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INEQUALITIES INVOLVING NUMERICAL RADIUS AND
OPERATOR NORM FOR A CLASS OF OPERATORS RELATED
TO (a,B)-CLASS (Q) OPERATORS

ESHRAGA MUBARK AHMED ALI SALIH AND SID AHMED OULD AHMED MAHMOUD

ABSTRACT. In this paper, we study some properties of the class of operators
related to the class (a, 3)-Class (Q) operators. Some inequalities linked to
concepts of numerical radius and norm of m-quasi-(a, §)-Class (Q) operators..

1. INTRODUCTION

Let H be a complex separable Hilbert space. If R € B[’H] , we denote by R*
its adjoint, Ran(R) its range and ker(R) for its kernel. Any operator R € B[#]
is said to be

) Class (Q) operator if R*?R? = (R"‘R)2 or |[R?w|| = |[R*Rw| YV w e H ([16]),

) Almost Class (Q) if (R*R)? < (R*)°R? (|R*Rw| < |R2w| YV w € H)
[26]),

(1

(2

(

(3) (n, m)-power class (Q) if (R*mR")2 = (R*m)ZRQ” (Z0),

(4) n-Almost Class (Q) operators if (R*R")2 < (R*)2R2" ([29]),
() (n,

5) (n,m)-Almost Class (Q) operators if (R*"”R”)2 < (R*m)2R2” ([29]),

(6) (v, B)-Class (Q) operators (0 < a <1< ) ([25]) if
QQR*2R2 S (R*R)2 S ﬂ2R*2R2,
or
o|R*w| < |R*Ruw| < B|R*w| YweH,
(7) (o, B)-normal operator (0 < a <1< g) ( [1I], [§], [21]) if
a’R*R < RR* < f’R*R
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(8) m-quasi-(a, 8)-normal operator (0 < a <1< fj) ([22]) if
o2 (R*)m+1Rm+1 < (R*)mRR* (R)m < 62(R*)m+1Rm+1.
There are many classes of operators that have been studied in [14} [19), 15], 24].

The authors in [2] has presented a new class of operators termed as m-quasi-(«, 3)-
Class (Q) operators parallel to (o, 8)-normal operators ([3, 8, 21]) and m-quasi-
(o, B)-normal operators ([20 22]).

The paper will be organized two section. In section 2 we study some additional
properties of the class of m-quasi-(«, 3)-Class (Q) operators for 0 < o <1< 3. In
Section 3, our attention focuses on studying some inequalities linked to concepts of
numerical radius and norm of m-quasi-(«a, §)-Class (Q) operators. We will extended
some of inequalities to operator norm and numerical radius for m-quasi-(a, §)- Class
(Q)- operators in Hilbert spaces by using some known results for vectors in inner
product spaces.

2. MAIN RESULTS

In this section, we present more properties for the class of m-quasi-(«, 3)-Class
(Q) operators, under study which is recently introduced in [2].

Deninition 2.1. ([2]) An operator R € B[H] is said to be an m-quasi-(cv, 3)-Class
(Q) operators for 0 < a <1 and 1 < B if R satisfies

Cu2(1;{*)171+21341n+2 S (R*)m(R*R)2Rm S ﬁ2(R*)m+2Rm+2,
or equivalently

R*m <(R*R)2 _ aQR*QRQ)Rm > 0

R*™ <ﬁ2R*2R2 _ (R*R)z) R™ >0
for some nonnegative integer m.

The following theorem gives a characterization of m-quasi-(«, 8)-Class (Q) op-
erators.

Theorem 2.2. Let R € B[H], then R is an m-quasi-(cv, 8)-Class (Q) operators if
and only if

A2(R*)™(R*R)°R™ + 202 (R*)"H

R™2 4 (R*)"(R*R)’R™ >0,

m—+2

/\2 (R*)m+2Rm+2 492\ (R*)m (R*R)QRm 4 64 (R*> Rm+2 > 0

for all A € R.
Proof. By using elementary properties of real quadratic forms, we infer
A (RY)™(R*R)’R™ + 20 (R*) " PR™2 + (R*)" (R*R)*R™ > 0
& MR'R™Mw|? + 20| R™2w|? + |[R*R™ M w|? >0 VwecHand VAIER
& o R P < |[R*R™w|| Vw e H.

m—+2
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Similarly,
22 (R*)m+2Rm+2 + 2/\(R*)m(R*R)2Rm + 54 (R*)m+2Rm+2 >0
& N|R™ 2|2 + 20| R*R™ M w||? + B R™w||? >0 YweHand YAER
& BIR™2w| > |R*R™ | YVweH.
Therefore R is an m-quasi-(a, 8)-Class (Q) operator. O

Theorem 2.3. Let R € B[H] be an m-quasi-(c, B)-Class (Q) operators such that
af =1. Then

o R* R™ || < |[R™2w|| < BIR*R™ M w||, VweH.
that is R* is (a, B)-normal operator on Ran(Rm+1).
Proof. We observe that R is an m-quasi-(«, 8)-Class (Q) operator if and only if
2 (R*)" TR < (RY)(R'R)*R™ < B2(R*)" T *R™ 2,
From which we may write

Oé4 (R*) 7"‘+2R77L+2 < 042 (R*)m (R*R) 2R'm < Oé2ﬁ2 (R*)m+2

Rm+2

Oz2ﬂ2 (R*)m+2Rm+2 < BQ (R*)m (R*R) 2]Rm < 54 (R*)m+2Rm+2

Combining these inequalities and taking into account the condition a8 = 1, we get

2(R*)"(R*R)’R™ < (R*)"*R™2 < 82(R*)" (R"R)’R™

and so,

0[2 <(R*)m(R*R)2me | U}> < <(R*)m+2Rm+2w | w> < 52 <(R*)W<R*R)2me | ’LU> )
This means that
o|R*R™ || < [R™2w|| < BIR*R™ w|, Vw e H.

Hence, the result is proved. (Il

Theorem 2.4. ([2]) Let R be an m-quasi-(a, §)-Class (Q) operators. If Ran(R™) =
H, then R is (a, B)-Class (Q) operators.

Corollary 2.5. Let R be an m-quasi-(a, 8)-Class (Q) operators. If R™ # 0 and
R has no nontrivial R™-invariant closed subspace, then R is («, 8)-Class (Q) op-
erators.

Proof. By taking into account that R™ has no nontrivial invariant closed subspace,
it has no nontrivial hyperinvariant subspace. But ker(R™) and Ran(R™) are
hyperinvariant subspaces, and R™ # {0}, hence ker(R") = {0} and Ran(R™) =
H. Therefore R is (a, 5)-Class (Q) operators. O

Corollary 2.6. Let R € B[H]. If u+ AR is an m-quasi-(«, 8)-Class (Q) operators
for all u, A € R, then R is (a, 8)-Class (Q) operators.
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Proof. If R is an m-quasi-(a, 8)-Class (Q) operators but not («, 8)-Class (Q) oper-
ators, then R™ is not invertible. It is possible to find scalars pg and A # 0 such that
N = p0+ AR is invertible m-quasi-(«a, §)-Class (Q) operators. So N is («, 5)-Class
(Q) operators. Since

1
N:M0++>\0R:>R: Y(N—ﬂo)
0
Consequently, R is also («, 8)-Class (Q) operators. O

The following theorem represents a matrix representation.

Theorem 2.7. ([2]) Let R € B[H] such that Ran(R™) # H. Then the following

are equivalent.
(1) R is an m-quasi-(a, 8)-class-(Q) operators.
(2) R= ( 1:81 32 ) on H = Ran(R™) @ ker(R*™), where
3
o®R;?R? < (RiR1)’ + RiR:R3R, < B°R;°R2,
and RY* = 0. Furthermore o(R) = o(Rq) U {0}.

Corollary 2.8. Let R € B[H] be an m-quasi-(a, 8)-Class (Q) operators. If the
restriction Ry = R‘m is invertible, then R is similar to a direct sum of an

(ar, B)-Class (Q) operators and a nilpotent operator with index of nilpotence less
than or equal m.

Proof. Let
rR—( ™ R 9~ Ran®") @ ker(R*™).
0 Rgs

Since R; is invertible in view of theorem R, is (a, f§)-Class (Q) operators
and Rg is nilpotent. Moreover by the fact that Rq is invertible, it follows that
0 ¢ o(R1). and hence, o(R1) N o(R3) = 0. By Rosenblum’s Corollary [23], there
exists T € B [H] for which R1T — TR3 = Rs. Thus, we have

ORI CE DIt
-G (VR0
(0 1) (mem) (0 1)

Question. Let Ry, Ry, R3 € B[H]. If Ry is (a, 8)-Class (Q) operators and R* =
0. Is the operator matrix R = ( Ry 32 ) € B[H ®H] m-quasi-(«, 3)-Class (Q)
3

operators?

O
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Theorem 2.9. Let N € B[’H] be an invertible operator and R € B[’H} be an
operator such that R commutes with N*N. Then R is an m-quasi-(a, 5)-Class (Q)
operators if and only if NRN~! is an m-quasi-(a, 3)-Class (Q) operators.

Proof. Assume that R be an m-quasi-(«, 8)-Class (Q) operators. Then

R*™ <(R*R)2 - a2R*2R2>Rm >0

R*™ (ﬂQR*2R2 R™ > 0

From this we have that

NR*™ ((R*R QR*QRQ) R"™N* > 0

NR*™ <ﬂ2R*2R2 - (R*R)2>RmN* > 0.
A computation shows that
NR*™ ((R*R)2 - a2R*2R2> R™N*(NN")
— NR™ ((R*R)2 - a2R*2R2) R™(N*N)N*
— N(N*N)R™ ((R*R)2 - azR*QRz) R™N*
= (NN*)NR*™ ((R*R)2 - a2R*2R2) R"N*.
This shows that the operator NN* commutes with operator
NR*™ ((R*R)2 _ O(ZR*2R2> R™N*.
Hence the operator (NN*)~! also commutes with operator
NR*™ ((R*R)2 - aQR*2R2> RN,

Using the fact that the operators (NN*)~! and NR*™ (R*R)Q—OPR*QR2 R™N*

are positive and since they commute with each other we get that their product is
also positive operator

NR*™ ((R*R)2 - a2R*2R2) R"N*(NN*)~! > 0.
This implies that
NR*™ <(R*R)2 - aZR*2R2>RmN1 > 0.
Similar technics show that

NR*™ (52R*2R2 ~ (R*R)Q) R"N"! > 0.
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From the fact that RN*N = N*NR it follows that
(NRN~)™ = (NRN"))"NRN"!)"...NRN1)" = (N*) 'R*""N*,
(NRN~')"™ = NR"N!,
(NRN"Y)"(NRN") = (N*) '"R*N*"NRN "' = NR*RN ..
(NRN_l)*Q(NRN‘1)2 = (N*) 'RN*NR’N"! = NR*?R*N ",
Now we show that NRN~! is an m-quasi-(a, 3)-Class (Q) operators. In fact

m

(NRN—1)™ <((NRN1)* (NRN1))? - o*(NRN1)* (NRN1)2> (NRN)
— (N*)"'R*""N* <N(R*R)2N‘1 - OPNR*2R2N—1)NRmN—1

— ( lR*mN N( QQR*2R2>N_1NRmN_1

( 1N* R*m< OézR*QR2>RmN1

— NR*m((R*R) —OéQR*ZR?)Rle
> 0.

By similar steps we prove that

(NRN-H)™ (32 (NRN)(NRN"1)? - ((NRN_l)*(NRN_l))2> (NRN-H)™

— NR*™ <(52R*2R2 _ R*R)Q) RmN—l
> 0.

Based on these calculations we conclude that NRN ™ is m-quasi-(«, 3)-Class (Q)
operators.

Conversely, assume that NRN ! is an m-quasi-(a, 8)-Class (Q) operators. Then
(NRN~1)™ (ﬁ2 (NRN1)™ (NRN‘1)2—((NRN‘1)*(NRN‘I))2> (NRN"H)™ >0
and
(NRN~1)™ <((NRN‘1)*(NRN‘1))2—a2 (NRN‘l)*Q(NRN‘1)2> (NRN-H)™ > 0.
Similar as before we get

NR*™ <(R*R)2 - aZR*2R2>RmN1 > 0.
and

NR*™ (BQR*QRQ - (R*R)Q) R™N"! > 0.
Hence,

N*NR*™ ((R*R)2 - azR*2R2) R™N"'N > 0.
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and
N*NR*"™ <B2R*2R2 - (R*R)2>RmN1N > 0.
or equivalently
N*NR*"™ <(R*R)2 - a2R*2R2>Rm > 0.
and
N*NR*™ (BQR*QRQ _ (R*R)Q) R™ > 0.

By using that N*N commutes with operator R and hence commute with oper-
ators

N*NR*™ ((R*R)2 - a2R*2R2> R™
and

N*NR*™ (62R*2R2 - (R*R)2> R™.
It follows that (N*N)f1 commute with

N*NR*™ ((R*R)2 - a2R*2R2> R™
and with

N*NR*"™ (ﬂZR*2R2 - (R )Rm.

*R)2
By observing that (N*N)~' and N*NR*" ( (R*R)” — a2R*2R2>Rm are pos-
itive and since they commutes with each other we have
(N*N) 7 'N*NR*™ ((R*R)2 - a2R*2R2) R™ > 0.
For similar reason

(N*N) " 'N*NR*™" (62R*2R2 - (R*R)2> R™ > 0.

Therefore,
R <(R*R)2 - a2R*2R2>Rm >0
and
R (52R*2R2 - (R*R)Q) R™ > 0.
Whit does it mean that R is an m-quasi-(«a, §)-Class (Q) operators. O

Corollary 2.10. Let N € B[H] be an m-quasi-(c, 8)-Class (Q)-operators and T
any invertible operator such that T=! = T*. Then R = T™'NT is an m-quasi-
(ar, B)-Class (Q) operators.
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Proof. Assume that N be an m-quasi-(«, 3)-Class (Q) operator. Then
<N*m ((N*N)2 - aQN*QNQ) N™w | w> >0 VweH
<N*m <,B2N*2N2 - (N*N)2>wa | w> >0 VweH
By expanding this and by simple calculations we have
R ((R*R)2 - aQR*2R2> R™

— (T7'NT)™" ((T-lNT)"(T—lNT))2 — o?(T7'NT)™ (T—lNT)2> (T'NT)"

TN ((N*N)2 - a2N*2N2) N™T

= T'N" <(N*N)2 - a2N*2N2>NmT
> 0.

Similarly,
R*™ <ﬂ2R*2R2 o (R*R)2> R™

- (T7'NT)™ (62 (T7'NT)?(T"'NT)” — (T"'NT)" (T"'NT))” - ) (T'NT)"

T—IN*m (BQN*QNQ _ (N*N>2) N™T

= T*N™ (52N*2N2 - (N*N)2>NmT
> 0.

Hence, R = T~I!NT is m-quasi-(«, 3)-Class (Q) operators as required. O

3. INEQUALITIES INVOLVING NUMERICAL RADIUS AND OPERATOR NORM

In this section, our attention focuses on studying some inequalities linked to con-
cepts of numerical radius and norm of m-quasi-(«, 3)-Class (Q)- operators. It
represents an extension of many relationships that were previously proven through
[4, B [6, [7, 8, [ 10 12 2T]. The authors in [22] have given various inequalities
between the operator norm and the numerical radius of m-quasi-(«, §)-normal op-
erators in Hilbert spaces. Motivated by this work, we will extended some of these
inequalities to operator norm and numerical radius for m-quasi-(«, 8)- Class (Q)-
operators in Hilbertian spaces by using some known results for vectors in inner
product spaces.

Recall that the numerical radius of an operator R € B[H] is defined by
w(R) =sup{|(Ry [ )|, v €M [jv]| =1}
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Theorem 3.1. Let R € B[H] be an m-quasi-(a, 8)-Class (Q)-operators. Then the
following inequality hold.

2q 2
2 + + +
(1 + (CK) > ||Rm+2||2 < —w (R*(m 1)Rm 3)+%|‘6Rm 2—R*Rm 1”2’ Z} q > 1.

(3.1)
and

2
) N <a> q ||Rm+2||2 S gw (R*(m+1)Rm+3)+%HﬂRm+2—R*Rm+l||2, qu < 1.
p B B
(3.2)

Proof. Referring to[12] the following inequalities can be used for ¢ € R and 1, 2 €
H with [[or] = [le2]l,

1 IP9+ @217 =2ll@1 197 @2l 7' Re (1 | p2) < @*lln[?2[lp1—pall?, for ¢ > 1,
and

lenl*? + llp2l** = 2llon |7 27" Re (01 | @2) < lle2l*2llo1 — @2l? for ¢ < 1.

Since R is an m-quasi-(«, 8)-Class (Q)-operators, it follows that
a R 29| < [R*R™ || < BR[|, Vo e H.
By making the right choice with ¢; = SR™ 2% and 3 = R*R™* 1) we obtain
IBR™ 2% + [RIR™ |0 < g*|BR™ 2977 BR™ 2y — R'R™ |2
+2[ R 22|17 R*R™ | Re (BR™ 2y | R*R™1y)

for any ¢ € H with ||y =1 and ¢ > 1.
Hence,

(@27 4+ 52%7) [R™ 2|27 = | R™ 2% 4 52| R™ 24|
IR R™ 1|20+ 20| R™ 2| >
¢* B[R FR™ 2 — RTR™
+2B2q—1HRm+2,¢}”2q—2| <R*mRm+3,¢ | w> |

INIA

Applying sup over ¢ € H, ||¢|| = 1 of both sides of the above inequality, we infer
(042‘1 + ﬁQQ) ||Rm+2||2q < q262q72HRm+2H2q72”6Rm+2 _ R*Rm+1H2
+252q—1”Rm+2”2q—2w ((R*(m+1)Rm+3) )

This proves the first inequality.

Analogously, with similar steps we prove the second inequality for ¢ < 1. (]

Theorem 3.2. Let R € B[’H] be an m-quasi-(«, 8)-Class (Q) operators. If u € C,
then

2ﬂ m *x M
S [R™2 — ROR 2,

a| R P22 <w (R R™?) + ———y
(1 + |u\a)
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Proof. We give our proof depending on the following inequality inspired from [10],

2H<P1||||<P2||||901 - <P2||2

2
(loall+ lle21)

for 1,2 € H\{0}. Since R is an m-quasi-(«, 5)-Class (Q) operators, it follows
that

lerllllozll < [{p1 | @2) | +

)

a|R™ P2y < R R™ || < IR 29|, Vo € H.
By making the right choice with ¢; = R™*2% and ¢y = uR*R™ 114 we infer

IR™ 2| [uRR™ | < [(R™ ) | uR*R™ 1) |
2[R 2| uR*R™ 1| [R™ 2 — yR*R™ 1|2
(|Rm+29|| + [|[uR*Rm+15|)

This gives

2/3 m * m
5 [IR™ 2 — pRER™ |12,

A R™H2g|2 < [(REHDRT G | ) |+ ———
R+ 2 < ( D+ T

Applying the sup of both sides of the last inequality,the requirement is proven.
llll=1
|

Theorem 3.3. Let R € B[’H] be an m-quasi-(«, B)-Class (Q) operator. If u €
C\ {0}, then

2 2
{az B (ﬁ +5) } IR™ 2|4 < w (R*(erl)RerS) .

Proof. We give our proof depending on the following inequality inspired from [7],

1

lealPlleall® < [er [ o2) 2 + WII%IFII% — 2

provided @1, s € H and u € C\ {0}. By choosing ¢; = R™+21), oy = R*R™ 1y,

we infer

[

IR™ 2| 2R R™ 9|2 < [(R™ 20 | RR™ ) 2+ —5 [R™ 29| *[R™ 29 — yR*R™ 2.

1
e |
This gives

1
ul?

Applying the sup of both sides of the last inequality,the requirement is proven.
=1

QR — R (14 a]8)” < [ (RIFVRT | ) 2,

O
Theorem 3.4. Let R € B[H] be an m-quasi-(a, B)-Class (Q) operators. Then
2w (R™*2)w (R'R™Y) < BIR™H2|2 4w (RO R
Proof. According to the following inequality mentioned in [4],we may write

2[ (e [ 1) (o1 [ p2) [ < llellllall + [ (o | 2) |
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where 11)7@17@2 € H and ||1z[}|| = 1a

Choosing 1 = R™2¢ and py = R*R™ 14 with ||| = 1, it follows

2 (R™+2uy [ 4) (4 | RUR™ ) | < R0 [RR7 0 4 | (R™2 | RR™H) |
Hence

2 (R™424 | ) (R*DRY | ) | < BIR™22 4+ | (RHDR™ 5y | )|

Applying the sup of both sides of the last inequality,the requirement is proven. [
lll1=1

Theorem 3.5. Let R € B[H] be an m-quasi-(cv, 3)-Class (Q) operators. If p > 2,
then

1
(L+a?) [R™ 2P < o <||Rm+2 + RBP4 R - R*Rm+1||P) :

Proof. We use the following inequality[9],

lenll” + llpall” < 5 (ler + @2l” + llor = @21?)

for any ¢1,%ps € H and p > 2.
Now, if we choose ¢; = R™ 1, o, = R*R™* 14, we may write
1
R0 4 [RRP < 3(R 4 RORUP 4 R R ).

According to the fact that R is an m-quasi-(a, §)- class (Q) operators, we may
write

(1 ar) [R™20 < R0 4 [RRl < 5 (IR0 RO
PR - ROR ).
Taking the sup over all ¢ € H with |[¢)|| = 1 in the above inequality, we get
(14 aP) |R™+2|P < ;(HR”‘“ FRR™HP 4[R2 - R*Rm+1||p)-
U

Theorem 3.6. Let R € By [’H] be an m-quasi-(a, §)-Class (Q) operators and p > 2.
Then the following identity holds.

<(R*)m+2R’"+2 + (R*)WHRR*RmH)g o 14p
w
— 4

Rm+2 R*Rm+1 p Rm+2_R*Rm+1 P .
: T (IR P+ ||

Proof. Using the following elementary inequality,

2179 (a 4+ b)? < a9 + b2
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for a,b >0 and ¢ > 1.

For any ¢ € H with [|¢[| = 1, take a = [R™"?9[|%,b = [R*R™¢||? and ¢ = & in
the above inequality we get

2 (R RRR) < (Rl (IRRTR)

Therefore,

[R™ 292 + R R™ 1|2
2
According to R is an m-quasi-(a, 3)- class (Q)-operators, it follows that
[R™ 2P + [R*R™ [P < (1+ B7)|[R™ 2P
By taking into account Theorem [3.5 we obtain
|R™ 292 + [RR™ L2\ 5 1457
2 ~ 41+ ar)
On the other hand,

| < (B)"TR2 ¢ (R)TVRRRMY w> i <|Rm+2¢||2 + [RR" g ) .

y
2 1
) IR IRR

(lRm+2 =+ R*Rm+1||p + HRm+2 _ R*Rm-i-l;n) ”d}H

2 2
Therefore
(R*)m+2Rm+2 4 (R*)m+1RR*Rm+1 2
; e
(1+87) vl
Rm+2 R*Rm+1 p Rm+2 o R*Rm+1 p .
< S (R P+ [
Applying the sup of both sides of the last inequality,the requirement is proven.
llll=1

O

Theorem 3.7. Let R € B[’H} be an m-quasi-(a, 5)-Class (Q) operators. If p € R
with 1 < p < 2 and A\, u € C such that |\ — Blu| > 0 or alu| — || > 0, then the
following inequality holds.

P P
(|()\|+04|M|> HRm+2||i"+ (max ({|/\\—|M\ﬁ, a|m_|/\|}) ) HRm+2||p
< ||/\Rm+2+,uR*Rm+1||p + “)\Rm+2_uR*Rm+l||p.
Proof. According to the following inequality mentioned in [9],we have

(el + lozl)” + [lleall = Nz
for any p1, 0o € HandpeR: 1 <p<2.

Put p; = AR™*2¢ and ¢y = pR*R™1 1y for ¢ € H, to get

1" < ler + @2ll” + ller = all?,

(IAR™ 29| + [ uR*R™ ) ” + [ AR™ 29[| — [uR*R™ 25|
< AR™ T2 + RIR™ Y|P 4 [ AR™ 2y — uRR™ )P
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As R is an m-quasi-(«, 8)-Class (Q) operators, it follows that

(Al + alu)? IR 2|7 < (JAR™ 29 + [ xR R™1y]))"
and
(Al = 11lB8) IR™ 29| < [AR™ 29[| — [ARR™ 1| < (]A] = alu]) [R™F24]].
Therefore
(A + BluD? IR™F24[|P + maz {IA] = |ul8, alp — [A]}) [R™20)P
(IR 29 + |uR R )" + [IAR™29|| — [|nR™ 4|
[uR™ oy + pRIR™ul") + [ AR™ My — yRFR™ul|Y.

INIA

Applying the sup of both sides of the last inequality,the requirement is proven. [
lll1=1

Theorem 3.8. LetR € B[H] be an m-quasi-(a, B) Class-(Q) operators and s > 0.

If
INRTR™ — R™2|| < s < inf {|N|R*R™F9l|, ¢ € H, [lv] =1},

then the following inequality holds.
2
5

2 m-+2|14 *(m—+1 m+3 2
a’|R | SW(R( 'R ) +|>\|2

R

Proof. We use the following inequality[5],

o112 llp2]1? < [Re (1 | 2)]” + 520212
for which |1 — @af| < s < 2.
Put ¢ = AR*R™ ¢ and ¢; = R™129 for ¢ € H to get,

[R™ 0[P [ARTR™ > < [Re (R™ 20 | ARTR™ )] 4 52 [R™ 202
Therefore
AZa? R 214 < N2 [Re (R IR0 | )] 4 2[R,
Applying the sup of both sides of the last inequality, the requirement is proven.
=1 .
Theorem 3.9. Let R € B[H]| be an m-quasi-(a, B)-Class (Q)- operator, s > 0.

If [ AR*R™ — R™2|| < s for X € C,\ # 0, then the following holds.

2
a|R™ 2|2 < w {(R*)m+1Rm+3} _’_ﬁ.

Proof. Using the following inequality mentioned in [6],
2
s
lerllll 2]l < [Re (o1 [ w2)] + 5

for which ||p1 — @2 < s.
By considering ¢ = AR*R™ 19 and ¢ = R™ 12 for ¢ € H to get
IR™2G[ARR™ 0 < [Re (R™2 | AR R™H14)] + 5.
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From this we obtain

A R™F29(2 < [A[|Re (R MHADR™ 3y | ) | + %

Applying the sup of both sides of the last inequality,the requirement is proven. [
llpll=1

Remark 1. Let R € B[’H],then we have
(1) if R is normal, then r(R) = |R]|..
(2) if R is hyponormal, then r(R) = ||R]|.

The following theorem presents a generalization of these results to (o, 8)- Class
(Q)-operator. Our inspiration cames from [13] Theorem 2.5].

Theorem 3.10. Let R € B[H] be an (a, B)- Class (Q) operators such that R*" is
(o, B)-Class (Q) operators for every n € N,too. Then,

1
7 IRl < r(R) < [IR]|.

Proof. Tt is well known that if R € B[H] then
IR"R| = |[RR"|| = |R||*
and moreover if R is selfadjoint then
IR = R
Since R is («, 5)-Class (Q) operators, it follows that
?(R*)’R? < (R'R)? < *(R*)’R?
and so
* 2 *\2192
— sup ((R'R)™ ¢ [v) < sup ((R*)R*|v).
p? |\w|\:1< ) nwn:1< )
Therefore ) ) ) )
4 w1 2 2
g IR = g | ()| < |y Re]

According to a mathematical induction principal, we can prove that for every pos-
itive integer number n,

]. gn+1 « omn n
g IRIP <) R?
We have
T ||z
r(R)?> =r(R*)r(R) = lim sup H(R*)2 “lim sup HR2 ’
n—>00 n—7r00
. «\ 2" on 2%
= (o )
n—oQ0
P
> lim (H(Rﬁ)2 R’ >
n—r-00
>

1
7 IR
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Therefore, we get
1
3 IR[| <r(R) < [R].

This completes the proof. [
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