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ON A STUDY OF SUBNORMAL COMPLETION PROBLEM VIA
REAL CUBIC MOMENT PROBLEM

ABDALLAH TAIA, ABDELAZIZ EL BOUKILI, AMAR RHAZI, BOUAZZA EL WAHBI

ABSTRACT. In this article, we study the bivariate subnormal completion prob-
lem for a collection of bivariate weight cubic data. We provide some techniques
for solving this problem. The results obtained have been constantly illustrated
by examples.

1. INTRODUCTION

The problem of moments has developed significantly since Stieltjes’study [II,
with numerous application in a wide range of domains. In particular, the K- trun-
cated moment problem, where K C Ri, plays an important role in subnormal
completion for weighted bivariate shifts by studying their subnormal and hyponor-
mal properties, in the way that a solution to the first produces a solution to the
second (see for example [5, [6] [7, [T, 18]).

Given a finite collection C of pairs of positive numbers called weights, the bi-
variate subnormal completion problem consists in finding necessary and sufficient
conditions for the existence of a bivariate subnormal weighted shift whose initial
weights are given by C.

Let us now recall some notions of bounded operators and some properties of
weighted shifts to weights which will be useful for solving the problems of subnormal
completions, especially with two variables. For more details on subnormality and
hypnormality, one can consult [2, [3] 4, @ [0, 12}, [T6, 17, 19 20, 2] for instance.

Let H be a complex separable Hilbert space of infinite dimension, and let B(H)
denotes the algebra of bounded linear operators on H. Recall that an operator
T € B(H) is normal if it commutes with its adjoint T*, ie. T*T = TT*,
subnormal if it has a normal extension and T is said to be hyponormal if [T*,T] :=
™T-TT* >0.
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In [4], the author stated a criterion of subnormality (Halmos’ criterion [4] IT.1.9]),
as follows

k
T is subnormal <— Z <Tixj,zji> > 0.
1,§=0
for all £ > and any finite collection xg, x1, - - - , xx of elements of H. Or equivalently,
T T*T .- T*T
= 0. (1.1)
Tk T*Tk . T*ka

Clearly, hyponormality is a necessary condition for subnormality.
Given an n-tuples T = (T1,...,T,) of operators on H with n > 2, we denote by
[T*, T] the self-commutator of T, defined by [T*,T],; := [T}, T;]

For example, if n = 2,
. (17,1 [13,T4]
T T] = .
= (G

We say that T = (11,...,7,) is normal if T is commuting and every 7; is normal,
and T is subnormal if T is the restriction of a normal n-tuples to a common invariant
subspace.
T = (T4,...,T,) is called jointly hyponormal if [T*, T] > 0, i.e. ((T*, T]z,z) >0
for all x € H™.
And an operator T' € H is called I-hyponormal (I > 1) if (1, T,T2%, - ,Tl) is jointly
hyponormal, that is M;(T) = ([T*j,TiDijzl > 0.

By Definition 2.2 in [9], a commuting pair T = (T,7Tz) of operators on H is
called I-hyponormal, if

T() = (11, To, T, Ty, T3, -+ T}, ToT T5T 2, T)

is hyponormal, or equivalently

0< [T TO] = ((TLTF)", T5"T1']) oxnims -

0<p+q<l

1<i,j<n’

EQ(Zi) denotes the Hilbert space of square summable complex sequences indexed
by Z2. Let {ek}keZi be the canonical orthonormal basis of ¢*(Z2).

For a pair of positive real number sequences, called weights (ax, k) € €°°(Z2),
k = (ki,k2) € Z2%, we define the bivarite weighted shift T = (7,T») associated
with (au, Si) by
Tiex := oxextye, and Thex := Prere,,
where 1 := (1,0) and &2 := (0,1).
One can simply check that
T T5 =151, =4 Bk_i_glak = Oék_t,_gzﬁk ( for all k € Zi) . (12)

The relation translates the commutativity condition of T.
By Lemma 1.1 in [5], an operator T is hyponormal if and only if, for all k € Z%r,
the following three conditions are satisfied.
(1) Qkte, 2 Qk,
(11) BkJrEQ 2 51(7
(i) ((krer)? = (@1)2) ((Brres)? = (Bi)?) = (Qieres Bite, — cacfBic)’.
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For k = (ki1,k2) € Z3, we define the moment of order k of (ax, Sk) by

1 it (k1, k) = (0,0)
Tk = V(k1 ko) ‘= a%‘)’o) ' ”a%krl,o) if ky > 1 and ky =0
(1 J2) 5(20,0) o '5(207]@2_1) if ki =0and ks > 1

2

alyg) O‘?kl—m) '6(2/@1,0) ... 5(2‘317]62_1) otherwise. )
1.3

By virtue of to the commutativity condition , Yk can be calculated using any
non-decreasing path from (0,0) to (k1, k2).

According to Berger’s theorem, [19, Theorem 3], a bivariate weighted shifts
T = (T1,T») is subnormal if and only if, there exists a probability measure p
defined on the rectangle R = [0, || Ty ||?] x [0, || T% ||?] such that

Tk = Atfltgzdu(tl,tg), for all k= (lﬁ, kg) S Zﬁ_

In [9, Theorem 2.4], the I-hyponormality for bivariate weighted shifts is charac-
terized as follows. T = (T3, T%) is subnormal if and only if
0 S Mk(l) = (7k+(m,n)+(p,q)) 00§m+"Sl for all k € Zi_ (14)

<p+q<l
Clearly, the matrix My (1) is a truncation of the moment matrix associated with
the Berger measure of T.

The general statement of the problem of subnormal completion can be formulated
as follows. Given a finite collection Cp,, := {(cu, ﬁk)}|k\:k1+k2<m of pairs of positive
numbers satisfying with [k +¢;| < m (i = 1,2), find necessary and sufficient
conditions for the existence of a bivariate subnormal weighted shift whose initial
weights are the elements of C,,.

In this paper, we investigate the case m = 2. In Section [2] we recall some tools
that will be needed for solving the problem of subnormal completion. Section [3]
is devoted to the statement of our main results related to the bivariate subnormal
completion problem with cubic data, i.e. T = 2. Somme numerical examples, per-
formed by Mathematica software, are also provided to illustrate some statements
pointed out through this paper.

2. NEEDED TOOLS
Let m € Z4 and a collection of pairs of positive numbers C,, := {(axk, Ox)} where
|k| < m and |k| = k1 +k2. By Definition 3.1 in [II], we say that a weighted bivariate
shift T = (T1,T>) with weight sequences {dk}keZ’j‘r and {/J’k}kezgr is a subnormal
completion of C,, if,
(i) T is subnormal;
(i) (dins i) = (o, Bi) for [K| < m.

We denote this subnormal completion by Co, = {(@k, ﬂk)}k .
ez2

Definition 3.3 in [I1] states that C~m+1 = { Ok, Bk)} is an extension of C,,
k| <m+1

if (dk,gk) = (axk, fx) when k| < m.
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If m = 21 where | € Z* , the data of the sequence y = v(™m+1) = {Vij Yo<itj<m—+1
associated to C, by the relation ([1.3)) will be in the form of matrices M(I) = Mo(l) =
M(Cp,) and B(l + 1) as follows

MJ0,0] M]J0,1] ... M]J0,]] MI0,1+1]
MI[1,0] M[1,1] ... M][1,]] M[1,1+1]
M(l) = . . , ) and B(l+1) = .
M0 M1 ... M][LI] M, 1 +1]
(2.1)
Where M (1) = (M]3, j])o<i,j<i is a symmetric matrix of blocks and that each block
Yi+5,0  Yidj-1,1 - -- Yi,j
Yitji—-1,1  Vi+j-2,2 -+ Yi—1,5+1
Mgl =| T S 0=t
Vi Vi-14+1 0 V0,i+j

has Hankel’s property.
For instance, for m = 2, the two matrices M(1) and B(2) are as given by

Yoo \ Y10 Yo1 Y20 Y11 Vo2

M(1) = T and B(2) = R (2.2)
Y10 \ Y20 Y11 Y30 Y21 Y12
o1 \ Y11 Y02 Y21 712 7Yo3

A necessary condition for the existence of a representing measure for - is that
M(1) is positive semidefinite (M(1) > 0). In this case, we seek to construct a
matrix M(2), an extension of M (1) which should also be positive semidefinite of

the form
M(1) B(2

where C(2) is a (3 x 3)-Hankel matrix containing quartic moments (of order 4) that
we need to determine. We set,

Y40 Y31 Y22
C2)=| 1 722 M3 |- (2.3)
Y22 Y13 Y04

With labeling the columns and rows of M(2) considering the lexicographic order
of the monomials in degree, 1, X, Y, X2, XY, Y2 the matrix M(2) is written as
follows

1 X Y X2 Xy Y?

L /v0 | Mo 7 | 720 71 o2

X |7 | 7 71 | 70 21 M2

M(2) = Y |71 | 71 Y2 | 721 M2 703
Xz Y20 | Y30 V21 | Y40 Y31 V22

XY | m1 | 21 mz | 1 e M3

y? Y02 | Y12 703 | Y22 713 Yo4
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If rank M(2) = rank M(1), we say that M(2) is a flat extension of M(1). To test
the semidefinite positivity of M(2) as well as its flatness, we need the following
Smul’jan’s lemma [22].

Lemma 2.1. Let A be a symmetric matriz. If the block matriz A = ( ;T g )

is an extension of A, then
} (1) AxO.
A=0<= < (1) B=AW for some matriz W.
(iii) C = WTAW.

Moreover, A is a flat extension of A, if only if C = WTAW.

According to Douglas’s factorization lemma [13], the condition (#i) in Lemma
is equivalent to Ran B C Ran A. Moreover, if (i) is satisfied and since A is
symmetric, WT AW is also symmetric and does not depend on W.

So, if M(1) = 0 and Ran B(2) C Ran M(1), then WZ M(1)W takes the following
form

WIMLW = (2.4)

[SEE S
fEw
w8 <

where u,v,w, x,y and z are real numbers.

The relation between y and v allows us to determine C(2), as in (2.3), such that

C(2) = WEM(1)W = 0. So, M(2) the extension of M(1) is positive semidefinite.
The following theorem [T4, Theorem 2.3] states a necessary and sufficient con-

dition for the existence of a finite atomic measure representing a finite sequence

v =~ where [ € 7.

Theorem 2.2. The truncated sequence of moments v?!) admits a finite represent-
ing measure rank M(l)-atomic, if and only if M(1) = 0 and admits a flat extension
M(1+1).

The bivariate subnormal completion, is closely related to the K-truncated mo-
ment problem with K C [0,00)?, i.e. when the Berger measure p exists, it must
verify supppu C K.

In [8], the K-complex truncated moment problem is studied using localization
matrices. Its equivalent version for two real variables reads as follows.

Theorem 2.3. ([1I, Theorem 4.1]) Let P = {p1,...,pn} C Rlz,y] such that
degp; = 2k; or degp; =2k; —1 (1 <i< N).

There is a representing measure rank M(n)-atomic for v = 7(2”) supported in
Kp = {(z,y) € R? : pi(z,y) > 0,1 <i < N} if and only if M(n) = 0 and there
exists a certain flat extension M(n+1) for which the localization matrices My, (n+
ki) = 0 (1 < i < N). In this case, the representing measure is rank M(n)-
atomic, supported in Kp, and with precisely rank M(n) — rank M,,, (n + k;) atoms

in Z(p;) = {(z,y) € R? : pi(z,y) = 0}.

Let us put p; := x and py := y then ky = ky = 1, Kp = RY, M, (n+ k1) =
Mg(n+1) and Mp,(n+ k1) = My(n+ 1). By Theorem and for an even m,
we deduce from [IT, Theorem 4.3] the following useful result.
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Theorem 2.4. For a collection Cp, with m = 21, and let M(l) and B(l + 1) be as
in (2.1). The following statements are equivalent
(i) Cp has a subnormal completion Cso .
(ii) There is a representating measure rank M(l)-atomic p for B supported in
R2.
+ ~
(iti) M(l) = M(Cin) = 0 and Cp, admits an extension Cpio verifying the com-
mutativity condition (1.4]) such that the matriz of moments M(Cpi2) =
M(l+1) is a flat extension of M(l), Mz(l+1) >0 and M,(l+1) > 0.

Moreover, Berger measure p of Coo has rank M(l) — rank M, (I + 1) atoms in
{0} x R4 (resp. rank M(l) — rank M, (I + 1) atoms in Ry x {0}).
With the notation used in (1.4)), we denote the localizing matrices by

3. BIVARIATE SUBNORMAL COMPLETION WITH CUBIC DATA

In this section, we give a solution to bivariate subnormal completion problem
with cubic data, formulated as follows.
(PR): Let C; be as defined previously and let v = {v;;}o<i+ <3 be the associated
sequence given by . Is there a subnormal completion of Cy?

Let us consider the finite collection of pairs of positive real numbers Cs, by setting

O‘go,o) =a, 5(20,0) =b, O‘gl,o) =6 5(21,0) =d
0‘5071) =6 6%0,1) =/ agz,o) =9 6%2,0) =h
O‘(1,1) =D 6(1_’1) =q, a(072) =T, 5(0,2) =S

and employing the commutativity condition (1.2)), we get
ad=be, ch=dp and eq= fr.

According to (1.3), the elements of the sequence v = {;; }o<it;j<3 are given by

Yoo = 1,
Y10 = @, Yo1 = b,
Y20 = ac, 71 = ad, Yo2 = bf,

Y30 = acy, Y21 = bep, 72 = beq, o3 ="0bfs.

The two matrices associated to the sequence y are

1 X Y
1 a b ac be bf

M(1) :< a ac be ) and B(2)=| acg bep beq |. (3.1)
b be bf bep beq bfs

The condition of M(1) being positive semidefinite is a necessary for the existence
of a representing measure p of . In this case, we have

c>a, f>b and cf—de>0. (3.2)

If M(2) is a flat extension of M(1) then, the localization matrices My )(2) and
M 0,1)(2) are the restrictions of M(2) to the first three rows and columns indexed
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by the monomials X, X? and XY and Y, XY and Y?2, respectively. We have

X X2 Xy Y XYy Y?

a ac be b be bf
M1,0)(2) = < ac acg bep ) and  M1)(2) = ( be bep beq )

be bep beq bf beq bfs

(3.3)

Theorem 3.1. Let M(1) and B(2) be as defined in (3.1). If M(1) = 0 with
rank M(1) = 1 and Ran B(2) C Ran M(1), then M(1) admits a flat extension
M(2), M(1,0)(2) = 0 and My,1)(2) = 0. Consequently, C> admits a subnormal
completion Coo.

Proof. Since M(1) = 0, rank M(1) = 1 and Ran B(2) C Ran M(1) then,

a:c:e:g:pandb:f:q:

»

Moreover, by applying Theorem 3.5 in [15], v admits a finite unique representing
measure rank M (1)-atomic 1 = Y000(y,0,701) = (a,b)-
Therefore, M(1) admits a flat extension M(2) given by

1 a b a? ab b2

a a®> ab a® a’b  ab?

b ab b®  d?’b  ab? b3
M(2) = a®> a® a*b  a* a®b  a?b?

ab a?b ab®> a3 a?b?  ab®
b2 ab® b3 a?b?  abd bt
Since supp u C Ri, then according to Theorem C admits an extension Cy.

Based on the quartic moments (the entries of the C'(2) matrix) and taking into
account the commutativity condition (1.2), we can

5‘%3,0) = 5‘%0,3) = 5‘%2,1) = 5‘%1,2) = a and 5(23,0) = 5(20,3) = 5(22,1) = 5(21,2) =b.
Calculations show that M 0)(2) = 0, Mo,1)(2) = 0, rank My 0y(2) = 1 and
rankM(o’l)(Q) =1.
So, using Theorem 2.4 again, Co admits a subnormal completion C., and Berger’s
measure is rank M (1)-atomic given by p = (4 p).- a

Theorem 3.2. Let M(1) and B(2) be as defined in B.). If M(1) = 0 with
rank M(1) = 2 and Ran B(2) C Ran M(1) then, M(1) admits a flat extension
M(2). In addition, if M(,0)(2) = 0 and Mo1)(2) = 0, C2 has a subnormal
completion Coo.

Proof. Let M(1) be as defined in (3.1]), and rank M(1) = 2. The linear dependency
relations between these columns must be as follows

X =a.l with f>b>0.
or

Y:M.l—i—b(e_a).Xwithc>a>Oandf:M>b.

c—a a(c—a) a(c—a) =
e Casel: X =a.land f >b>0.
Since M(1) > 0, Ran B(2) C Ran M(1) and rank M(1), we must have

a=c=g=e=pand q=s=f with f > 0.




20 A. TAIA , A. EL BOUKILI, A. RHAZI, B. EL WAHBI

Thus, by applying Theorem 3.5 in [15], v admits a finite unique representing mea-
sure rank M (1)-atomic p = (1 - %) d(a,0) + ?6(&]@.
Consequently, M (1) admits a flat extension M (2),

1 a b a® ab bf

a a®> ab a3 a?b  abf

b ab b a’b  ab bf?
M(2) = a®> a® a2fb at agi aQJ;)f
ab a?b abf a3b a®bf abf?
bf abf bf? a®bf abf? bf3

With the same arguments used in the proof of Theorem Cy admits an ex-
tension C4 with the choices

5‘%3,0) = 5‘%0,3) = d(2,1) = 1,2) — & /5’(23,0) =b and 5(21,2) = 3(22,1) = 3(20,3) =f.

Some calculations show that M )(2) = 0, Mg,1)(2) = 0, rank Mg 1)(2) = 1 and
rank M1 0y(2) = 0 if @ = 0 and rank My 0y(2) =2 if a > 0.
Hence, according to Theorem Cy admits a subnormal completion Cy and
Berger’s measure is p = (1 - %) d(a,0) F %5(a7f), with one atom in Ry x {0} (a > 0)
and two atoms in {0} x Ry if a = 0 and no atoms otherwise.

e C(Case 2: Y:%.l—i— ble—a) X withc>a>0and f = ba(e—2e)tbe” )

For this case there are three sub—(case)s to consider e = aore = cor (e (;é a) and e # ¢).
Subcase 2.1: If e = @ then Y = b.1 with ¢ >a >0 and f =b.
The conditions M(1) > 0 and Ran B(2) C Ran M(1) require that ¢ = g = p and
q=s=0.
For the same reasons as in Case 1, 7 admits a finite representing measure
rank M (1)-atomic u = (1 — %) 8(0,6) T L0(cp)-
Consequently, M (1) admits a flat extension M (2) with

1 a b ac ab b?
a ac ab ac® abc ab?
b ab b abc ab? b?
M(2) = ac ac® abc ac®  abc?  ab3c
ab abc ab®> abc® ab’c ab®

b2 ab®> b ab’c abd b*
Once again with the choices
ls0) = A(21) = 01,2 = & Bla0) = By = Bliz) = Blogy = b and a(p ) = a,

C5 admits an extension Cy.

By calculations, we get M 0)(2) = 0, M(o,1)(2) = 0, rank M1 ,0)(2) = 1 and
rank Mg 1y(2) = 0 if b = 0 and rank M1)(2) = 2 otherwise.
Hence, according to Theorem [2.4 C; admits a subnormal completion Cs and
Berger’s measure is given by p = (1 - %) do,p) T %0(cp) With a single atom in
{0} x R4 and two atoms in Ry x {0} if b > 0 and none otherwise.

Subcase 2.2: If c =e¢, then Y = g.X with ¢ >a >0and f = %.
The conditions M(1) > 0 and Ran B(2) C Ran M(1) require that c =g =e=1p

be

and q = s = =%,
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For the same reasons as in case 1, v admits a unique representing measure
rank M (1)-atomic p = (1 — 2) &g,0) + %5(07%) and then M(1) admits a flat exten-
sion M (2), such that

1 a b ac be

2
a ac be ac® b2 e

be b2 ch b2c? b3 2

b 2
M(2) = ) BB

ac  ac®  b?  ac® b =
be b(32 b2c? bCB b33 b33
2
a a a
b2 b2 p3e2 b2e3 p3e3 pied
a a a? a a? a3

Moreover, with quartic moments (the entries of the matrix C'(2)) and taking into
account the commutativity (|1.2]), C; admits an extension C4 with the choices

~ ~ ~ ~ be
05,0y = Glan) = Ql2) = Aog) = c and By o) = 851y = Bli2) = Blogy) = -
Some calculations show that M 0y(2) = 0, M1)(2) = 0, rank M y(2) = 1
(b > 0) and rank M g,1)(2) = 1 if b > 0 and rank Mg 1)(2) = 0 otherwise.
Hence, according to Theorem Cy admits a subnormal completion Cy, and
Berger’s measure is given by u = (1 — %) d(0,0) + %5(61%) with one two atoms
belonging to R4 x {0} if b = 0 and only one atom belonging to both {0} x R, and
Ry x {0} if b > 0.

Subcase 2.3: If ¢ # eand a # e then, Y = %.1—!—{'(? ;.X withc > a > 0and

a(é:lcla
J = e 2O 5 5 0. The conditions M(1) » 0 and Ran B(2) € Ran M(1)

b2 (a2(6273C€+362)72a€3+663) .
a(c—a)(ab(c—2e)+e?) with 2e <c.
For the same reasouns as in case 1, v admits a finite representing measure rank M(1)-
atomic p = (1— %) 5(0 be=e)) + 20(c,be and therefore M(1) has a flat extension

M(2) defined as follows

implythatc=g:p,q=%eands:

1 a b ac be A1

2 _2
a ac be ac? bce bTe

b be A bee B )

M(2) = a ,
@ ac ac® bee ac® bcte P

be bee % bc2e % biis

o e
where

3 (c—e)®
ba(c — 2e¢) + be? ba(c — 2e) + be? b (Z*Z + (cfa)2)
M=(—F""" |, o=b| ——F7—— ], 3= ,
alc—a) a(c—a) c

3 (e (c—e)? 4 (et (c—e)*
b -2 b2 b (F+ c—az) b (a73+ c—a3)
)\4b(a(ce)+e>,/\5 (c—a) and)\(;:#.
alc—a) ¢ c
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. . ~ ~ ~ = = =~ b
With the choices Gfy o) = Gfy 1) = G(19) = & By = Bhoy = Bl = o
52 _ 3 32 (b(3a%e*—3ace* +c?et+a® (c—2e)(c?—2ce+2€?)))
30 = az(%_c:(cfe)s) and foz = (a(—a+c)(—2aedTced+a2(2—3cet3e?))) 0 W€ also

(a—0)?
show that Cy admits an extension C:;.
By some calculations, M 0y(2) = 0, Mg 1)(2) = 0, rank My 0y(2) = 1 and
rank Mg1)(2) = 2.
Thus, by Theorem [2.4] C; admits a subnormal completion Cs and Berger’s measure
is given by p = (1 — %) 5(0,M) + %5(5,%) with a single atom in {0} x R.
Whence, the proof is ended. O

Remark. In all previous cases, when constructing M(2), we set C(2) = WTM(1)W.
Indeed, in relation (2.4) we always find v =1y.

The following theorem deals with the case where M (1) is positive definite (M (1) > 0)
and v = y.

Theorem 3.3. Let M(1) and B(2) be as defined in (3.1)), y and v be as in [24). If
M(1) > 0, Ran B(2) C Ran M(1) and v =y, M(1) admits a flat extension M(2).
In addition, if M 0)(2) = 0 and Mo,1)(2) = 0, Co admits a subnormal completion
Cx and the Berger measure is 3-atomic.

Proof. Since M(1) > 0, RanB(2) € RanM(1) and v = y then according to
[I5, Theorem 3. 3], M(1) admits a flat extension M(2). Hence, v admits a
unique representing measure j, rank M (1)-atomic (rank M(1) = 3) in R? and since
M(1,0)(2) = 0 and Mg 1y(2) = 0 then by Theorem the support of p is included
in Rﬁ_.

Thus, Co admits a subnormal completion Co, and p is its Berger measure. O

The following example illustrates this last theorem.
Example 3.4. Let Co be a collection of pairs of positive numbers defined by
Q(0,0) = g, Bo,0) = %7 Q(1,0) = 4/ 179, B(1,0) = V2

Hon = @’ Pon = \/g’ apo) =1/15, Beo =v2
e = \/g Bunm =2 apy =2 Boz = ﬁ

The sequence of moments v = {7; }o<it+j<s defined by (1.3) is

Yoo = 1,

_7 _9
Y10 = 7> Yo1 = %>

_ 19 _ 7 _ 21
Y20 = 4 Y11 = 3, Yo2 = I

Y30 = 7 Vo1 = s M2 =17, Yo3 = -
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The two matrices associated to vy are defined as follows

1 T 2 1 7 21

i 1 4 2 4

M(1) = I 1 and B(2)=] 5 97
9 7 21 19 7 51

1 2 4 2 4

Straightforward calculations show that M(1) > 0, rank M(1) = 3 and Ran B(2) C Ran M(1),

9 0 —6 1035 19
with W = 4 2 0 and WE M)W = 5 19 14
3 0 5 19 14 12

Noticing that v =1y =19, M(1) admits a flat extension M(2) given by

1 7 9 19 7 21
1 1 1 2 1

r 19 7 55 19 7

i 1 2z 1 2

9 1 21 19 o o5l

1 2 1 2 4

M(2) =

19 55 19 163 55

4 4 2 4 2 19

719 55

T o7 B g9 1

21 51 129

17 B9 14 12

With commutativity condition (1.2)) and taking 64%3 0) = 15i53, d(20 3) = g—?, 07?2 ) = %,

5‘%1,2) = %, 3(2310) = 3(2271) = 3(21’2) =2, and 3(20’3) = %, Cy admits an extension

Ca.

The localizing matrices are

r 19 7 9 721
i a2 4 2 14

= 19 55 19 = 719
M(l,O)(2> T 3 5 O,’Ild M(()yl)(Q) 5 5 7
719 21 1
3 3 7 T 707

4
Calculations show that M )(2) = 0, M1)(2) = 0, rank M1 ,0)(2) = 2 and
rank Mg 1)(2) = 3. The linear dependencies between the columns of M(2) are

X?=-944X+3Y, XY =2X and Y?=-6+5Y.
The variety cone of M(2) is V(M(2)) = Z(P) N Z(Q) N Z(R) where
P(z,y) = 2* — 4z — 3y +9,Q(z,y) = xy — 2z and R(x,y) = y* — 5y + 6.

So, V(IM(2)) = {(0,3); (1,2); (3,2)}.
The densities p1, p2 and p3 related to the atoms (0,3), (1,2) and (3,2) are solutions
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of the system
p1+p2+p3=1
p2 +3p3 = %
3p1+p2+3p3 = §

Hence, Berger measure is given by
1 1 1
1= 5003 + 5002 T ;0G2)-
Finally, by Theorem[2.]], Ca admits a subnormal completion Cx.

Note that there is only one atom (0,3) € {0}R? since rank M(1)—rank M(; )(2) = 1.
However, there is no atom in R € {0} since rank M(1) — rank Mg 1)(2) = 0.

Remark. For a collection Co of pairs of positive numbers and the sequence of

moments v = {7v;j}o<itj<3 given by (L.3) satisfy the conditions of Theorem
except v # y, then nothing can be concluded about the existence of a subnormal

completion. The following two examples clarify this statement.

Example 3.5. Let Cy be the collection of the following pairs of positive numbers
of the following data

00 = V2, Boo =2, aqon=V3 Buo=2
&0,1) = \/i /3(0,1) = \/57 Q(2,0) = 2, 5(2,0) =2,
aay =V3, Baa =V5 apa =V2 Bz =2V5.
The sequence of moments v = {7i; }o<it+;<s defined by (1.3) is

Yoo = 1,

Y0 =2, o1 =4,

Y20 =6, 711=38, 02 =20,

Y30 =24, 721 =24, 12 =40, 03 = 400.

The matrices associated to vy are

12 4 6 8 20
M= 2 6 8 and B2)=| 24 24 40
4 8 20 2440 400

With some calculations, we get M(1) > 0 and Ran B(2) C Ran M(1) with

108 96 120
WIM@OW = 96 112 800
120 800 26000

We have y = 112 # 120 = v. So, according to Theorem[2.]}, v admits at least one
representing measure 4-atomic.

Indeed, for the choice of quartic moments 49 = 108, y31 = 96, v22 = 120, 13 = 800
and o4 = 26000, M(1) admits a positive semidefinite extension M(2) given by

1 2 4 6 8 20

2 6 8 24 24 40

4 8 20 24 40 400

6 24 24 108 96 120

8 24 40 96 120 800
20 40 400 120 800 26000
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By the techniques used in [15], we construct the extension M(3) of M(2). We get,
1 2 4 6 8 20 24 24 40 400
2 6 8 24 24 40 108 96 120 800
4 8 20 24 40 400 96 120 800 26000
6 24 24 108 96 120 504 432 480 2400
M(3) = 8 24 40 96 120 800 432 480 2400 52000
20 40 400 120 800 26000 480 2400 52000 1960000 ’
24 108 96 504 432 480 2376 2016 2160 9600
24 96 120 432 480 2400 2016 2160 9600 156000
40 120 800 480 2400 52000 2160 9600 156000 3920000
1960000 9600 156000 3920000 149000000

400 800 26000 2400 52000

Calculations, show that M(3) is flat. Hence, v admits a representing measure 1 of
4 atoms.
The localizing matrices associated to M(3) are
2 6 8 24 24 40
6 24 24 108 96 120
8 24 40 96 120 800
Mao®G) =1 94 108 96 504 432 480 |
24 96 120 432 480 2400
40 120 800 480 2400 52000
and
4 8 20 24 40 400
8 24 40 96 120 800
20 40 400 120 800 26000
MonG) =1 94 96 120 432 480 2400
40 120 800 480 2400 52000
400 800 26000 2400 52000 1960000

With some computations, we obtain M 0y(3) = 0, M91)(3) = 0 and the linear
dependency relations between the columns of M(2) are
X?=6X-6 and Y?=80Y —300.

Thus, the atoms of the measure u are
(1,91) = (3 —/3;40 — 10v/13), (22,72) = (3 — V/3;40 4+ 10V/13),
(23,93) = (3+V3;40 = 10V13), (24,54) = (3 + v/3;40 + 10v13),

which belong to Ri and the respective weights are
p1 = =15 (653 + 5413 +18V39 4+ 195),  ps = =15 (65v/3 — 54/13 — 18v/39 + 195) ,

p3 = =25 (—65v3 +54v13 — 18v/39 +195) , py = =15 (—65v/3 — 54v/13 + 18y/39 + 195) .

So Berger’s measure is p = Z:jll PO (2p,yy,) With supp u C Ri. Then, Co admits a
subnormal completion Coo.
Example 3.6. Let Cy be the collection of the following pairs of positive data num-

bers
X 0,0) = g’ ﬂ(0,0) = ?’ (1,0) = \/5a 5(1,0) = \/gv
a1 =V3, Bo1n =3 ago= 37\5/57 Bizo) = \/é,
. Bl = VIO

)
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The sequence of moments v = {7 }o<i+j<3 defined by (L.3) is

Yoo =1,
Y10 = %, Yo1 = %7
Yo0=32, m1=1, 702=3,
Y30 =3, 721=1, m2=13%, 703=30.
The matrices associated with ~v are
11 5
ML= 4% 2 1 and B(2)=| 3 1 1
1 1
13 1 3 30
Calculations lead to ./\/l( > 0 and Ran B(2) C Ran M(1) with
6 7 43 _39
5 25 7 T 43 101 139
_ 9 13 18 _
W = z 5 and WH M)W = = = i
2 4 017 39 149 55777
5 25 5 75 150
8 43 101
15 75
We have y = % # -3 = v. Taking C(2) = ‘11—? % —% , we
101 _ 149 5124467
75 75 11250
construct the extension M(2) of M(1) as follows
101 5
15 1
5 3 1 3 1 3
1 1
= 1 3 1 3 30
M@2)=1] 3 i 101
3 31 8 1w
11 L 4 101 149
3 15 75 74567
1 101 149 5124
3 3 30 5 —%% o
Note that y13 = —122 < 0, which makes zmposszble the construction of a subnormal

completion Cy of CQ. According to the relation , Y13 = 04(0 o)ﬂ(1 0)6(1 1)ﬁ(1 2)-
Whence 3(21 9) < 0, which is impossible.
Therefore, Co does not admit a subnormal completion Cx
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