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KANNAN TYPE ASYMPTOTIC CONTRACTIONS IN THE
SENSE OF KIRK

QIANWEN BAO, FEI HE, NING LU

ABSTRACT. Inspired by Kirk’s pioneering work, we initiate the concept of Kan-
nan type asymptotic contractions. Using two constructive lemmas, we estab-
lish a fixed point theorem for Kannan type asymptotic contractions. What’s
more, we present a fixed point result for asymptotic contractions concerning
the generalization of weakly Cirié type. This theorem generalizes and im-
proves the results for Kirk’s asymptotic contraction introduced by Suzuki and
for Kannan type asymptotic contraction.

1. INTRODUCTION

In 1922, Banach [I] established the famous fixed point theorem known as the
“Banach Contraction Principle”. This theorem is one of the fundamental results
of analysis and considered as the main source of metric fixed point theory. Since
then, there have been numerous extensions of a milder form of Banach contraction
principle, see e.g., [2, B]. In 2003, Kirk [4] introduced a class of mappings called
asymptotic contractions and obtained a fixed point theorem for such a mapping in
metric spaces, which is a generalization of Banach contraction principle. Now we
recall the results on asymptotic contraction as follows.

Definition 1.1 ([4]). Let (X,d) be a metric space and T : X — X be a mapping.
We say that T is an asymptotic contraction if for any z,y € X andn € N

ATz, T"y) < ¢n(d(z,y)), (1.1)

where ¢ : RY — RT is continuous, ¢p(t) <t for allt >0, and ¢, : RT — R* are
such that ¢, — ¢ uniformly on the range of d.

Theorem 1.1 ([4]). Let (X,d) be a complete metric space and T : X — X be an
asymptotic contraction for which ¢, in are also continuous. Assume also that
some orbit of T is bounded. Then T has a unique fixed point z € X such that the
Picard sequence {T"x}52, converges to z for all x € X.
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After this pioneering work, many authors investigated and extended asymptotic
contractions in various directions, see e.g., [0} [0 [7, 8, @]. It is worth mentioning
that, as written in [4], “there is nothing in the formulation of the theorem to suggest
that such a proof is necessary.” In order to give a constructive proof, Jachymski
and J6zwik [I0] modified the conditions of [4, Theorem 2.1] and established some
results for asymptotic ¢-contraction. Also, an oversight of Kirk that 7" should be
continuous was point out in [I0], where the counterexample and correction were
given. We recall this result as below

Let (X,d) be a metric space. Following [I0], mapping T : X — X is called an
asymptotic p-contraction if there exist a sequence {p,}>° , ¢, : RT — R* and
¢ : RT — RT such that

ATz, T"y) < en(d(x,y)), (1.2)
for all z,y € X and n € N, where ¢,, — ¢ uniformly on Rt and ¢(t) < ¢ (t > 0).

Theorem 1.2 ([I0]). Assume that (X,d) is complete and T is a uniformly contin-
wous asymptotic p-contraction, where p is upper semicontinuous and satisfies

Jim (£ — (1)) = co. (13)

Then T has a unique fized point x*. Moreover, x* is both contractive and approxi-
mate fized point.

In 2005, Arandelovié¢ [I1] presented another constructive proof of modified theo-
rem from Kirk, but Jachymski [12] showed that the proof of Arandelovié¢’s theorem
contained an error, which was due to be fixed point free. Around the same time,
Suzuki [I3] introduced the concept of asymptotic contractions of Meir-keeler type
and gave a corresponding theorem, which was a generalization of fixed point theo-
rems of Meir-keeler and Kirk.

On the other hand, Kannan [I4] proved a new theorem on complete metric space
in 1969. We observe that the fixed point theorem of Kannan is different from the
Banach contraction principle, see e.g., [15] 16, 17, 08, 19, 20]. After that, many
authors investigated and improved the fixed point theorem of Kannan in different
directions, see e.g., [21], 22 23] 24]. In 1971, Reich [25] established a fixed point
theorem on complete metric space. We note that the Reich type fixed point theorem
yields the Banach contraction principle and Kannan type fixed point theorem. As
far as we know, no one presents the fixed point theorem for asymptotic contractions
of Kannan type and Reich type.

In this paper, we establish two fixed point theorems for asymptotic contractions
of Kannan type and Reich type, where the second result generalizes the fixed point
theorem for Kirk’s asymptotic contractions by Suzuki [I3] Theorem 4]. In particu-
lar, two useful lemmas we present can simplify the proofs of fixed point theorems
for asymptotic contractions.

2. MAIN RESULTS

In the definition of asymptotic p-contractions, the property concerning ¢ is only
p(t) < t. Note that upper semicontinuity of ¢ is necessary in Jachymski’s result.
Now, we introduce two lemmas for functions ¢ and ¢,,.
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Lemma 2.1. Let function ¢ : Rt — RY be upper semicontinuous and satisfying
o(t) <t for allt > 0. Then for any b>a >0,

inf (t— (1)) > 0.
é@ﬁ o(t))

Proof. From the condition of ¢, we can see that

n(t) =t — ()

is lower semicontinuous and 7(¢) > 0 for all ¢ > 0. Assume that iflfb]n(t) =0
tela,

for some a,b € RT with b > a > 0. Then there exist a sequence {t,} C [a,b] and
t* € [a,b] such that 7(¢,) — 0 and ¢,, — t* as n — oo, which implies that n(t*) <0
since 7 is lower semicontinuous. That is a contradiction for n(¢) > 0 (¢ > 0). (]

Then, we give a useful lemma for function sequence ,, in asymptotic ¢-contraction.

Lemma 2.2. Let function ¢ : Rt — R be upper semicontinuous and satisfying
o(t) <t forallt >0, o, : RT — RT converge to ¢ uniformly on RY, for alln € N.
Then, for any b > a > 0, there exist 6 > 0 and N € N such that

en(t) <t =34, (2.1)
for allt € [a,b] and integer n > N.

Proof. Let b > a > 0 be arbitrarily given. By Lemma [2.1] we have

Obviously, we have ¢(t) <t — 26 for all ¢ € [a, b]. Since ¢,, — ¢ uniformly, we can
see that there exists N € N such that,

o (t) = (8] <9,

for all ¢ € [a,b] and integer n > N, leading to that ¢, (t) < (t)+0 <t —25+6 =
t—4. O

The following theorem shows that the asymptotic contraction of Kannan type
has a unique fixed point.

Theorem 2.3. Let (X, d) be a complete metric space, and suppose that T : X — X
is a continuous mapping. If there exists a sequence {p, 21, @n : RT — RT and
¢ : RT — RT such that

AT, T") < ipnld(a, T2)) + S ion(dly, T), (22)

forallz,y € X andn € N, where ¢,, — @ uniformly on RT, the function v is upper
semicontinuous and p(t) <t (t > 0). Then, T has a unique fized point x* € X.

Proof. Let xg € X be given. Denote x, = Tx,_1 = T"xo for all n € N. Since
©n — @ uniformly, we have ¢, (d(xo,21)) = @(d(zg,21)) and @, (d(z1,22)) —
o(d(z1,22)) as n — oo . Thus the sequence {p,(d(xg,z1))} and the sequence
{¢n(d(z1,22))} are bounded. Notice that for any n € N,

1 1
d(zp, Tpy1) = d(T"xo, T"21) < §@n(d($07x1)) + §<Pn(d(3317332))-

Then {d(xy,x,+1)} is bounded.
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Now, we shall prove that d(z,,z,+1) — 0 as n — co. Assume not, then there
exist g > 0 and a subsequence {z,, } C {x,} such that

A(Tny, Trpt1) > €0

Note that {d(zn,Zn4+1)} is bounded. Without loss of generality, there exists a
subsequence denoted by {n}, such that d(z,,,Tn,+1) = a > €9 as k — co. From
Lemma, for 37" > & > 0, there exist > 0 (now suppose 6 < a) and N € N such
that

en(t) <t -4,
for all t € [%, 37“] and integer n > N. Notice that there exists an integer kg such
that d(xn, , Tn,+1) € (a - %,a+ %) C [%, 37“] for all £k > k¢. Thus, we can find a

k > ko such that ny —ng, > N. Then, we have

d(xnk’ xnk+1) = d(Tpxnko ; Tpxnko+1)

1 1
< §<pp(d(xnko ) ‘rnko"l‘l)) + §‘pp(d(xnko+1v JUnko-'rQ))
1 1
< E[d(xnko ) x”k0+1) - 5] + i[d(xnko—&-l, m7lk0+2) - 6}
< 1)
a— —
— 27
where p = nj — ng,. That is a contradiction. Therefore, we conclude that

d(Xp,Tpi1) — 0 as n — oco. Notice that

d(x’ru anrk) S d(.’Bn, anrl) + d(xn+l7 xn+2) + -+ d(-rnJrkflv anrk)'
This amounts to say that d(z,, Zn+r) — 0 as n — oo for all integers k > 1.
Next, we show that {z,} is a Cauchy sequence. If not, then there exist € > 0 and
two subsequences {zy,, } {xn,} of {z,} such that ngx > my > k, d(zp,,zn,) > €.
Since ¢, — ¢ uniformly, there exists N € N such that

lon®) = p(®)] < 5.

for all ¢ > 0 and integer n > N. Then we have
€ e € €
t) < ot —<t+4+ = -+ = =
enlf) Spt)+ 5 StHS< S+ 5 =e
for t € [0, 5) and integer n > N. Since d(zy,, Tn41) — 0 as n — oo, then there exists
ko > 2N such that d(mka,N,xmko,NH) < 5 and d(2p,, —N, Tny, —N+1) < 5. We
can see that

I
a

d(xmkoaxnko) (TNxka—NaTanko—N)

IN

1
N(d(xka*Na xka*Nﬁfl)) + isoN(d(xnkO*Na xnkO*N+1))

AS)

AN
NN

_|_

£
2

I
™

which is a contradiction. Therefore, {x,} is a Cauchy sequence.
Since (X,d) is complete, there exists * € X such that =, — z* as n — oo.
Note that the mapping T is continuous. We exhibit the following

T =T lg o0 = 100, T0n = B0 Ont =2
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Thus, * is a fixed point for T'. Finally, we show that the fixed point for T is unique.
If not, then there exists y* € X such that y* # x* and Ty* = y*. It follows that

d(z”,y") = d(T"2", T"y") < gn(d(z”, T27)) + Sen(d(y", Ty")) = ¢n(0),
for all n € N. Since ¢, — ¢ and () < t for all ¢ > 0, there exists ng € N such that
©no(0) < 0, which implies that d(z*,y*) < 0. That is a contradiction. Therefore,
T has the unique fixed point z* € X. O

Example 2.1. Let X = {%}Zozl U {—%}Zozl U {0} and d(x,y) = |z —y|. Define a
mapping T : X — X by

-z, z > 0;
Tz = —L, x < 0;
z+1
0, z=0
t
Let p(t) = 3 (t > 0) and the sequence of function {¢n}5>; be such that
2
n(l) = p(t
onlt) = olt) + —

Then the following hold:

(1) (X,d) is a complete metric space and the sequence {p,}22 | satisfy n — ¢
uniformly on R™, where the ¢ is upper semicontinuous and ¢(t) < t (t > 0);

(2) T is continuous in X and satisfies forallz,y € X;

(3) T has the unique fized point z* = 0.

Proof. Tt is clear that (X, d) is a metric space. Note that X is a closed set in R,
and so X with the normal metric is complete, leading to that (X, d) is a complete
metric space. Also, we can see that

t t L

max [ (t) — @(t)] = .

Thus, the sequence {p, }5°; converges uniformly to ¢ on R*. Moreover, it is clear
that % <t (t > 0) and ¢ is continuous, so it is upper semicontinuous. Thus, the
conclusion (1) is proved. Clearly, (3) immediately follows from the definition of T
Now we proceed to prove conclusion (2).

Note that 0 is the only accumulation point in (X, d), and for any {z,} C X with
Zn — 0 (n = 00), there is d(Tx,,0) < d(x,,0), leading to that Tz, — 0 = T(0)
as n — 00. So we can see that T is continuous in X.

Next, we show that holds for all 2,y € X. Let zp = 1 and z,, = T, _1,
then we have {z,,}32, = {1}° U{=1}"" . Let n € N* be arbitrary, then we
show the following inequality hold:

d(T"z,0) < %gon(d(x,Tx)). (2.3)

For any x € X, since the case x = 0 is trivial, now we suppose that z = z, for
some p € N. Let us consider the following two cases
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Case 1. If n = 2k for some k € N*, then we have 7"z, = x,,4,. Note that ¢,

is increasing and ¢, (ni_‘_l) = %_H, and so

4 4 4 4
< < > _— > <t< ——1. (24
<pn(t)_t<t_n )and 1_gan(t)_t<0_t_n+1> (2.4)

n+1" +1 n+
Since d(xp,0) is decreasing with respect to p, we can see that
1 2 1 4

Awnip, 0) < d(w2r,0) = 377 = g5 <5 gpo 7

If d(xp, Txp) > 35, then we get
1 4 1 4
d n 50 5 =35
@np0) <5 531 =2 a1

If d(zp, Tx,) < %4-17 then we have

< 5¢n (d(xpv Txp));

DN | =

1 1 1
d($n+p70) < d(xp+1a0) < i[d(zva)er(xp—HaO)] = id(zvaxp) < §<Pn(d(xvaxp))-

Thus, (2.3]) holds in the case n = 2k for some k € N*.
Case 2. If n = 2k — 1 for some k € N*. Since d(xp,0) is decreasing with respect
to p, from (2.4)) we can see that

d(xn—O—paO) < d(z2r-1,0) = 7 = =
If d(zp, Tx,) > ﬁ, then we get
11
n+1 7" 2

IN

@n(d(xpa T‘T;D));

DN | =

d(Tp4p,0) <

If d(xp, Txp) < 735, then we have

1 1 1
d(zn+p70) < d(xp+1a0) < i[d(zp,O)er(xm_l,O)] = §d(zval'p) < §@n(d(xpaTxp))-

Therefore, we obtain that holds for all z € X.
For any z,y € X, if y = 0, by we have
A(T" 2, T"y) = d(T"2,0) < Son(dlr, T2)) < S pu(d(z, Ta)) + 3 ou(d(y, Ty)).
If 2 # 0 and y # 0, from we can see that
AT, T) < d(T"2,0) + d(T",0) < Son(d(z, T)) + S on(dly, Ty).
Therefore, we prove that holds for all z,y € X. O

Remark. The mapping T in Ezample can not be considered as a Kannan
contraction, as it is not even a contraction at certain points. Indeed, let z, = % for

n € N* and zg = 0. Then we have Tz, = —z, and Tzy = zy. It follows that
1 1
d(Tz,,T20) = d(—2,,0) = ~= i[d(zn,Tzn) + d(z0,T20)].

Thus, the mapping T is not a Kannan contraction for arbitrary coefficient.

Next, we provide a counterexample to show that the continuity condition for
mapping T cannot be omitted.



KANNAN TYPE ASYMPTOTIC CONTRACTIONS IN THE SENSE OF KIRK 7

Example 2.2. Let X = [0,1] and d(z,y) = |z — y| for all z,y € X. The mapping
T:X — X is defined by

1

—x, x> 0;
Tr = 3

1, xz=0.

Let ¢ : RT — RT and ¢, : Rt — RT be defined by

2
p(t) = 3t, @1(t) = 1 and g (t) = @) (n = 2).
Then the following hold:

(1) All conditions in Theorem 2.3 are satisfied except for the continuity of the
mapping T.
(2) T is fizxed point free in X.

Proof. 1t is clear that (X,d) is a complete metric space, ¢, — ¢ uniformly as
n — 00, ¢ satisfies continuity and ¢(t) <t (¢ > 0), and T is fixed point free by the
construction of T. Next, we show that holds for all n € N* and =,y € X.

Let z,y € X be any given. Since the case x = y is trivial, without loss of
generality, we always assume that x < y. Let us consider the following two cases.
Case 1. If 2 >0 and y > 0, then we have Tz = § > 0 and Ty = § > 0. Since
d(u,v) <1 for all u,v € X, we obtain that

ATa,Ty) < 5 < 5 = 31(d(, Ta) < Lpa(d(e, Ta)) + o1 (d(y, Ty)
Note that d(T" "'z, T y) = 1d(T"x,T"y) < (T"x,T"y). Then for any integer
n > 2, we have

AT, T) < (T, T%) < d(0,7%) = Sy = L DT < Loy, 7y)
= Sen(d(y,Ty)) < 5len(d(z, T)) + pu(d(y, Ty)]

Case 2. If z =0 and y > 0, then we have Tx = 1 and Ty = § > 0. Following
the similar discussion above, we can see that

A(Ta, Ty) <1= 3 -2 = Soa(d(a, Ta)) + o1 (d(y, Ty))],

Note that Tx =1 > Ty, and so T"z > T™y. Then for any integer n > 2, we have

11
d(T"x, T"y) < d(T?z, T?y) < d(0,T%z) = = = ~p(d(z, Tx))

3 2
1 1
= gen(d(z, Tw)) < Slen(d(z, Tz)) + u(d(y, Ty)))-
Therefore, we conclude that (2.2)) holds for all n € N* and z,y € X. O

According to the weakly Ciri¢ type fixed point theorem, we can obtain the fol-
lowing result.

Theorem 2.4. Let (X, d) be a complete metric space, and suppose that T : X — X
is a continuous mapping. If there exists a sequence {p,}2 1, @n : RT — RT and
¢ : RT — RT such that

d(T"z, T"y) < max{pn(d(z,9)), pu(d(z, T)), onl(d(y, Ty))}, (2.5)
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forallz,y € X andn € N, where ¢,, — © uniformly on RT, the function v is upper
semicontinuous and p(t) <t (t > 0). Then, T has a unique fized point x* € X.

Proof. Let g € X be an arbitrary but fixed element. Define a sequence of iterates
{z,} in X by x,, = Tx,,_1 = T™x for all n € N. Since ¢,, = ¢ uniformly, we have
on(d(zo,x1)) = @(d(xo,x1)) and @, (d(x1,22)) = @(d(z1,22)) as n — co. Thus
the sequence {¢,(d(zg,21))} and the sequence {p,(d(x1,2z2))} are bounded. By
virtue of d(xy, Tpt1) = d(T"xo, T™2z1) < max{p,(d(xo, 1)), on(d(z1,22))} for all
n € N, we have {d(xy,z,+1)} is bounded.

Now, we show that d(z,, ,+1) — 0 as n — co. Assume the contrary, then there
exist 9 > 0 and a subsequence {x,, } C {x,} such that

d(xnk ) x’nkJrl) Z €0-

Note that {d(zn,zn4+1)} is bounded. Without loss of generality, there exists a
subsequence denoted by {nj}, such that d(x,,,Zn,+1) — a > €9 as k — oo.
Applying Lemma , for 37‘1 > & > 0, we can find §; > 0 (now suppose d; < a)
and N € N such that

Son(t) <t- 51;
for all t € [%, 37“] and integer n > N. Notice that there exists an integer kg such
that d(xn, , Tn,+1) € (a — %,aJr %1) C [%, 32—‘1] for all £ > ky. Then, we can find

k > kg such that ny —ng, > N. Hence, we have
(T Trg+1) = d(Tp‘Tnk,O ) Tpmnk0+1)
< maX{(pP(d(‘T'ﬂko ) xnk0+1>)’ ‘Pp(d(xnkoJrla xnk0+2))}
S max{d(xnko ) xnko—‘rl) - 513 d(xnko—i-lv xnko-‘rQ) - 51}

01
<a+-—=-9
<a+ 5 1
é
S a — 517
where p = ny — ng,. That is a contradiction. Therefore, we conclude that

d(zpn, Tnt1) — 0 as n — oo. Notice that

d(xvu xn+k) < d(xnv xn—i—l) + d(xn+17 1‘n+2) + -+ d(xn—i-k—lv xn—i—k)-

Thus, we have d(z,, Tn+r) — 0 as n — oo for all integers k > 1.

Next, we will prove that {z,} is a Cauchy sequence. If not, then there exist € > 0
and two subsequences {@.,, } {#n, } of {zy} such that ni, > my > k, d(@m,, Tn,) > €
and d(xm,,, Tn,—1) < €. By Lemma for 2¢ > 5 > 0, we can find d3 > 0 (now
suppose 2 < §5) and N; € N such that

YN, (t) S t— (52, (26)
for all ¢t € [%, 26]. Since ¢, — ¢ uniformly, we can see that there exists No € N
such that -
[onlt) — 0(0)] < 5,
for all £ > 0 and integer n > N5. Then we have
€ e 0y € _ €
< - < e XLy <
el S e +ostrT<ZaE <l
for t € [O,%) and integer n > N = max{Ny, No}. Since lim d(z,,Tp4x) = 0
n—oo
for all k£ € N, then there exists kp > N + 1 such that d(fL’ka,xmkU+1) < %2
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[ da d2

3 ) d(xnk0—17xnk0) < 2 d(xnkoaznko-‘rN—l) < o and

s d(xmk()?zmko“l‘N) < 73
%. By the triangular inequality, we have

d(mnk0—17 xnko-i-N—l) <

d(xmk07$nko—1) 2> d(mmk07xnko) - d(xnko—l7$nk:0) ze— —,

and

=]

2

_9.2
c 2

IN

(xmko » T, ) - d(xmko » Ty +N) - d(xnko » g +N—1)

(xmk0+1v7 $n,€0+N—1)
(xmko"rN? xmko) + d(l’mko ) Inko —1) + d(xnko -1 xnko—i-N—l)
0o

9.2
€+ PR

IAIA
QU & X

IN

Then, we can see that d(zy, , Tn,, 1) € [e—2%2,¢) C [§,2¢] and A(Trmpy+Ns Trgy+N-1) €

[e—2-%2,e+2-%2)C[g, 2] By (2.3), we deduce that

d(xmko +N> mnkOJrN*l)
= d(T" 2y, TN Ty 1)
< maX{‘)ON (d(xmko ) xnko—l))7 ¥N (d(xmko » T +1))’ @N(d(xnko—lv L, ))}

< maX{d(l’ka ) :I"nko—l) - 627 @N(d(xmko ) xmk0+1))7 @N(d(znko—h Ly, ))}
13
< max{e — o, 5}

:E—(SQ.

That is a contradiction. Therefore, {x,} is a Cauchy sequence.

Since (X, d) is complete, there exists z* € X such that x,, — =* as n — co. Note
that T is continuous. It is simliar to the proof of Theorem we can obtain x* is
a fixed point for T'. Finally, we show that the fixed point for T' is unique. Assume
that, on the contrary, there exists y* € X such that y* # z* and Ty* = y*. It
follows that for any n € N,

< max{p,(d(z*,y")), pn(d(=", Tz")), pn(d(y™, Ty"))
= max{@,(d(z*,y")), ©n(0)}.

Since ¢, — p and p(t) < tforallt > 0, there exists ng € N such that ¢, (d(z*,y*)) <
d(z*,y*) and ¢, (0) < 0, which implies that d(z*,y*) < d(z*,y*). That is a con-
tradiction. Therefore, T has the unique fixed point z* € X. O

Example 2.3. Let X = {x,}o U{yn }oo U{zn} o U{6} (denote that Ay == {z,,},
As = {yn} and Az =: {z,}), X* = X\ {0} and metricd : X x X — RT be defined
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by
0, u =0 and v =0,
1 u=0,v=x, orv=y, or
n’ v = z, for some n € N*;
d(u,v) = d(v,u) = 1 1 (U = Xy ¥ = Zp) OF (U = Ypn, ¥ = Yn)
m nl|’ or (u = zpy,,v = z,) for some m,n € N*;

11 (U= Ty, v =yp) or (U= T,V = 2,)
maxq —,— ¢,
or (U = Ym, v = 2y,) for some m,n € N*;

Define the mapping T : X — X such that:
T{L‘n = Yn, Tyn = Zn, TZn = Tp+1 and TO = 0.
Let o : RT — R and ¢, : Rt — R be defined by

o(t) = H—Ll’ w1(t) = @(t) + 1, @a(t) =1 and p,(t) = ©(t) (n > 3).

Then the following hold:
(1) d(z,y) < max{d(z,8),d(y,0)} for all x,y € X;
(2) (A;U{0},d) (i=1,2,3) is a complete metric space;
(3) All conditions in Theorem 2.4 are satisfied and T has the unique fixed point
x=40.

Proof. (1) Let z,y € X be any given. If z = 0 or y = 6, then the conclusion is
trivial. Now we suppose that z,y € X*. let us consider the following two cases.
Case 1. If x,y € A; for some i = 1,2,3. Without loss of generality, let z = z,,
and y = x, with m < n, then we have

Ar,y) =~ < = d(z,0) < max{d(z,0), d(y,0)).

Case 2. Ifz € A;and y € A, for some 4,5 € {1,2,3} with ¢ # j. Without loss of
generality, let x = z,,, and y = y,, for some m,n € N*, then we get

d(z, ) = max{l, 1} = max {d(m. 0), d(yn, 0)} = max{d(x,0), d(y.0)}.

m n

Thus, we obtain that d(z,y) < max{d(z,0),d(y,0)} for all z,y € X.
(2) Without loss of generality, we consider the case of ¢ = 1 to show the
conclusion. Define a mapping f: 4; U {6} — {%};0:1 U {0} by

1
fr,=—and f0 =0.
n

Then we can see that

1 1

1
and d(z,,0) = — =
n

1
It follows that f is an isometric mapping, and so (A;U{#}, d) and ({%}Zozl u{o},]-1)
are isometric. Thus, (A; U {6}, d) is a complete metric space.

(3) First, we prove that (X,d) is a metric space. Indeed, it is sufficient to
prove the triangle inequality holds in (X, d). Let u,v,w € X be any given. Due to
the triviality of the proof when two of the three points coincide, we assume that
the three points u,v,w are distinct. From (2) we can see (4; U {0}, d) is a metric
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space for i € {1,2,3}. Next, let us consider the following three cases where three
points w, v, w are not in the same A;.

Case a. Assume that u = 6 or v = 0 or w = 6. Without loss of generality, let
u = . Since v, w are not in the same A;, we suppose that v € A; and w € As.
Then, we may assume v = z,,, w = y, for some m,n € N*, leading to that

1 1 1
d =—< —, — 7 =d d d
(u,v) = max { g n} (v,w) < d(v,w) + d(u,w),
du,w) = ~ < max { —, -} = d(v,w) < d(v,w) + d(u,v)
ww) =~ Smax g —, o = d(v,w v, W u,v),
and
1 1 1 1
d = —_ = —+ - =d d .
(v, w) max{m,n}<m+n’ (u,v) + d(u, w)

Case b. Assume that u,v,w € X* and two of these points belong to the same set
A;. Without loss of generality, let u = z,,,, v = z,, and w = y,, for some m, n,p € N*
with m > n. Then, we deduce that

1 1 1 11
d(u,v) = - — — < — < max{v} = d(v,w)
n o m-_n n’' p
If p > n, then we have d(v,w) = d(u,w). If p < n, then we obtain that

u

11 1 1 1 11

dv,w) = max{, } =—< - - —l—max{, } = d(u,v) + d(u, w).
n'p n

Case c. Assume that u,v,w € X* with each point belonging to one of the three

sets A; (i = 1,2,3). Without loss of generality, let u = 2,,, v = y, and w = z, for

some m,n,p € N* with m > n > p. Then we can see that d(u,v) = %, d(u,w) = %

and d(v, w) = %, leading to that
d(u,v) < d(u,w) = d(v, w).

Therefore, the triangle inequality holds for all u,v,w € X.
Next, we prove that (X, d) is complete. Denote that for each ¢ € {1,2,3}

A; = A; U {0}

Let {u,} C X be a Cauchy sequence. Note that the convergence of a Cauchy se-
quence is equivalent to the convergence of any of its subsequences. So it is sufficient
to prove that there exists a subsequence of {u,} convergent in (X, d). Remarking
that

X =A1UAU A3 U {0},

by the pigeonhole principle, there exits a subsequence {uy, } C {un} that is con-
tained within one of the four mentioned sets. If {u,, } C {0}, then we have {uy,, }
converge to 6. If {u,, } C A; for some i € {1,2,3}, then we get {u,, } C A;. Since
{ttn, } is also a Cauchy sequence and (A;,d) is a complete metric space (conclu-
sion (2)), we obtain that {u,, } converges in A;. Therefore, we conclude that {u,}
converges in (X, d) and so (X, d) is complete.
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By the construction of T, ¢ and ¢,,, we can see that T is continuous, ¢, — ¢
as n — oo uniformly and z* = @ is the unique fixed point for T'. Finally, we show
that (2.5) holds for all n € N* and z,y € X. From (1) we can see

d(T"z, T"y) < max{d(T"z,0),d(T"z,0)} <1 < pp(d(z,y)) (n=1,2).

Since the case of x = y is trivial, it is sufficient to prove for all n > 3 and
x,y € X with  # y. We consider the following three cases.
Case I. Assume that = 6 or y = 6. Without loss of generality, let y = 6
and z = x, for p € N*. By the construction of T, we have T3z, = z,41 and
d(T"zp,0) < d(T3z,,0) for n > 3. From (1) we obtain that

d(T"2, T"y) = (T2, T"0) < d(T,,0) = —— = @(d(x,,0)) = pu(d(z,y))

for all n > 3.

Case II. Assume that x € A; and y € A; for 4,5 € {1,2,3} and ¢ # j. Without
loss of generality, let * = z, and y = y, for p,¢ € N*. In this case, we have
Tx € Aip1 (A4 = Ay) and so d(z, Tz) = d(x,0). Since ¢(t) is increasing, from (1)
and Case I we obtain that for any n > 3,

d(T"z, T"y) < max{d(T"x,0),d(T"y,0)} < max{p,(d(z,8)),on(d(y,0))}
= max{pn(d(z, T2)), pn(d(y, Ty))}
< max{pn(d(z,y)), en(d(z, Tx)), @u(d(y, Ty))}-
Case ITI. Assume that x,y € A; for some ¢ € {1,2,3}. Without loss of generality,
let x = x, and y = z, for p,¢ € N* and p > ¢. By the construction of T', we have
T34 = Ymak, T 22, = 24k and T3 2, = z,,45. It follows that for any
n >3,
1 P—q < _P—a
g p pe+p+q+l = pg+p—q
= (d(zp, zq)) = en(d(z,y))
< max{en(d(z,y)), en(d(z,Tx)), on(d(y, Ty))}-

Therefore, we conclude that (2.5) holds for all n > 3 and z,y € X with z #y. O

d(T"z), T"x,) < d(T?x),, T3x,) =

Remark. We can see that Theorem yields the fixed point theorem for Kirk’s
asymptotic contraction by Suzuki [13, Theorem 4] and the Theorem ,

3. CONCLUSION

In conclusion, this paper has established two fixed point theorems for asymptotic
contractions of Kannan type and weakly Ciri¢ type. The second result extends the
fixed point theorem for Kirk’s asymptotic contractions, as originally presented by
Suzuki. The paper introduces two useful lemmas that greatly simplify the proofs
of fixed point theorems for asymptotic contractions. Additionally, three examples
have been provided to validate our theorems and highlight the essential requirement
of continuity for the mapping, as stated in the theorems. These findings contribute
to the field of fixed point theory for asymptotic contractions and provide valuable
insights for future research in this area.
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