
Journal of Mathematical Analysis

ISSN: 2217-3412, URL: www.ilirias.com/jma

Volume 15 Issue 2 (2024), Pages 48-63

https://doi.org/10.54379/jma-2024-2-4.

INEQUALITIES INVOLVING NUMERICAL RADIUS AND

OPERATOR NORM FOR A CLASS OF OPERATORS RELATED

TO (α, β)-CLASS (Q) OPERATORS

ESHRAGA MUBARK AHMED ALI SALIH AND SID AHMED OULD AHMED MAHMOUD

Abstract. In this paper, we study some properties of the class of operators

related to the class (α, β)-Class (Q) operators. Some inequalities linked to
concepts of numerical radius and norm of m-quasi-(α, β)-Class (Q) operators..

1. Introduction

Let H be a complex separable Hilbert space. If R ∈ B
[
H
]

, we denote by R∗

its adjoint, Ran(R) its range and ker(R) for its kernel. Any operator R ∈ B
[
H
]

is said to be

(1) Class (Q) operator if R∗2R2 =
(
R∗R

)2
or ‖R2w‖ = ‖R∗Rw‖ ∀ w ∈ H ([16]),

(2) Almost Class (Q) if
(
R∗R

)2 ≤ (R∗)2R2
(
‖R∗Rw‖ ≤ ‖R2w‖ ∀ w ∈ H

)
([26]),

(3) (n,m)-power class (Q) if
(
R∗mRn

)2
=
(
R∗m

)2
R2n ([27]),

(4) n-Almost Class (Q) operators if
(
R∗Rn

)2 ≤ (R∗)2R2n ([26]),

(5) (n,m)-Almost Class (Q) operators if
(
R∗mRn

)2 ≤ (R∗m)2R2n ([26]),

(6) (α, β)-Class (Q) operators (0 ≤ α ≤ 1 ≤ β) ([25]) if

α2R∗2R2 ≤
(
R∗R

)2 ≤ β2R∗2R2,

or

α‖R2w‖ ≤ ‖R∗Rw‖ ≤ β‖R2w‖ ∀ w ∈ H,

(7) (α, β)-normal operator (0 ≤ α ≤ 1 ≤ β) ( [11], [8], [21]) if

α2R∗R ≤ RR∗ ≤ β2R∗R,
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(8) m-quasi-(α, β)-normal operator (0 ≤ α ≤ 1 ≤ β) ([22]) if

α2
(
R∗
)m+1

Rm+1 ≤
(
R∗
)m

RR∗
(
R
)m ≤ β2

(
R∗
)m+1

Rm+1.

There are many classes of operators that have been studied in [14, 19, 15, 24].

The authors in [2] has presented a new class of operators termed as m-quasi-(α, β)-
Class (Q) operators parallel to (α, β)-normal operators ([3, 8, 21]) and m-quasi-
(α, β)-normal operators ([20, 22]).

The paper will be organized two section. In section 2 we study some additional
properties of the class of m-quasi-(α, β)-Class (Q) operators for 0 ≤ α ≤ 1 ≤ β. In
Section 3, our attention focuses on studying some inequalities linked to concepts of
numerical radius and norm of m-quasi-(α, β)-Class (Q) operators. We will extended
some of inequalities to operator norm and numerical radius for m-quasi-(α, β)- Class
(Q)- operators in Hilbert spaces by using some known results for vectors in inner
product spaces.

2. Main Results

In this section, we present more properties for the class of m-quasi-(α, β)-Class
(Q) operators, under study which is recently introduced in [2].

Deninition 2.1. ([2]) An operator R ∈ B
[
H
]

is said to be an m-quasi-(α, β)-Class
(Q) operators for 0 ≤ α ≤ 1 and 1 ≤ β if R satisfies

α2(R∗)m+2Rm+2 ≤ (R∗)m(R∗R)2Rm ≤ β2(R∗)m+2Rm+2,

or equivalently 
R∗m

((
R∗R

)2 − α2R∗2R2

)
Rm ≥ 0

R∗m
(
β2R∗2R2 −

(
R∗R

)2)
Rm ≥ 0

for some nonnegative integer m.

The following theorem gives a characterization of m-quasi-(α, β)-Class (Q) op-
erators.

Theorem 2.2. Let R ∈ B
[
H
]
, then R is an m-quasi-(α, β)-Class (Q) operators if

and only if
λ2
(
R∗
)m(

R∗R
)2
Rm + 2λα2

(
R∗
)m+2

Rm+2 +
(
R∗
)m(

R∗R
)2
Rm ≥ 0,

λ2
(
R∗
)m+2

Rm+2 + 2λ
(
R∗
)m(

R∗R
)2
Rm + β4

(
R∗
)m+2

Rm+2 ≥ 0

for all λ ∈ R.

Proof. By using elementary properties of real quadratic forms, we infer

λ2
(
R∗
)m(

R∗R
)2
Rm + 2λα2

(
R∗
)m+2

Rm+2 +
(
R∗
)m(

R∗R
)2
Rm ≥ 0

⇔ λ2‖R∗Rm+1w‖2 + 2λα2‖Rm+2w‖2 + ‖R∗Rm+1w‖2 ≥ 0 ∀ w ∈ H and ∀ λ ∈ R
⇔ α‖Rm+2w‖ ≤ ‖R∗Rm+1w‖ ∀ w ∈ H.
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Similarly,

λ2
(
R∗
)m+2

Rm+2 + 2λ
(
R∗
)m(

R∗R
)2
Rm + β4

(
R∗)m+2Rm+2 ≥ 0

⇔ λ2‖Rm+2w‖2 + 2λ‖R∗Rm+1w‖2 + β4‖Rm+2w‖2 ≥ 0 ∀ w ∈ H and ∀ λ ∈ R
⇔ β‖Rm+2w‖ ≥ ‖R∗Rm+1w‖ ∀ w ∈ H.

Therefore R is an m-quasi-(α, β)-Class (Q) operator. �

Theorem 2.3. Let R ∈ B
[
H
]

be an m-quasi-(α, β)-Class (Q) operators such that
αβ = 1. Then

α‖R∗Rm+1w‖ ≤ ‖Rm+2w‖ ≤ β‖R∗Rm+1w‖, ∀ w ∈ H.

that is R∗ is (α, β)-normal operator on Ran(Rm+1).

Proof. We observe that R is an m-quasi-(α, β)-Class (Q) operator if and only if

α2
(
R∗
)m+2

Rm+2 ≤
(
R∗
)m(

R∗R
)2
Rm ≤ β2

(
R∗
)m+2

Rm+2.

From which we may write
α4
(
R∗
)m+2

Rm+2 ≤ α2
(
R∗
)m(

R∗R
)2
Rm ≤ α2β2

(
R∗
)m+2

Rm+2

α2β2
(
R∗
)m+2

Rm+2 ≤ β2
(
R∗
)m(

R∗R
)2
Rm ≤ β4

(
R∗
)m+2

Rm+2

Combining these inequalities and taking into account the condition αβ = 1, we get

α2
(
R∗
)m(

R∗R
)2
Rm ≤

(
R∗
)m+2

Rm+2 ≤ β2
(
R∗
)m(

R∗R
)2
Rm

and so,

α2
〈(

R∗
)m(

R∗R
)2
Rmw | w

〉
≤
〈(

R∗
)m+2

Rm+2w | w
〉
≤ β2

〈(
R∗
)m(

R∗R
)2
Rmw | w

〉
.

This means that

α‖R∗Rm+1w‖ ≤ ‖Rm+2w‖ ≤ β‖R∗Rm+1w‖, ∀ w ∈ H.

Hence, the result is proved. �

Theorem 2.4. ([2]) Let R be an m-quasi-(α, β)-Class (Q) operators. If Ran(Rm) =
H, then R is (α, β)-Class (Q) operators.

Corollary 2.5. Let R be an m-quasi-(α, β)-Class (Q) operators. If Rm 6= 0 and
R has no nontrivial Rm-invariant closed subspace, then R is (α, β)-Class (Q) op-
erators.

Proof. By taking into account that Rm has no nontrivial invariant closed subspace,
it has no nontrivial hyperinvariant subspace. But ker(Rm) and Ran(Rm) are

hyperinvariant subspaces, and Rm 6= {0}, hence ker(Rm) = {0} and Ran(Rm) =
H. Therefore R is (α, β)-Class (Q) operators. �

Corollary 2.6. Let R ∈ B[H]. If µ+λR is an m-quasi-(α, β)-Class (Q) operators
for all µ, λ ∈ R, then R is (α, β)-Class (Q) operators.
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Proof. If R is an m-quasi-(α, β)-Class (Q) operators but not (α, β)-Class (Q) oper-
ators, then Rm is not invertible. It is possible to find scalars µ0 and λ 6= 0 such that
N = µ0+λ0R is invertible m-quasi-(α, β)-Class (Q) operators. So N is (α, β)-Class
(Q) operators. Since

N = µ0 + +λ0R⇒ R =
1

λ0

(
N− µ0

)
.

Consequently, R is also (α, β)-Class (Q) operators. �

The following theorem represents a matrix representation.

Theorem 2.7. ([2]) Let R ∈ B
[
H
]

such that Ran(Rm) 6= H. Then the following
are equivalent.

(1) R is an m-quasi-(α, β)-class-(Q) operators.

(2) R =

(
R1 R2

0 R3

)
on H = Ran(Rm)⊕ ker(R∗m), where

α2R∗21 R2
1 ≤

(
R∗1R1

)2
+ R∗1R2R

∗
2R1 ≤ β2R∗21 R2

1,

and Rm
3 = 0. Furthermore σ(R) = σ(R1) ∪ {0}.

Corollary 2.8. Let R ∈ B
[
H
]

be an m-quasi-(α, β)-Class (Q) operators. If the

restriction R1 = R
∣∣
Ran(Rm)

is invertible, then R is similar to a direct sum of an

(α, β)-Class (Q) operators and a nilpotent operator with index of nilpotence less
than or equal m.

Proof. Let

R =

(
R1 R2

0 R3

)
on H = Ran(Rm)⊕ ker(R∗m).

Since R1 is invertible in view of theorem 2.2, R1 is (α, β)-Class (Q) operators
and R3 is nilpotent. Moreover by the fact that R1 is invertible, it follows that
0 /∈ σ(R1). and hence, σ(R1) ∩ σ(R3) = ∅. By Rosenblum’s Corollary [23], there
exists T ∈ B

[
H
]

for which R1T−TR3 = R2. Thus, we have

R =

(
I −T
0 I

)(
R1 0
0 R3

)(
I T
0 I

)

=

(
I T
0 I

)−1(
R1 0
0 R3

)(
I T
0 I

)
=

(
I T
0 I

)−1(
R1 ⊕R3

)(
I T
0 I

)
.

�

Question. Let R1,R2,R3 ∈ B
[
H
]
. If R1 is (α, β)-Class (Q) operators and Rm

3 =

0. Is the operator matrix R =

(
R1 R2

0 R3

)
∈ B

[
H⊕H] m-quasi-(α, β)-Class (Q)

operators?
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Theorem 2.9. Let N ∈ B
[
H
]

be an invertible operator and R ∈ B
[
H
]

be an
operator such that R commutes with N∗N. Then R is an m-quasi-(α, β)-Class (Q)
operators if and only if NRN−1 is an m-quasi-(α, β)-Class (Q) operators.

Proof. Assume that R be an m-quasi-(α, β)-Class (Q) operators. Then
R∗m

((
R∗R

)2 − α2R∗2R2

)
Rm ≥ 0

R∗m
(
β2R∗2R2 −

(
R∗R

)2)
Rm ≥ 0.

From this we have that
NR∗m

((
R∗R

)2 − α2R∗2R2

)
RmN∗ ≥ 0

NR∗m
(
β2R∗2R2 −

(
R∗R

)2)
RmN∗ ≥ 0.

A computation shows that

NR∗m
((

R∗R
)2 − α2R∗2R2

)
RmN∗(NN∗)

= NR∗m
((

R∗R
)2 − α2R∗2R2

)
Rm

(
N∗N

)
N∗

= N(N∗N)R∗m
((

R∗R
)2 − α2R∗2R2

)
RmN∗

= (NN∗)NR∗m
((

R∗R
)2 − α2R∗2R2

)
RmN∗.

This shows that the operator NN∗ commutes with operator

NR∗m
((

R∗R
)2 − α2R∗2R2

)
RmN∗.

Hence the operator (NN∗)−1 also commutes with operator

NR∗m
((

R∗R
)2 − α2R∗2R2

)
RmN∗.

Using the fact that the operators (NN∗)−1 and NR∗m
((

R∗R
)2−α2R∗2R2

)
RmN∗

are positive and since they commute with each other we get that their product is
also positive operator

NR∗m
((

R∗R
)2 − α2R∗2R2

)
RmN∗(NN∗)−1 ≥ 0.

This implies that

NR∗m
((

R∗R
)2 − α2R∗2R2

)
RmN−1 ≥ 0.

Similar technics show that

NR∗m
(
β2R∗2R2 −

(
R∗R

)2)
RmN−1 ≥ 0.
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From the fact that RN∗N = N∗NR it follows that(
NRN−1

)∗m
=
(
NRN−1

)∗
NRN−1

)∗ · · ·NRN−1
)∗

=
(
N∗
)−1

R∗mN∗,(
NRN−1

)m
= NRmN−1,(

NRN−1
)∗(

NRN−1
)

=
(
N∗
)−1

R∗N∗NRN−1 = NR∗RN−1.(
NRN−1

)∗2(
NRN−1

)2
=
(
N∗
)−1

R∗2N∗NR2N−1 = NR∗2R2N−1.

Now we show that NRN−1 is an m-quasi-(α, β)-Class (Q) operators. In fact(
NRN−1

)∗m(((
NRN−1

)∗(
NRN−1

))2 − α2
(
NRN−1

)∗2(
NRN−1

)2)(
NRN−1

)m
= (N∗)−1R∗mN∗

(
N
(
R∗R

)2
N−1 − α2NR∗2R2N−1

)
NRmN−1

= (N∗)−1R∗mN∗N

((
R∗R

)2 − α2R∗2R2

)
N−1NRmN−1

= (N∗)−1N∗NR∗m
((

R∗R
)2 − α2R∗2R2

)
RmN−1

= NR∗m
((

R∗R
)2 − α2R∗2R2

)
RmN−1

≥ 0.

By similar steps we prove that(
NRN−1

)∗m(
β2
(
NRN−1

)∗2(
NRN−1

)2 − ((NRN−1
)∗(

NRN−1
))2)(

NRN−1
)m

= NR∗m
((
β2R∗2R2 −R∗R

)2)
RmN−1

≥ 0.

Based on these calculations we conclude that NRN−1 is m-quasi-(α, β)-Class (Q)
operators.

Conversely, assume that NRN−1 is an m-quasi-(α, β)-Class (Q) operators. Then(
NRN−1

)∗m(
β2
(
NRN−1

)∗2(
NRN−1

)2−((NRN−1
)∗(

NRN−1
))2)(

NRN−1
)m ≥ 0

and(
NRN−1

)∗m(((
NRN−1

)∗(
NRN−1

))2−α2
(
NRN−1

)∗2(
NRN−1

)2)(
NRN−1

)m ≥ 0.

Similar as before we get

NR∗m
((

R∗R
)2 − α2R∗2R2

)
RmN−1 ≥ 0.

and

NR∗m
(
β2R∗2R2 −

(
R∗R

)2)
RmN−1 ≥ 0.

Hence,

N∗NR∗m
((

R∗R
)2 − α2R∗2R2

)
RmN−1N ≥ 0.
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and

N∗NR∗m
(
β2R∗2R2 −

(
R∗R

)2)
RmN−1N ≥ 0.

or equivalently

N∗NR∗m
((

R∗R
)2 − α2R∗2R2

)
Rm ≥ 0.

and

N∗NR∗m
(
β2R∗2R2 −

(
R∗R

)2)
Rm ≥ 0.

By using that N∗N commutes with operator R and hence commute with oper-
ators

N∗NR∗m
((

R∗R
)2 − α2R∗2R2

)
Rm

and

N∗NR∗m
(
β2R∗2R2 −

(
R∗R

)2)
Rm.

It follows that
(
N∗N

)−1
commute with

N∗NR∗m
((

R∗R
)2 − α2R∗2R2

)
Rm

and with

N∗NR∗m
(
β2R∗2R2 −

(
R∗R

)2)
Rm.

By observing that
(
N∗N

)−1
and N∗NR∗m

((
R∗R

)2 − α2R∗2R2

)
Rm are pos-

itive and since they commutes with each other we have(
N∗N

)−1
N∗NR∗m

((
R∗R

)2 − α2R∗2R2

)
Rm ≥ 0.

For similar reason(
N∗N

)−1
N∗NR∗m

(
β2R∗2R2 −

(
R∗R

)2)
Rm ≥ 0.

Therefore,

R∗m
((

R∗R
)2 − α2R∗2R2

)
Rm ≥ 0

and

R∗m
(
β2R∗2R2 −

(
R∗R

)2)
Rm ≥ 0.

Whit does it mean that R is an m-quasi-(α, β)-Class (Q) operators. �

Corollary 2.10. Let N ∈ B
[
H
]

be an m-quasi-(α, β)-Class (Q)-operators and T

any invertible operator such that T−1 = T∗. Then R = T−1NT is an m-quasi-
(α, β)-Class (Q) operators.
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Proof. Assume that N be an m-quasi-(α, β)-Class (Q) operator. Then

〈
N∗m

((
N∗N

)2 − α2N∗2N2

)
Nmw | w

〉
≥ 0 ∀ w ∈ H

〈
N∗m

(
β2N∗2N2 −

(
N∗N

)2)
Nmw | w

〉
≥ 0 ∀ w ∈ H

By expanding this and by simple calculations we have

R∗m
((

R∗R
)2 − α2R∗2R2

)
Rm

=
(
T−1NT

)∗m((
T−1NT

)∗(
T−1NT

))2 − α2
(
T−1NT

)∗2(
T−1NT

)2)(
T−1NT

)m
= T−1N∗m

((
N∗N

)2 − α2N∗2N2

)
NmT

= T∗Nm

((
N∗N

)2 − α2N∗2N2

)
NmT

≥ 0.

Similarly,

R∗m
(
β2R∗2R2 −

(
R∗R

)2)
Rm

=
(
T−1NT

)∗m(
β2
(
T−1NT

)∗2(
T−1NT

)2 − (T−1NT
)∗(

T−1NT
))2 − )(T−1NT

)m
= T−1N∗m

(
β2N∗2N2 −

(
N∗N

)2)
NmT

= T∗Nm

(
β2N∗2N2 −

(
N∗N

)2)
NmT

≥ 0.

Hence, R = T−1NT is m-quasi-(α, β)-Class (Q) operators as required. �

3. Inequalities Involving Numerical Radius and Operator Norm

In this section, our attention focuses on studying some inequalities linked to con-
cepts of numerical radius and norm of m-quasi-(α, β)-Class (Q)- operators. It
represents an extension of many relationships that were previously proven through
[4, 5, 6, 7, 8, 9, 10, 12, 21]. The authors in [22] have given various inequalities
between the operator norm and the numerical radius of m-quasi-(α, β)-normal op-
erators in Hilbert spaces. Motivated by this work, we will extended some of these
inequalities to operator norm and numerical radius for m-quasi-(α, β)- Class (Q)-
operators in Hilbertian spaces by using some known results for vectors in inner
product spaces.

Recall that the numerical radius of an operator R ∈ B
[
H
]

is defined by

ω(R) = sup{|〈Rψ | ψ〉| , ψ ∈ H : ‖ψ‖ = 1}.
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Theorem 3.1. Let R ∈ B
[
H
]

be an m-quasi-(α, β)-Class (Q)-operators. Then the
following inequality hold.(

1 +

(
α

β

)2q
)
‖Rm+2‖2 ≤ 2

β
ω
(
R∗(m+1)Rm+3

)
+
q2

β2
‖βRm+2−R∗Rm+1‖2, if q ≥ 1.

(3.1)
and(

1 +

(
α

β

)2q
)
‖Rm+2‖2 ≤ 2

β
ω
(
R∗(m+1)Rm+3

)
+

1

β2
‖βRm+2−R∗Rm+1‖2, if q < 1.

(3.2)

Proof. Referring to[12] the following inequalities can be used for q ∈ R and ϕ1, ϕ2 ∈
H with ‖ϕ1‖ ≥ ‖ϕ2‖,

‖ϕ1‖2q+‖ϕ2‖2q−2‖ϕ1‖q−1‖ϕ2‖q−1Re 〈ϕ1 | ϕ2〉 ≤ q2‖ϕ1‖2q−2‖ϕ1−ϕ2‖2, for q ≥ 1,

and

‖ϕ1‖2q + ‖ϕ2‖2q − 2‖ϕ1‖q−1‖ϕ2‖q−1Re 〈ϕ1 | ϕ2〉 ≤ ‖ϕ2‖2q−2‖ϕ1 −ϕ2‖2, for q < 1.

Since R is an m-quasi-(α, β)-Class (Q)-operators, it follows that

α‖Rm+2ψ‖ ≤ ‖R∗Rm+1ψ‖ ≤ β‖Rm+2ψ‖, ∀ ψ ∈ H.

By making the right choice with ϕ1 = βRm+2ψ and ϕ2 = R∗Rm+1ψ we obtain

‖βRm+2ψ‖2q + ‖R∗Rm+1ψ‖2q ≤ q2‖βRm+2ψ‖2q−2‖βRm+2ψ −R∗Rm+1ψ‖2

+2‖βRm+2x‖q−1‖R∗Rm+1ψ‖q−1Re
〈
βRm+2ψ | R∗Rm+1ψ

〉
for any ψ ∈ H with ‖ψ‖ = 1 and q ≥ 1.

Hence,(
α2q + β2q

)
‖Rm+2ψ‖2q = α2q‖Rm+2ψ‖2q + β2q‖Rm+2ψ‖2q

≤ ‖R∗Rm+1x‖2q + β2q‖Rm+2x‖2q

≤ q2β2q−2‖Rm+2ψ‖2q−2‖βRm+2ψ −R∗Rm+ψ‖2

+2β2q−1‖Rm+2ψ‖2q−2|
〈
R∗mRm+3ψ | ψ

〉
|.

Applying sup over ψ ∈ H, ‖ψ‖ = 1 of both sides of the above inequality, we infer(
α2q + β2q

)
‖Rm+2‖2q ≤ q2β2q−2‖Rm+2‖2q−2‖βRm+2 −R∗Rm+1‖2

+2β2q−1‖Rm+2‖2q−2ω
((

R∗(m+1)Rm+3
)
.

This proves the first inequality.

Analogously, with similar steps we prove the second inequality for q < 1. �

Theorem 3.2. Let R ∈ B
[
H
]

be an m-quasi-(α, β)-Class (Q) operators. If µ ∈ C,
then

α‖Rm+2‖2 ≤ ω
((
R∗mRm+3

)
+

2β(
1 + |µ|α

)2 ‖Rm+2 − µR∗Rm+1‖2.
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Proof. We give our proof depending on the following inequality inspired from [10],

‖ϕ1‖‖ϕ2‖ ≤ | 〈ϕ1 | ϕ2〉 |+
2‖ϕ1‖‖ϕ2‖‖ϕ1 − ϕ2‖2

(‖ϕ1‖+ ‖ϕ2‖)2
,

for ϕ1, ϕ2 ∈ H\{0} . Since R is an m-quasi-(α, β)-Class (Q) operators, it follows
that

α‖Rm+2ψ‖ ≤ ‖R∗Rm+1ψ‖ ≤ β‖Rm+2ψ‖, ∀ ψ ∈ H.
By making the right choice with ϕ1 = Rm+2ψ and ϕ2 = µR∗Rm+1ψ we infer

‖Rm+2ψ‖‖µR∗Rm+1ψ‖ ≤ |
〈
Rm+2ψ | µR∗Rm+1ψ

〉
|

+
2‖Rm+2ψ‖‖µR∗Rm+1ψ‖‖Rm+2ψ − µR∗Rm+1ψ‖2

(‖Rm+2ψ‖+ ‖µR∗Rm+1ψ‖)2
.

This gives

α‖Rm+2ψ‖2 ≤ |
〈
R∗(m+1)Rm+3ψ | ψ

〉
|+ 2β

(1 + |λ|α)
2 ‖R

m+2ψ − µR∗Rm+1ψ‖2.

Applying the sup
‖ψ‖=1

of both sides of the last inequality,the requirement is proven.

�

Theorem 3.3. Let R ∈ B
[
H
]

be an m-quasi-(α, β)-Class (Q) operator. If µ ∈
C\ {0}, then [

α2 −
(

1
|µ| + β

)2]
‖Rm+2‖4 ≤ ω

(
R∗(m+1)Rm+3

)2
.

Proof. We give our proof depending on the following inequality inspired from [7],

‖ϕ1‖2‖ϕ2‖2 ≤ | 〈ϕ1 | ϕ2〉 |2 +
1

|µ|2
‖ϕ1‖2‖ϕ1 − µϕ2‖2,

provided ϕ1, ϕ2 ∈ H and µ ∈ C\ {0} . By choosing ϕ1 = Rm+2ψ,ϕ2 = R∗Rm+1ψ,
we infer

‖Rm+2ψ‖2‖R∗Rm+1ψ‖2 ≤ |
〈
Rm+2ψ | R∗Rm+1ψ

〉
|2 +

1

|µ|2
‖Rm+2ψ‖2‖Rm+2ψ − µR∗Rm+1ψ‖2.

This gives

α2‖Rm+2ψ‖4 − 1

|µ|2
‖Rm+2ψ‖4 (1 + |µ|β)

2 ≤ |
〈
R∗(m+1)Rm+3ψ | ψ

〉
|2.

Applying the sup
‖ψ‖=1

of both sides of the last inequality,the requirement is proven.

�

Theorem 3.4. Let R ∈ B
[
H
]

be an m-quasi-(α, β)-Class (Q) operators. Then

2ω
(
Rm+2

)
ω
(
R∗Rm+1

)
≤ β‖Rm+2‖2 + ω

(
R∗(m+1)Rm+3

)
.

Proof. According to the following inequality mentioned in [4],we may write

2| 〈ϕ | ϕ1〉 〈〈ϕ1 | ϕ2〉 | ≤ ‖ϕ‖‖ϕ2‖+ | 〈ϕ | ϕ2〉 |
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where ψ,ϕ1, ϕ2 ∈ H and ‖ψ‖ = 1,

Choosing ϕ1 = Rm+2ψ and ϕ2 = R∗Rm+1ψ with ‖ψ‖ = 1, it follows

2|
〈
Rm+2ψ1 | ψ

〉 〈
ψ | R∗Rm+1ψ

〉
| ≤ ‖Rm+2ψ‖‖R∗Rm+1ψ‖+ |

〈
Rm+2ψ | R∗Rm+1ψ

〉
|.

Hence

2
∣∣ 〈Rm+2ψ | ψ

〉 〈
R∗(m+1)Rψ | ψ

〉 ∣∣ ≤ β‖Rm+2‖2 + |
〈
R∗(m+1)Rm+3ψ | ψ

〉 ∣∣.
Applying the sup

‖ψ‖=1

of both sides of the last inequality,the requirement is proven. �

Theorem 3.5. Let R ∈ B
[
H
]

be an m-quasi-(α, β)-Class (Q) operators. If p ≥ 2,
then

(1 + αp) ‖Rm+2‖p ≤ 1

2

(
‖Rm+2 + R∗Rm+1‖p + ‖Rm+2 −R∗Rm+1‖p

)
.

Proof. We use the following inequality[9],

‖ϕ1‖p + ‖ϕ2‖p ≤ 1
2 (‖ϕ1 + ϕ2‖p + ‖ϕ1 − ϕ2‖p)

for any ϕ1, ψϕ2 ∈ H and p ≥ 2.

Now, if we choose ϕ1 = Rm+1ψ,ϕ2 = R∗Rm+1ψ, we may write

‖Rm+2ψ‖p + ‖R∗Rm+1ψ‖p ≤ 1

2

(
Rm+2ψ + R∗Rm+1ψ‖p + ‖Rm+2ψ −R∗Rm+1ψ‖p

)
.

According to the fact that R is an m-quasi-(α, β)- class (Q) operators, we may
write

(1 + αp) ‖Rm+2ψ‖p ≤ ‖Rm+2ψ‖p + ‖R∗Rm+1ψ‖p ≤ 1

2

(
‖Rm+2ψ + R∗Rm+1ψ

|p + ‖Rm+2ψ −R∗Rm+1ψ‖p
)
.

Taking the sup over all ψ ∈ H with ‖ψ‖ = 1 in the above inequality, we get

(1 + αp) ‖Rm+2‖p ≤ 1

2

(
‖Rm+2 + R∗Rm+1‖p + ‖Rm+2 −R∗Rm+1‖p

)
.

�

Theorem 3.6. Let R ∈ Bb
[
H
]

be an m-quasi-(α, β)-Class (Q) operators and p ≥ 2.
Then the following identity holds.

ω

((
R∗
)m+2

Rm+2 +
(
R∗
)m+1

RR∗Rm+1

2

) p
2

≤ 1 + βp

4(1 + αp)

(
‖Rm+2 + R∗Rm+1‖p + ‖Rm+2 −R∗Rm+1‖p

)
.

Proof. Using the following elementary inequality,

21−q (a+ b)
q ≤ aq + bq
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for a, b ≥ 0 and q ≥ 1.

For any ψ ∈ H with ‖ψ‖ = 1, take a = ‖Rm+2ψ‖2, b = ‖R∗Rm+1ψ‖2 and q = p
2 in

the above inequality we get

21−
p
2

(
‖Rm+2ψ‖2 + ‖R∗Rm+1ψ‖2

) p
2

≤
(
Rm+2ψ‖2

) p
2

+

(
‖R∗Rm+1ψ‖2

) p
2

.

Therefore,

(
‖Rm+2ψ‖2 + ‖R∗Rm+1ψ‖2

2

) p
2

≤ 1

2
‖Rm+2ψ‖p + ‖R∗Rm+1ψ‖p.

According to R is an m-quasi-(α, β)- class (Q)-operators, it follows that

‖Rm+2ψ‖p + ‖R∗Rm+1ψ‖p ≤ (1 + βp)‖Rm+2ψ‖p.
By taking into account Theorem 3.5, we obtain(
‖Rm+2ψ‖2 + ‖R∗Rm+1ψ‖2

2

) p
2

≤ 1 + βp

4(1 + αp)

(
‖Rm+2 + R∗Rm+1‖p + ‖Rm+2 −R∗Rm+1‖p

)
‖ψ‖.

On the other hand,∣∣〈((R∗)m+2
Rm+2 +

(
R∗
)m+1

RR∗Rm+1
)

2
ψ | ψ

〉∣∣ p2 =

(
‖Rm+2ψ‖2 + ‖R∗Rm+1ψ‖2

2

) p
2

.

Therefore ∣∣∣∣∣
〈((

R∗
)m+2

Rm+2 +
(
R∗
)m+1

RR∗Rm+1

2

)
ψ | ψ

〉∣∣∣∣∣
p
2

≤
(
1 + βp

)
‖ψ‖

4(1 + αp)

(
‖Rm+2 + R∗Rm+1‖p + ‖Rm+2 −R∗Rm+1‖p

)
.

Applying the sup
‖ψ‖=1

of both sides of the last inequality,the requirement is proven.

�

Theorem 3.7. Let R ∈ B
[
H
]

be an m-quasi-(α, β)-Class (Q) operators. If p ∈ R
with 1 < p < 2 and λ, µ ∈ C such that |λ| − β|µ| ≥ 0 or α|µ| − |λ| ≥ 0, then the
following inequality holds.(

|
(
λ|+α|µ|

)p
‖Rm+2‖p+

(
max

({
|λ|−|µ|β, α|µ|−|λ|

}))p
‖Rm+2‖p

≤ ‖λRm+2+µR∗Rm+1‖p + ‖λRm+2−µR∗Rm+1‖p.

Proof. According to the following inequality mentioned in [9],we have(
‖ϕ1‖+ ‖ϕ2‖

)p
+
∣∣‖ϕ1‖ − ‖ϕ2‖

∣∣p ≤ ‖ϕ1 + ϕ2‖p + ‖ϕ1 − ϕ2‖p,
for any ϕ1, ϕ2 ∈ H and p ∈ R : 1 < p < 2.

Put ϕ1 = λRm+2ψ and ϕ2 = µR∗Rm+1ψ for ψ ∈ H, to get

(
‖λRm+2ψ‖+ ‖µR∗Rm+1ψ‖

)p
+
∣∣‖λRm+2ψ‖ − ‖µR∗Rm+2ψ‖

∣∣p
≤ ‖λRm+2ψ + R∗Rm+1ψ‖p + ‖λRm+2ψ − µR∗Rm+1ψ‖p.
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As R is an m-quasi-(α, β)-Class (Q) operators, it follows that

(|λ|+ α|µ|)p ‖Rm+2ψ‖p ≤
(
‖λRm+2ψ‖+ ‖µR∗Rm+1ψ‖

)p
and

(|λ| − |µ|β) ‖Rm+2ψ‖ ≤ ‖λRm+2ψ‖ − ‖µR∗Rm+1ψ‖p ≤ (|λ| − α|µ|) ‖Rm+2ψ‖.
Therefore (

(|λ|+ β|µ|)p ‖Rm+2ψ‖p +max {|λ| − |µ|β, α|µ| − |λ|}
)
‖Rm+2ψ‖p

≤
(
‖λRm+2ψ‖+ ‖µR∗Rm+1ψ‖

)p
+
∣∣‖λRm+2ψ‖ − ‖µRm+1u‖A

∣∣p
≤ ‖µRm+1u+ µR]Rmu‖pA + ‖λRm+1u− µR]Rmu‖pA.

Applying the sup
‖ψ‖=1

of both sides of the last inequality,the requirement is proven. �

Theorem 3.8. Let R ∈ B
[
H
]

be an m-quasi-(α, β) Class-(Q) operators and s ≥ 0.
If

‖λR∗Rm+1 −Rm+2‖ ≤ s ≤ inf
{
|λ|‖R∗Rm+1ψ‖, ψ ∈ H, ‖ψ‖ = 1

}
,

then the following inequality holds.

α2‖Rm+2‖4 ≤ ω
(
R∗(m+1)Rm+3

)2
+

s2

|λ|2
‖Rm+2‖2.

Proof. We use the following inequality[5],

‖ϕ1‖2‖ϕ2‖2 ≤ [Re 〈ϕ1 | ϕ2〉]2 + s2‖ϕ2‖2

for which ‖ϕ1 − ϕ2‖ ≤ s ≤ ‖ϕ2‖.

Put ϕ2 = λR∗Rm+1ψ and ϕ1 = Rm+2ψ for ψ ∈ H to get,

‖Rm+2ψ‖2‖λR∗Rmψ‖2 ≤
[
Re
〈
Rm+2ψ | λR∗Rm+1ψ

〉]2
+ s2‖Rm+2ψ‖2.

Therefore

|λ|2α2‖Rm+2ψ‖4 ≤ |λ|2
[
Re
〈
R∗m+1Rm+3ψ | ψ

〉]2
+ s2‖Rm+2‖2.

Applying the sup
‖ψ‖=1

of both sides of the last inequality, the requirement is proven.

�

Theorem 3.9. Let R ∈ B
[
H
]

be an m-quasi-(α, β)-Class (Q)- operator, s ≥ 0.

If ‖λR∗Rm+1 −Rm+2‖ ≤ s for λ ∈ C, λ 6= 0, then the following holds.

α‖Rm+2‖2 ≤ ω
[(
R∗
)m+1

Rm+3
]

+
s2

2|λ|
.

Proof. Using the following inequality mentioned in [6],

‖ϕ1‖‖ ϕ2‖ ≤ [Re 〈ϕ1 | ϕ2〉] +
s2

2
,

for which ‖ϕ1 − ϕ2‖ ≤ s.

By considering ϕ2 = λR∗Rm+1ψ and ϕ1 = Rm+2ψ for ψ ∈ H to get

‖Rm+2ψ‖‖λR∗Rmψ‖ ≤
[
Re
〈
Rm+2ψ | λR∗Rm+1ψ

〉]
+ s2

2 .
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From this we obtain

|λ|α‖Rm+2ψ‖2 ≤ |λ||Re
〈
R∗(m+1)Rm+3ψ | ψ

〉
|+ s2

2 .

Applying the sup
‖ψ‖=1

of both sides of the last inequality,the requirement is proven. �

.

Remark 1. Let R ∈ B
[
H
]
,then we have

(1) if R is normal, then r(R) = ‖R‖..

(2) if R is hyponormal, then r(R) = ‖R‖.

The following theorem presents a generalization of these results to (α, β)- Class
(Q)-operator. Our inspiration cames from [13, Theorem 2.5].

Theorem 3.10. Let R ∈ B
[
H
]

be an (α, β)- Class (Q) operators such that R2n is
(α, β)-Class (Q) operators for every n ∈ N,too. Then,

1

β
‖R‖ ≤ r(R) ≤ ‖R‖ .

Proof. It is well known that if R ∈ B[H] then

‖R∗R‖ = ‖RR∗‖ = ‖R‖2

and moreover if R is selfadjoint then∥∥R2
∥∥ = ‖R‖2 .

Since R is (α, β)-Class (Q) operators, it follows that

α2
(
R∗
)2
R2 ≤

(
R∗R

)2 ≤ β2
(
R∗
)2
R2

and so
1

β2
sup
‖ψ‖=1

〈(
R∗R

)2
ψ | ψ

〉
≤ sup
‖ψ‖=1

〈(
R∗
)2
R2ψ | ψ

〉
.

Therefore
1

β2
‖R‖4 =

1

β2

∥∥∥(R∗R)2∥∥∥2 ≤ ∥∥∥(R∗)2R2
∥∥∥2 .

According to a mathematical induction principal, we can prove that for every pos-
itive integer number n,

1

β2n+1−2 ‖R‖
2n+1

≤
∥∥∥(R∗)2nR2n

∥∥∥ .
We have

r(R)2 = r(R∗)r(R) = lim sup
n−→∞

∥∥∥(R∗)2n∥∥∥ 1
2n

lim sup
n−→∞

∥∥∥R2n
∥∥∥ 1

2n

≥ lim
n−→∞

(∥∥∥(R∗)2n∥∥∥ ∥∥∥R2n
∥∥∥) 1

2n

≥ lim
n−→∞

(∥∥∥(R]
)2n

R2n
∥∥∥) 1

2n

≥ 1

β2
‖R‖2 .
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Therefore, we get
1

β
‖R‖ ≤ r(R) ≤ ‖R‖ .

This completes the proof. �
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