of A" —lacunary statistically bounded sequences of distinct
orders.

Theorem 2.10. If 0 < a < 8 <1 and 0 = (k) is a lacunary sequence. Then
AP (S) C Ag”(Sf) and the inclusion is strict.

Proof. The first part of proof is straightforward. To show the opposite, observe
there exists some sequence z = (z) € w such that

Ay = { VA, k=123 [VA]

0, else

by (1). (6)

TheanAg‘(S{f)for%<B§1butm¢Agl(S§“)for0<a§ O

1
5
Theorem yields the following corollary.

Corollary 2.11.

i) If a sequence is A™—lacunary statistically bounded of order «, then it is
A™—lacunary statistically bounded.
ii) If a sequence is A™—statistically bounded of order «, then it is A™— statistically

bounded of order 3.
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iil) If a sequence is A™— statistically bounded of order «, then it is A™— statistically

bounded.

In the next two theorems, we present some certain conditions on lacunary se-
quence 0 so that the inclusions A™(S) C AF*(Sgt) and A (Sf) C A™(Sy¥) occur
respectively.

Theorem 2.12. Let 0 < a < 1 and 0 = (k) be a lacunary sequence. Ifliminf g, >
s
1, then A™(Sg) C AF(Sy).

Proof. Suppose that liminf ¢, > 1, then there exists a 4 > 0 such that ¢, > 1+
T

for sufficiently large r, which implies that
k. — 1496 k.) —\1+46 ke = (1+6)" he
If z € A™(Sy), then there exists an M > 0 such that

1
k< iy |A™ 2y > M)

r

1 o« 1
> — kel . |A™ MM >—pmg—Hkel  |A™ M
> o k€ LA™ > MY > e (k€ L[] > M)
holds for sufficiently large r. Taking limit as r — co we get x € A (Sy). (]

Theorem 2.13. Let 0 < a < 1 and 0 = (k) be a lacunary sequence. Iflimsup g, <
00, then AJ(Sg) C A™(SF).

Proof. Omitted. |

Combining Theorem and Theorem we have what follows.

Corollary 2.14. Let 8 = (k) be a lacunary sequence such that 1 < liminf g, <
T
limsup g, < co. Then AJ(S)) = A™(SP).

Theorem 2.15. A™(Sp) = N AP(SY) = u AF(SE)

lim inf ¢, >1 lim sup g, <oo
T T

Proof. A™(Sy) being included by . r; 1Ag’(S§‘) is a direct result of Theorem
iminf ¢r>

Now let § = (k) be Fibonacci sequence with kg = 0, k1 = 1, ko = 2 and
k. = ky_o + ky_q for r > 3. Then lim g, = 1.618, the golden ratio. Suppose = ¢

A™(Sg) which implies that « ¢ A} (SP) byCCorollary This follows that x €

U AT(SH]C = n AP (S ds N A?(S%). Thus

liminfq7~>1[ 0 ( b )] liminf g, >1 0 ( b )] and so.x ¢ lim inf ¢, >1 4 ( b) s

AT (Sp) = . rfw 1Ag"”(5’§‘). The remaining equality can be proved analogously
im inf g, >

hence is omitted. O
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Theorem 2.16. If we have

[e3

h
lim inf /T > 0, (7)

r—00 r

then A™(Sy) C AF(Sy).

Proof. Let x € A™(S}). Then, knowing k, "2° 0, there exists some M > 0 so
that

1
lim = [{k < ko [A™2y| > M} = 0.

r—00

Besides, the inclusion
{k <ky:|AMzp| > M} D{k el :|A™xL| > M}

is true. Therefore,
1 1
T Hk < kp: |A™xp| > M} > k—{k €l : |z > M}

he 1
- kihia{k;ejr DA™y | > M} for all r € N.

Taking limit as r — oo and using (7), we get x € AP (S5). O

Theorem 2.17. Let § = (k) and 0’ = (s,) be two lacunary sequences such that
I. C J. for all r € N where I, = (ky—1,kr], Jr = (Sr—1,8¢], by = kr — kr—1 and
by = 87— Sr_1 and let o and B be such that 0 < a < 8 < 1.

(i) If ,
Tlgrolo inf é >0 (8)
then ATH(S)) C AF(S).
(¢4) If
A 5 =1 9)
then A (S) € Am(SY).
Proof. Omitted. O

From Theorem we derive the following results.

Corollary 2.18. If the condition (8) is satisfied, then

(1) AG(S) C AF(Sy) for each o € (0,1],

(i1) AJ(Sp) C AFH(SF) for each a € (0,1],

(i4i) AY(Sp) C AG(Sh)-

Furthermore, if the condition (9) is satisfied, then
(1) AFH(SE) C AJ(Sy) for each o € (0,1],

(it) A (Sg) C AH(Sp) for each a € (0,1],

(1ii) AT (Sy) C AR (Sh).
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In the following, we give inclusion results regarding different lacunary methods
in a more generally described way. Before fulfilling that we recall a concept defined
in [14]:

A lacunary sequence 6’ = (s,) is named to be a lacunary refinement of another
lacunary sequence 6 = (k;.) provided that (k) C (s,).

Theorem 2.19. Let 0" be a lacunary refinement of 0 and o € (0, 1]. If there exists
some n > 0 such that
/5
|1
Then AJ(Sy) C AR (SE).

> ¢/ for every J; C I,

Proof. Let x = (x) € AJ(S5'). This implies that there exists some M > 0 such
that

1
lim — [{k € L : |A™z,| > M}| =0.

r—00 |IT|a

Besides, we can find some I; such that J; C I; for every J;. Now we have what
follows:

1 " LIS 1 m
e Mk € 2 A7 ] > M| = (J_|> g [ € 25 187 > a1}
J J 2

|Ii>a 1
< w {ke L : |A™ x| > M}
<Jj| 1] ’

n) |LI°

Taking limit as i — oo we complete the proof. [

1 1
g( >|{k€]i:Amxk|>M}|.

In the remainder we discuss inclusion results of A™—lacunary statistical bound-
edness of order « via different lacunary methods for a = 1 case. We leave the case
a € (0,1) as an open problem.

Proposition 2.20. If 0’ is a lacunary refinement of 6 then Ay (Sy) C AJ'(Sp).

Proof. The inclusion follows from Lemma 2.3 of [12] and Theorem 4.1 of [4]. O

Theorem 2.21. Suppose 0/ = (s,) and 0 = (k) are two arbitrary lacunary
sequences with intervals J. = (sy—1,8,] and I, = (kq_1,k,] respectively. Let
Lij=1L;NJ;, 4,5 =1,2,3,.... If there is some 1 > 0 such that

;]
provided I;; # 0, then AJ*(Sy) C AR(Sy).

> for everyi,j =1,2,3, ...
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Proof. Let 8” = 6’ U6. Then 0" is lacunary refinment of 8" and 6 both. Therefore,
the set {I;; =I,NJ; : I;; # 0} forms the sequence of intervals for §”. In view

1 7ij]

of Theorem 10, since A > n for every i,j = 1,2,3,..., provided I;; # 0 we

get

the inclusion AJ'(Sy) C AL (Sy). Moreover, it follows from Proposition 2

that AJ},(Sy) C AJ/(Sp) as 67 is also lacunary refinment of 8. Hence A}*(S,) C
AR (S,). 0
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