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COMMUTING TUPLES OF (n,m)-POWER NORMAL
OPERATORS IN HILBERT SPACES

SID AHMED OULD AHMED MAHMOUD AND ASMA AL RWAILY

ABSTRACT. The purpose of this study is to extend the notion of (n, m)-power
normal bounded operator of Hilbert space to a finite set of commuting such
operators. Similar studies for other classes of operators exist in the literature.
The purpose of this paper is to introduce and study the structure of certain
special types of several variable operators on a Hilbert space named joint
(n, m)-power normal multioperators. This is a generalization of the classes of
joint normal and joint m-normal multioperators. We consider a multivariable
generalization of these single variable n-normal and (n,m)-normal operators
and explore some of their basic properties.

1. INTRODUCTION

Let K be a complex Hilbert space, B[K] be the algebra of all bounded linear
operators defined in K. For every R € B[K], denote by , ker(R) and R* the null
space and the adjoint of R, respectively.

The success of the theory of normal operators on Hilbert spaces led to several
attempts for generalization to a large classes of operators that include normal op-
erators.

For R, S € B[K], weset [R, S| = RS—SR. An operator R € B[K] is called normal
if [R, R*] =0 ([20, 25, 33]), n-power normal if [R", R*] = 0 ([2} [18, 27, 28])
and (n,m)-power normal if [R", (Rm)*] = 0 where n,m be two nonnegative
integers (Il B} [, 19]). These concepts have been generalized into what is known
as polynomially normal and doubly polynomially normal as follows: An operator
R € BIK] is called polynomially normal if there exists a nontrivial polynomial P =

> exz® € C([2]) such that P(R)R* — R*P(R) = Y ¢, RFR* - R*R’f) =0
0<k<n 0<k<n
([24,30]) and it is called doubly polynomially normal if there exist two polynomials

P and Q where P(z) = Z arz® € C([z]) and Q(z) = Z brz" € C([2]) such

0<k<n 0<k<m
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that P(R)Q(R*) — Q(R*)P(R) = 0, or equivalently

> (@) - @)R) o
0<k<m
0<j<n

(see [5]). Referring to the studies relating to the above-mentioned classes, it was
found that they have many interesting properties similar to those of normal oper-
ators.

Several variables operator theory is a relevant part of functional analysis. Due to
the importance of this field, the interest in studying tuples of operators has grown
considerably in the recent few years, see for instance [, 9} 10, 17, (6], 15 26}, [36], 35]
and the references therein.

Over the past few years, various aspects of the problem of generalizing the class
of normal, hyponormal and n-normal operators to multivariables operator theory
have appeared in the literature.

Given an p-tuple R := (Ry,---,R,) € BIK]?, we let [R*,R] € BK® --- ® K]
denote the self-commutator of R, defined by

[R*,Rlis = [R, Re] ¥ (k1) € {1,---,p}?,
where R* := (R, -+, Ry).
We shall say ([8, 21]) that R is jointly-hyponormal if

[ Iv Rl} [sz Rl] [R;kw Rl]

[RT’ RQ] [R37 RZ] U [R;kﬂ RZ]
[R* R] = : : : :

[ T» Rp] [sz Rp] [R;, Rp]

is a positive operator on K @ --- @ K, or equivalently
Z ([R; Rilz|z)>0VzeK.
1 <i, k<p
R is said to be jointly normal if R ([I1]) satisfies
Ry, Ri] =0, k,le{l,---,p}

[RZ’ Rk]:07 k:17ap

Very recently, the author in [6] has introduced the concept of jointly n-normal tuple
as follows: R = (Ry,---, R,) € B[K]? is said to be jointly n-normal multioperators
if R satisfies

[Rkv Rl] =0, k7 16{1, ,p}

[ n RZ] =0, k=1,---.,p
for some positive integer n.
In the current paper, closely related to this problem of generalization, we introduce

a new class of operators, and we investigate numerous properties of this class.
Specifically, we introduce the class of jointly (n,m)-power normal for p-tuples of
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operators and extend some classical theorems on (n, m)-normal, jointly normal and
jointly n- normal operators [11 2] 3] [} 27].

This paper has been organized in two sections. In section two, we introduce
a new class of operators named joint (m,n)-power normal multioperators . Our
motivation for this study comes from the problem of finding a tuple of operators R =
(Ri1,--+, Ry) that are jointly (n, m)-power-normal. Some of the basic properties of
this class with some examples are studied. Moreover, the product, tensor product
of finite numbers of these type are discussed.

2. COMMUTING TUPLES OF (n,m)-POWER NORMAL OPERATORS IN HILBERT
SPACES

In this section we introduce and study the class of jointly (n, m)-power normal.

Deninition 2.1. Let R := (Ry,--- ,R,) € BK]’. We say that R is jointly (n,m)-
power normal tuple or jointly (n,m)-power normal if R satisfies the following con-
ditions

[Rk, Rl] =0; V (k,1)e{l,- - ,p}2

[Rﬁ, RZ’”] =0V k=1,-,p
for some positive integers n and m.

We observe that when n = m = 1, R is jointly normal [IT]Jand when m =1, R
is jointly n-power normal [6].

The following example shows that there exists a multioperators R = (R1,--- , R,) €

B(K)? such that each Ry is (n,m)-power normal for k = 1,--- ,p, however R is
not jointly (n, m)-power normal. Which means that studying these concepts is not
trivial.

Example 2.2. Let R = (Ry, R2) € B[C*] where
1 0 0 O 01 00
0 0 0 0 10 0 O
B=109000]| ™R=|0g90 0
0 0 0O 0 0 00

It easy to check that [Rl, Rg} #0 and [R?, R;fm] =0 for j = 1,2. This means that,
each R; is (n,m)-power normal while that R is not jointly (n, m)-power normal.

Remark 1. (1) Let R € B[K] be an (n,m)-power normal operator, then R =
(R, -+ ,R) € BIK]? is jointly (n,m)-power normal.

(2) Let R := (Ry,--- ,Ry,) € B[K]? be commuting multioperators. If each Ry is
(n, m)-power normal single operator, then R is jointly (n, m)-power normal.

Proposition 2.3. Let R = (R1,--- ,R,) € B[K]p, the following statements hold.

(1) R is jointly (n, m)-power normal if and only if R* is jointly (m,n)-power nor-
mal.

(2) If each Ry, for k =1,--- ,p is invertible, then R™! := (Rfl7 e ,szl) is jointly
(n, m)-power normal if and only if R is jointly (n, m)-power normal.
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(3) If M is a reducing subspace for each Ry for k = 1,---,p, then R|./\/l =
(Ri|M, -, Ry| M) is jointly (n, m)-power normal.

(4) If V is an unitary operator, then VRV : (V*Rlv,--- ,V*RPV) is jointly
(n, m)-power normal.

Proof. (1) Obviously, [RZ,R;“] = [Rl,Rk]* and therefore [R,’:,Rz‘] =0« [Rl,Rk} =
0.

On the other hand,
[th;maRZ] = _[ Zszm]v k= 17 P

Thus, R is jointly (n,m)-power normal if and only if R* is jointly (m,n)-power
normal.

(2) Assume that R is jointly (n, m)-power normal. Then

[Ri,Ri| = RkR — RiRy =0 = RyR =R R, forallk,l=1,---,p
= R;'R;'=R;'R;' forallk,l=1,---,p
= [RyR;'|=0 forallk,l=1,---,p

However, if each Ry, is invertible (n, m)-power normal, if follows from [19] that R;l
is (n,m)-power normal. Hence, R~} := (Rfl, e ,R;l) is jointly (n,m)-power

normal. The converse follows immediately from the identity (R_l) TR
(3) We have [RMM,R;}M)] =0forallk,l=1,---,p. On the other hand,
[(RUM)", (e M)™] = [Ra"M, B™ M] =0,

(4) We observe that,

V'RV, V'RV] = (V'R)V)(V*RV) — (V'RV)(V*R,V)
= V*RyRV —V*RR,V
= V*[Ri, RV
= 0.
Moreover,
(V'ReV)", (V'R V)™ = V*(Re)"VV*R™V = V*Ry™VV*(Ry,)"V

V*(Re)"Ry™V — V*Ry™(Ry)"'V
= V* [(Rk)n, RV
= 0.
Hence, V*RYV is jointly (n,m)-power normal. a

In the the following theorem we collect some properties of jointly (n, m)-power
normal.

Theorem 2.4. Let R = (Ry, - ,R,) € B[K]? be jointly (n,m)-power normal,
then the following properties hold.

(1) R is jointly (rn, sm)-power normal for some positive integers r
and s.
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(2) R4 := (R{*,--- , R}") is jointly (n, m)-power normal for
¢=(q, - ,q) €N,

Proof. (1) Under the assumption that R is a jointly (n,m)-power normal, it follows
that [Rk, Rl] =0for k,l=1,---,p. However

[(Rk)rn’ RZ(Sm)] (Rk)rnR;;(sm) o Rz(sm)Rk)

rn

r—times s—times s—times r—times
= Rl’;m . R;;m (Rk)n - (Rk)" _ R}:m o thzm (Rk)n o (Rk)n

s—times r—times s—times r—times
= 0.

(2) If g =1 for all k € {1,--- ,q}, then [R{* R{"] = 0.
If gp > 1 for all k € {1,--- ,p}, by taking into account [36, Lemma 2.1] we have

R, R']= S R{RJ[Ri, RIRYR].
ata’'=q,—1
B+B'=q—1
Now, under the assumption that R is jointly (n, m)-power normal, it follows that
[RI* R = > RRR][Ri, RIRY'R] =0,V (k1) € {1,---,p}*.
a+a':qk71
B+B'=q—1
Moreover, by looking that Ry is a (n, m)-power normal, then from [I9, Proposition
2.10], we obtain that R{* is (n, m)-power normal for all k € {1,--- ,¢}. This means
that, (R{",---,Ry") is jointly (rn,m)-power normal.

O

Proposition 2.5. Let R = (Ry,---,R,) € B[K]P. The following statements are
true.

P

(1) If R is jointly (n, n)-power normal, then R™ := < L ,R")
is jointly normal.

(2) If (R)n 1s jointly normal and Ry Ry — RjRy =0 for all k,l=1,--- ,p,

then R is jointly (n, m)-power normal.
Proof. (1) If R is jointly (n, n)-power normal. Then we get
[Ri, Ri] =0= [R}, R'| =0V k,l=1,---,p.
However,
Ry, R{*] =0, Ykel, - ,p.

Therefore R™ is joint normal.
(2) Since R is jointly normal, we have that

[ v R}‘;"] =0, foreach k=1,---,p.
Moreover, it is well known that [R}g, Rk} = ( for each k = 1,--- ,p. By taking into
account the Fuglede-Putnam theorem ([37]) we get [R}, Rj] = 0 and therefore
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[Ry, Ry™] =0 and moreover for each k = 1,--- ,p. Therefore R is jointly (n, m)-
power normal. ([

Proposition 2.6. Let R = (Ry, -+, R,) € B[K]P. The following assertions hold.

(1) If R is joint (n,m)-power normal and jointly (n + 1, m)-power normal tuple,
then R is jointly (n + 2, m)-power normal.

(2) If R is jointly (n, m)-power normal and joint (n, m + 1)-power normal
, then R is jointly (n, m + 2)-power normal.

Proof. Since R is joint (n, m)-power normal and jointly (n + 1, m)-power normal,
we have

[Re, R =0V k=1, p
I:(Rk)ﬂ, Rzm] =0 k= 17 D

[(R)™™, B™] =0, k=1,---,p.
This implies that
[era Rl] 207 v k7l: 17 » P

)

(Rk)”[RkR;’;m _RZmRk] =0, k=1,---,p

and therefore,
[Rk7 Rl] =0V kvl:]-7 P

n+2
[(R)™™ Ry™] =0, k=1,---,p.
So, R is jointly (n + 2, m)-power normal tuple.

(2) The proof of the statement (2) follows by similar techniques as in the proof of
statement (1), so we omit it. O

Proposition 2.7. Let R = (R, -+, R,) € BK]?, the following statements hold:

(1) If R is joint (n1, m)-power normal and jointly (ny, m)-power normal
, then R is jointly (n1 + na, m)-power normal.

(2) If R is jointly (n, mq)-power normal and jointly (n, ms)-power normal
, then R is jointly (n, my + ma)-power normal.

(3) If R is jointly (n1, m)-power normal and jointly (n2, m)-power normal
, then R is jointly (rny + sne, m)-power normal
forr,s € N.

(4) If R is jointly (n, mq)-power normal and jointly (n, mz)-power normal
, then R is jointly (n, rmy + sma, )-power normal

forr,s € N.
Proof. (1) We have [R;67 Rl] =0 for k,l =1,--- ,p and moreover for k=1, --- | p,
[(Rk)nthz, Rzm] _ (Rk)n1+n2Rzm _ Rzm (Rk)n1+n2

= (B)" [(Rx)"™, Ri™]
= 0.
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(2) We have Ry, R;] =0 for k,l=1,---,p and moreover for k =1,--- ,p,

[(Rk)n, R;(m1+m2)] _ (Rk)nRZ(ml+m2) _ Rz(m1+m2) (Rk)"l“’"?
= [(Re)", RY™RE™
= 0.
Therefore, the required results are satisfied. O

Theorem 2.8. Let R = (R, ,R,) € B[K]? such that
ker(R) := ﬂ ker(Ry) = {0}.
1<k<p

If R is joint (n1,m)-power normal and jointly (na, m)-power normal for some
positive integer ny,ny and m, then, R is jointly (max{ni, na} — min{ny,na}, m)-
power normal. In particular, if R is jointly (n, 1)-power normal and jointly (n +
1, 1)-power normal, then R is jointly normal.

Proof. We have, [Rk, Rl] = 0 for all (k, 1) € {1,---,p}%. Moreover for each
k=1,---,p we have

[(B)™ BE™] =0

[(Re)™, Ry =0
Considering the case where ny > ns, so we get

ni—na2

[(Be)™, By =0 = (R)™[(Bi))™ ™, RI™] =0
= [(B)™, B =0,

and hence R is jointly (n; — ng, m)-power normal. O

Proposition 2.9. Let R = (Ry,--- , R,) € B[K]|? be commuting tuple. Forn,m €
N, set

R’ = (Ri,-- Ry) = (R + R, Ry + R)™)
and
R = (RY, - Ry) = ((R1)" = R{™, oo, (Ry)" = R™).
Then the following azioms hold.

(1) R is jointly n-power normal if and only if (R}, R}!] = 0 for each
k=1---,p.

(2) If R is jointly (n, m)-power normal, then Z = (R?R{m, ,RZR;m)
commutes with R’ and R”.
(3) R is jointly (n,m)-power normal , if and only if (R)n commutes with R’.

n

(4) R is jointly (n,m)-power normal if and only if (R)" commutes with R”.



8 SID AHMED OULD AHMED MAHMOUD AND ASMA AL RWAILY

Proof. Obviously, [Ry, R;] =0 V (k,1) € {1,---,p}? On the other hand,
(R}, R} =

s RLR! —RIR, =0
= ((Re)"+ B™) (Re)" = Ri™) = ((Re)" = Ri™) ((Be)" + RE™) =0
= (B)™ — (Re)"RP™ + Ry (Ry)" = RE™ = ((Ri)™ + (Re)"Ry™ — BY™ (By)" — RP™) =0
— (Ro)"Ry™ —Ry™(Ri)" =0,Vke{l, - ,p}

This completes the proof. O

Theorem 2.10. Let R = (Ry, -, R,) € B[K]? be jointly (n, m)-power normal
forn > m. If each R}' is a partial isometry for k = 1,--- ,p, then R is jointly
(n +m, m)-power normal.

Proof. Suppose R is jointly (n,m)-power normal for n > m. It is easy to see that
each Ry is (n,m)-power normal for 1 < k < p. Under the hypothesis, R} is a
partial isometry, it follows from [32] Theorem 2.4] that Ry is (n 4+ m, m)-power
normal operator for k = 1,--- ,p. Consequently, R is jointly (n 4+ m, m)-power
normal. O

Proposition 2.11. Let R = (Ry,--- ,R,) € B[K]? and S = (S1,---,S,) € B[K]?
be two jointly (n,m)-power normal. The following statements hold.

(1) If [R;, S;] =0, Yi,j € {1,---,p} and RS, = Ri.S;; =0 for allk € {1,--- ,p},
then
R+S=(Ri+ 51, -, Ry +S,) is jointly (n, m)-power normal.

(2) If [Ry, S)] =0, Vk, L € {1,-- ,p}? and [Rg, S;] =0 for all k € {1,--- ,p}, then

RS = (RlSl, -+, R,Sp) and SR = (S1R1,--- ,SpRy) are jointly (n, m)-power
normal.
Proof. (1) For all (i,5) € {1,---,p}?, we have

[Rk + Sk, Ry + Sl] = (Rk + Sk) (Rl + Sl) - (Rl + S (R + Sk)

[Ri, Ri] + [Sk, Si] + [Rk, Si] + [Sk, Ri] = 0.
Besides, for k € {1,2,--- ,p}, we get
(R, + Sk) ™ (R +Sk))" = (Be+Se)™" (Ri+Sk)"

(S (o)

Jj=0 J=0

= (Ri™+ S ((Re)" + (Sk)")

(Ri™(Ri)"™ + Ri™ (Sk)" + S (Re)" + Si™ (Sk)"
= (Ri)"Ry™ + (Sk)"Sp™
= ((Ri)" + (Sk)") (Bi +5x)™"

= (S (D) w507 ) (s
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So, R + S is jointly (n, m)-power normal. (2) We have for all k,1 € {1,--- ,q},
[RpSk , RiS)] = RipSkRiS; — RiSiRiSk
= RLR;SLS; — RiR.LS; S
= RpR;S.LS; — RLR;S; S},
= RpRi(SpS: — Si1Sk)

= RiR[Sk, S;] =0.
However, let k € {1,---,p}, we have
(Rksk)*(RkSk)n = S;RZ(Rk)n(Sk)"
= Si(B)"Bi(Sk)" = Si(Be)" Sp Ry,
= (Rx)"(Sk)" SRy
= (RiSk)" (ReSk)".

This implies that RS is jointly (n, m)-power normal tuple. In same way, we show
that SR is jointly (n.m)-power normal tuple. a

The following proposition shows that the class of jointly (n, m)-power normal
is closed subset of B[K]? equipped with the norm,

IR = [I(Ri,-- Ry)[| = sup [IR;].
1<j<p
Proposition 2.12. The class of jointly (n, m)-power normal is a closed subset of
B[K].
Proof. Suppose that (Ry, = (R1(k),---, Ry(k))), € B[K]? be a sequence of jointly
(n, m)-power normal for which

|Re Rl = sup (IIR;(k) = B;l) — 0, as k —» ox,

1<j<p
where R = (Ry,--+ , R,) € By[K]?. Obviously, for each j € {1,--- ,p} we have
iR, (R) — Ryl = 0. (21)
Since (R;(k))"R;(k)*™ = R; (k)™ (R;(k)). for each j = 1,--- , p, it follows from
[32, Theorem 2.4] that
(R;)"Ry™ = Ry™(R;)", Vi€ {1, p}

Moreover, for all 4,j € {1,--- ,p} and k € N, we can see that
IRi(k)R;(k) — RiR;|| = [|Ri(k)(R;(k) — R;) + (Ri(k) — Ri) R,
< NRi(R)IR; (k) — Bl + [|Ri(k) — Ril[l| R |
< ([IRi(k) = Rall + 1Rl 1R, (k) — Ryl + | Ri(k) — Rill[| R

Hence, in view of , we obtain
HRl(k)R](k) - RZRJ“ — 0, as k— +00, V(Zu]) € {17 T 7q}2'

On the other hand, since {Ry}r = {(R1(k), -+, Rp(k))} is a sequence of jointly
(n, m)-power normal tuple, then

[Rz(k)vR](k)] =0V (Zvj) € {17 7]9}2 ;and ke N.
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Therefore, we immediately get
[Ri7Rj] =0V (Zaj) € {1a27 e 7p}2'

Therefore, R is jointly (n, m)-power normal. a

3. TENSOR PRODUCT AND TENSOR SUM OF JOINTLY (n,m)-NORMAL
OPERATORS

Given non-zero R, S € B(K), let R® S € B(K®K) denote the tensor product
on the Hilbert space K®K. We recall that the tensor product (R® S)*(R® S) =
R*R® 5*S,

RS=RHI®S)=I®S)(ReI).
(R®S)k = RF® S*. The operation of taking tensor products R® S preserves many
properties of R and .S, but by no means all of them. Thus, it was proved in [38|
Theorem 2.4] that R® S is normal if and only if R and S are normal. Similar result
was proved in [7] for n-normal operators. However, it was proved in [32] that If
R,S € BIK] such that R and S are (n,m)-power normal operators, then R ® S is
(n, m)-power normal.

In this section,we study the tensor product and tensor sum of two jointly (n, m)-
power normal. Let R = (Ry,--- ,Rpy) € B[K]? and S = (S1,---,5,) € B[K]?. We
denote by
R®S=(Ri®51, ,R,®S,)
and
RES=R®I+I®S=(R®I+I®5, - R,OI+1®S),).

Theorem 3.1. Let R = (Ri1,--- ,R,) € BK]P and S = (S1,---,S,) € BK]? are
two jointly (n, m)-power normal, then R ® S is jointly (n, m)-power normal.

Proof. Since R = (Rl, e ,Rp) and S = (Sl, e ,Sp) are joint (n, m)-power normal
tuples, we have all (k, ) € {1,---,p}?
[(Ri ® Sk), (Ri @ S))]
= [(Rr®Sk)(Ri®S) — (R ® S) (R ® )]
= RLR; ® SiS; — RiRi ® S Sk
= RiRr®85S, — RiRr ® S;Sk

= 0.
Moreover, for all k € {1,---,p}, we have
((Be®Sk)" (Re®Sk)™" = (Be)"Ry™ @ (Sk)"Si™
= R;™(Ry)" @ S;™(Sk)"
= (Re®Sk)" ((Re @ k)"
So, R® S is joint (n, m)-power normal tuple. O

The following example shows that the converse of the above theorem need not
hold in general.
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-1 0 0 0 01
Example 3.2. Let Ry = 0 1 0 ) eBCladRa=1[0 10 | €
0 01 100
B[C3]. A direct calculation shows that
1 0 0 0 00 0 00
0 -1 0 0 00 0 00O
o 0 -1 0 00 0O 0O
0 0 0 -1 00 0 0O
Ri®Ri=] 0 0 0 0 1.0 0 00O
0 0 0 0 01 0 00
0 0 0 0 00 -1 00
0 O 0 0 00 0 10
0 O 0 0 00 0 01
and
000 0 O0O0OO0OTCO071
000 0O0OO0OTO0OT1F@®O
00 0O0O0O0OT1O0TPO0
000 0O0T1TUO0TO0TUO0
Ro®@Ry=]10 0 0 01 0 0 0 O
0001 0O0O0TO0O©O
001 0O0O0GO0TO0@®
01 00 O0O0O0O0O
100 0 0 0 O0O0O

Consider, R = (Rl, Rg) and R R = (R1 R R, Ro® Rg)). We observe that R is
not jointly (2, 3)-power normal since Ry Ry # RoRy. However

(Re® Ry)"*((Rr ® Ri))* = ((Re ® Ri))*(Ri ® Ri)™>, k € {1,2}.
Hence, R® R is jointly (2, 3)-power normal pairs.

In the following theorem we give the conditions under which the converse of Theo-
rem [3.1]is true.

Theorem 3.3. Let R = (Ry,--- ,R,) € BK]? and S = (S1,---,S,) € BK|? are
commuting multioperators. Then, if R ® S is jointly (n,n)-power normal tuple if
and only if R and S are jointly (n,n)-power normal.

Proof. Assume that T ® S is jointly (n,n)-power normal. By taking into account
the statement (1) of Proposition it follows that

(Res) = ((Ros)" e (®os)") = (Rostros)
is jointly normal tuple. From which we deduce that
(Rk & Sk)n = ( Z@ S,?),
is normal for each k =1,--- ,p. By [38, Theorem 2.4] it is well known that

% ® S is normal if and only if R} and S} are normal operators.
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However, According to [27, Propositon 2.1] it is well known that R} is normal if
and only if that Rj is n-power normal and similarly, S}’ is normal if and only if
that Sk is n-power normal. Therefore R and S are jointly (n,n)-power normal.

The converse follows from Theorem Bl O
Corollary 3.4. LetR = (Ri1, -+ ,R,) and S = (S1,- -+, Sp) be jointly (n, m)-power
normal. Then R*®S? is jointly (n, m)-power normal for all & = (o, -+ , ) € NP

and B = (B1,--,Bp) € NP where R* = (R{*.- -+ ,Rp”) and 8P = (Slﬁl.~~ ,Sfp).

Proof. The proof can be easily derived from the statement (2) of Theorem [2.4] and
Theorem B.11 |
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