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NEW DISCRETE FORM OF HILBERT INEQUALITY FOR

THREE VARIABLES

NIZAR KH. AL-OUSHOUSH

Abstract. In this paper, we introduce a new form of discrete Hilbert in-

equality for three variables, also, we prove that the constant which appears on
the right hand of inequality is the best constant. Also, the reverse form and

equivalent forms are, obtained.

1.INTRODUCTION

The well-known Hardy-Hilbert inequality for two nonneqative functions f, g and
two positive parameters p and q such that p > 1, 1

p + 1
q = 1 is given as

∞∫
0

∞∫
0

f(x)g(y)

x+ y
dxdy <

π

sin
(
π
p

)
 ∞∫

0

fp(x)dx

 1
p
 ∞∫

0

gq(y)dy

 1
q

, (1.1)

where the constant C = π

sin(πp )
is the best possible.

The corresponding discrete form of inequality (1.1) for two nonnegative sequences
of real numbers {am}and {bn} is given as:

∞∑
m=1

∞∑
n=1

ambn
m+ n

<
π

sin
(
π
p

) ( ∞∑
m=1

apm

) 1
p
( ∞∑
n=1

bqn

) 1
q

, (1.2)

where {am} ∈ lp and {bn} ∈ lq. The constant factor π

sin(πp )
is the best possible.The

inequalities (1.1) and (1.2) have several applications, see results in [9] and [13].
In the last twenty years the inequalities (1.1) and (1.2) have many extensions

and equiv alent forms in many different ways see [3],[10]and [11].
Hilbert integral inequality for three variables can be generalized [12], as

2010 Mathematics Subject Classification. 26D15.

Key words and phrases. Discrete Hilbert’s inequality, Hölder inequality, Best possible constant.
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∞∫
0

∞∫
0

∞∫
0

f(x, y)g(z)

(x+ y + z)λ
dxdydz < C

 ∞∫
0

∞∫
0

fp(x, y)dxdy

(x+ y)−2p+λ+pξ+2

 1
p
 ∞∫

0

gq(z)dz

z−q−qξ+λ+1

 1
q

(1.3)
where λ > 0, ξ ∈ (−λp ,

λ
q ), f(x, y) is non-negative function defined on (0;∞) ×

(0;∞);and g(z) > 0 on (0;∞), also, the constant C = B(λp − ξ,
λ
q + ξ) is the best

possible.
Also, the discrete form of (1.3) was obtained in [13] namely

∞∑
m=1

∞∑
n=1

∞∑
r=1

am,nbr
(m+ n+ r)λ

< C

( ∞∑
m=1

∞∑
n=1

(m+ n)2p−λ−pξ−2apm,n

) 1
p
( ∞∑
r=1

rq+qξ−λ−1bqr

) 1
q

(1.4)
where the constant C = B(λp − ξ,

λ
q + ξ) is the best possible, and am,n is non-

negative double sequence and br is non-neqative sequence

2.PRELIMINRIES AND LEMMAS

We use the most common representation of gamma and beta function, which
are defined by improper integrals respectively:

Γ(µ) =

∞∫
0

tµ−1e−tdt, µ > 0, (2.1)

B (ψ, φ) =

∞∫
0

tψ−1

(t+ 1)
ψ+φ

dt, ψ, φ > 0. (2.2)

Also, for gamma and beta functions, we will use the useful representations for
them as follows:

1

xµ
=

1

Γ (µ)

∞∫
0

tµ−1e−xtdt (2.3)

B(ψ, φ) =
Γ(ψ)Γ(φ)

Γ(ψ + φ)
(2.4)

B(ψ, φ) = B(φ, ψ) (2.5)

Next, we introduce the following lemmas which are necessary tools to prove our
result:

Lemma 2.1. Let p > 1, 1
p + 1

q = 1, λ > 0, and br > 0, then for t > 0 and

0≤ ϕ < λ+ 1
p , we have

∞∑
r=1

rλe−rtbr ≤ tϕ−λ−
1
p (Γ(λp− pϕ+ 1))

1
p

( ∞∑
r=1

rqϕe−rtbqr

) 1
q

(2.6)
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Proof : Using Hölder inequality, we get

∞∑
r=1

rλe−rtbr =

∞∑
r=1

(rλ−ϕe−
rt
p )(rϕe−

rt
q br)

≤

( ∞∑
r=1

rλp−ϕpe−rt

) 1
p
( ∞∑
r=1

rqϕe−rtbqr)

) 1
q

≤

∞∫
0

xλp−ϕpe−xtdx

 1
p ( ∞∑

r=1

rqϕe−rtbqr)

) 1
q

= tϕ−λ−
1
pΓ

1
p (λp− pϕ+ 1)

( ∞∑
r=1

rqϕe−rtbqr

) 1
q

Lemma 2.2. Let p > 1, 1
p + 1

q = 1, λ > 0, and am,n > 0, then for t > 0 and

0 ≤ ψ < λ+ 1
q , we have

( ∞∑
m=1

∞∑
n=1

am,n

(
mn

m+ n

)λ
e−(

mn
m+n )t

)p
≤ tpψ−λpΓ

p
q (qλ−qψ)

∞∑
m=1

∞∑
n=1

(
mn
m+n

)pψ
(m+ n)−

2p
q

e−(
mn
m+n )tapm,n

(2.7)
Proof : Using Hölder inequality, using the subtitutions y = xu and x = 1+u

u v,(to
evaluate the integral on the righthand of the inequality), we have

( ∞∑
m=1

∞∑
n=1

am,n

(
mn

m+ n

)λ
e−(

mn
m+n )t

)p

=

( ∞∑
m=1

∞∑
n=1

{(
mn

m+ n

)λ
e−(

mn
m+n ) tq

}{
e−(

mn
m+n ) tp am,n

})p

=

 ∞∑
m=1

∞∑
n=1


(
mn
m+n

)λ−ψ
(m+ n)

2
q

e−(
mn
m+n ) tq



(
mn
m+n

)ψ
(m+ n)−

2
q

e−(
mn
m+n ) tp am,n



p

≤

 ∞∑
m=1

∞∑
n=1

(
mn
m+n

)qλ−qψ
(m+ n)2

e−(
mn
m+n )t


p
q

∞∑
m=1

∞∑
n=1

(
mn
m+n

)ψp
(m+ n)−

2p
q

e−(
mn
m+n )tapm,n

≤

∞∫
0

∞∫
0

(
xy
x+y

)qλ−qψ
(x+ y)2

e−(
xy
x+y )tdxdy


p
q

∞∑
m=1

∞∑
n=1

(
mn
m+n

)ψp
(m+ n)−

2p
q

e−(
mn
m+n )tapm,n
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=

∞∫
0

∞∫
0

(
x(xu)
x+(xu)

)qλ−qψ
(x+ (xu))2

e−( x(xu)
x+(xu) )t(xdu)dx


p
q

∞∑
m=1

∞∑
n=1

(
mn
m+n

)ψp
(m+ n)−

2p
q

e−(
mn
m+n )tapm,n

=

∞∫
0

∞∫
0

(
x u
1+u

)qλ−qψ
x(1 + u)2

e−x
u

1+u tdudx


p
q

∞∑
m=1

∞∑
n=1

(
mn
m+n

)ψp
(m+ n)−

2p
q

e−(
mn
m+n )tapm,n

=

∞∫
0

∞∫
0

vqλ−qψ−1

(1 + u)2
e−vtdudv


p
q ∞∑
m=1

∞∑
n=1

(
mn
m+n

)ψp
(m+ n)−

2p
q

e−(
mn
m+n )tapm,n

= tpψ−pλΓ
p
q (qλ− qψ)

∞∑
m=1

∞∑
n=1

(
mn
m+n

)ψp
(m+ n)−

2p
q

e−(
mn
m+n )tapm,n

3.Main Result

Theorem 3.1. Let p > 1, 1
p + 1

q = 1, 0 < λ < 1
q , −

λ
p < ς < λ

q , suppose that

am,n is a non-negative double sequence and br is a non-neqative sequence.

If
∞∑
m=1

∞∑
n=1

(mn)λp−λ−ςp

(m+n)
λp−λ−ςp− 2p

q

apm,n <∞ and
∞∑
r=1

rqλ+qς−λ+
q
p bqr <∞, then

∞∑
m=1

∞∑
n=1

∞∑
r=1

am,nbr

( 1
m + 1

n + 1
r )λ
≤ C

( ∞∑
m=1

∞∑
n=1

(mn)λp−λ−ςpapm,n

(m+ n)λp−λ−ςp−
2p
q

) 1
p
( ∞∑
r=1

rqλ+qς−λ+
q
p bqr

) 1
q

(3.1)
where C = B(λp + ς, λq − ς) is the best possible.

Proof : Let

I =

∞∑
m=1

∞∑
n=1

∞∑
r=1

am,nbr

( 1
m + 1

n + 1
r )λ

=

∞∑
m=1

∞∑
n=1

∞∑
r=1

am,nbr(mnr)
λ

(mn+ r(m+ n))λ

=

 1

Γ(λ)

∞∑
m=1

∞∑
n=1

∞∑
r=1

am,nbr(mn)λ(r)λ
∞∫
0

tλ−1e−[mn+r(m+n)]tdt

 (3.2)

By substituting t = ω
m+n in (3.2), applying Hölder inequality, and replace ω by

t, we get:
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I =
1

Γ(λ)

 ∞∑
m=1

∞∑
n=1

∞∑
r=1

am,nbr(mn)λrλ
∞∫
0

(
ω

m+ n

)λ−1
e−[mn+r(m+n)] ω

m+n
dω

m+ n


=

1

Γ(λ)

 ∞∑
m=1

∞∑
n=1

∞∑
r=1

am,nbr(mn)λrλ
∞∫
0

(
ω

m+ n

)λ−1
e−[

mn
m+n+r]ω dω

m+ n


=

1

Γ(λ)

∞∫
0

(
ω
λ−1
p +ς

∞∑
m=1

∞∑
n=1

am,n

(
mn

m+ n

)λ
e−

mn
m+nω

)(
ω
λ−1
q −ς

∞∑
r=1

rλe−rωbr

)
dω

≤ 1

Γ(λ)

∞∫
0

tλ−1+pς

( ∞∑
m=1

∞∑
n=1

am,n

(
mn

m+ n

)λ
e−

mn
m+n t

)p
dt

 1
p

×

∞∫
0

tλ−1−qς

( ∞∑
r=1

rλe−rtbr

)q
dt

 1
q

. (3.3)

Substitute (2.6) and (2.7) in (3.3), we get:

I ≤ 1

Γ(λ)

∞∫
0

tλ−1+pς

tpψ−λpΓ p
q (qλ− qψ)

∞∑
m=1

∞∑
n=1

(
mn
m+n

)pψ
(m+ n)−

2p
q

e−(
mn
m+n )tapm,n

 dt


1
p

×

∞∫
0

tλ−1−qς

tϕ−λ− 1
pΓ

1
p (λp− pϕ+ 1)

( ∞∑
r=1

rqϕe−rtbqr

) 1
q

q

dt


1
q

=
Γ

1
q (qλ− qψ)Γ

1
p (λp− pϕ+ 1)

Γ(λ)

 ∞∑
m=1

∞∑
n=1

(
mn
m+n

)pψ
(m+ n)−

2p
q

apm,n

∞∫
0

tλ−1+pς+pψ−λpe−(
mn
m+n )tdt


1
p

×

 ∞∑
r=1

rqϕbqr

∞∫
0

tλ−1−qς+ϕq−λq−
q
p e−rtdt

 1
q

=
Γ

1
q (qλ− qψ)Γ

1
p (λp− pϕ+ 1)Γ

1
p (λ+ pς + pψ − λp)Γ

1
q (λ− qς + ϕq − λq − q

p )

Γ(λ)

×

( ∞∑
m=1

∞∑
n=1

(mn)
λp−λ−pς

(m+ n)λp−λ−pς−
2p
q

apm,n

) 1
p
( ∞∑
r=1

rqλ+qς−λ+
q
p bqr

) 1
q

= Cφ,ϑ

( ∞∑
m=1

∞∑
n=1

(mn)
λp−λ−pς

(m+ n)λp−λ−pς−
2p
q

apm,n

) 1
p

.

( ∞∑
r=1

rqλ+qς−λ+
q
p bqr

) 1
q

(3.4)
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If we set φ=pqλ−λ−pς
pq and ϑ = pqλ−λ+pς+q

pq , we can obtain inequality (3.1) with

constant C pqλ−λ−pς
pq , pqλ−λ+pς+qpq

= Cφ,ϑ = C.

To show that the constant C in (3.1) is the best possible. Define the sequence

ãm,n = q
1
q (mn)

ς−λ
q

(m+n)
2+ ε

p
+ς−λ

q
for m,n ≥ 1 and the sequence b̃r = r

λ−qε
q −ς−λ−1 for r ≥ 1.

Suppose that C is not the best possible, then there exist a constant M, where
0 < M < C, such that

I ≤ M

( ∞∑
m=1

∞∑
n=1

(mn)
λp−λ−pς

(m+ n)λp−λ−pς−
2p
q

ãpm,n

) 1
p
( ∞∑
r=1

r
qλ+qς−λ+ q

p
r b̃qr

) 1
q

= M

( ∞∑
m=1

∞∑
n=1

(mn)
λp−λ−pς

(m+ n)λp−λ−pς−
2p
q

(
q

1
q (mn)ς−

λ
q

(m+ n)
2+ ε

p+ς−
λ
q

)p) 1
p
( ∞∑
r=1

r
qλ+qς−λ+ q

p
r

(
r
λ−qε
q −ς−λ−1

)q) 1
q

= M

( ∞∑
m=1

∞∑
n=1

q
1
q (mn)

0

(m+ n)ε+2

) 1
p
( ∞∑
r=1

r−qε−1

) 1
q

< q
1
qM

( ∞∑
m=1

1

(m+ 1)ε+2
+

∞∑
n=2

1

(n+ 1)ε+2
+

∞∑
m=2

∞∑
n=2

1

(m+ n)ε+2

) 1
p
( ∞∑
r=1

r−qε−1

) 1
q

< q
1
qM

∞∫
0

1

(x+ 1)ε+2
dx+

∞∫
1

1

(y + 1)ε+2
dy +

∞∫
1

∞∫
1

1

(x+ y)ε+2
dxdy

 1
p
1 +

∞∫
1

1

zqε+1
dz

 1
q

= q
1
qM

(
1

(ε+ 1)
+

1

2ε+1(ε+ 1)
+

1

2εε(ε+ 1)

) 1
p
(

1 +
1

qε

) 1
q

= q
1
qM

(
1

ε

) 1
p
(

ε

(ε+ 1)
+

ε

2ε+1(ε+ 1)
+

1

2ε(ε+ 1)

) 1
p
(

1

qε

) 1
q

(qε+ 1)
1
q

=
M

ε
H(ε), (3.5)

it is clear that H(ε) −→ 1 as ε −→ 0+.
On the other side , if we estimate the left hand side of (3.1), let u = x

(
m+n
mn

)
,

we find

I =

∞∑
m=1

∞∑
n=1

∞∑
r=1

ãm,nb̃r(
1
m + 1

n + 1
r

)λ
=

∞∑
m=1

∞∑
n=1

∞∑
r=1

q
1
q (mn)

ς−λ
q

(m+n)
2+ ε

p
+ς−λ

q
r
λ−qε
q −ς−λ−1(

1
m + 1

n + 1
r

)λ
=

∞∑
m=1

∞∑
n=1

∞∑
r=1

q
1
q (mn)ς−

λ
q r

λ−qε
q −ς−λ−1(mnr)λ

(m+ n)
2+ ε

p+ς−
λ
q (mn+ r(m+ n))

λ
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=

∞∑
m=1

∞∑
n=1

∞∑
r=1

q
1
q (mn)ς−

λ
q (mn)λr

λ−qε
q −ς−1

(m+ n)
2+ ε

p+ς−
λ
q (mn+ r(m+ n))

λ

=

∞∑
m=1

∞∑
n=1

q
1
q (mn)ς−

λ
q

(m+ n)
2+ ε

p+ς−
λ
q

(mn)λ
∞∑
r=1

r
λ−qε
q −ς−1

(mn+ r(m+ n))
λ

=

∞∑
m=1

∞∑
n=1

q
1
q (mn)ς−

λ
q

(m+ n)
2+ ε

p+ς−
λ
q

(mn)λ
∞∑
r=1

r
λ−qε
q −ς−1

(mn)λ
(
1 + r(m+n

mn )
)λ

≥
∞∑
m=1

∞∑
n=1

q
1
q (mn)ς−

λ
q

(m+ n)
2+ ε

p+ς−
λ
q

∞∫
1

x
λ−qε
q −ς−1(

1 + x(m+n
mn )

)λ dx
=

∞∑
m=1

∞∑
n=1

q
1
q (mn)ς−

λ
q

(m+ n)
2+ ε

p+ς−
λ
q

∞∫
m+n
mn

( mn
m+nu)

λ−qε
q −ς−1

(1 + u)
λ

(
mn

m+ n
du

)

=

∞∑
m=1

∞∑
n=1

q
1
q (mn)ς−

λ
q

(m+ n)
2+ ε

p+ς−
λ
q

(
mn

m+ n
)
λ−qε
q −ς

∞∫
m+n
mn

u
λ−qε
q −ς−1

(1 + u)
λ
du

=

∞∑
m=1

∞∑
n=1

q
1
q (mn)−ε

(m+ n)
2+ ε

p−ε

∞∫
m+n
mn

u
λ−qε
q −ς−1

(1 + u)
λ
du,

since ε→ 0+(so small), it follows q
1
q (mn)−ε = q

1
q

(mn)ε > 1, we get:

I >

∞∑
m=1

∞∑
n=1

1

(m+ n)
2+ε

∞∫
m+n
mn

(u)
λ−qε
q −ς−1

(1 + u)
λ

du

=

∞∑
m=1

∞∑
n=1

1

(m+ n)
2+ε

∞∫
0

(u)
λ−qε
q −ς−1

(1 + u)
λ

du−

m+n
mn∫
0

(u)
λ−qε
q −ς−1

(1 + u)
λ

du


≥

∞∫
1

∞∫
1

1

(x+ y)
2+ε dxdy

B(λ
q

+ ε− ς, λ
p
− ε+ ς

)
−

m+n
mn∫
0

(u)
λ+εqλ−ε

q −ς−1du


=

1

2εε(1 + ε)

B(λ
q

+ ε− ς, λ
p
− ε+ ς

)
−

m+n
mn∫
0

(u)
λ+εqλ−ε

q −ς−1du



=
B
(
λ
q + ε− ς, λp − ε+ ς

)
2εε(1 + ε)

−O(1), (3.6)

when ε → 0+ in (3.5) and (3.6), we obtain a contradiction. By this the proof of
theorem is completed.
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The next part in this paper , we give the reverse form of our main inequality
(3.1). Also the constant C here is the best as in the first Theorem.

Theorem 3.2. Let 0 < p < 1, 1
p + 1

q = 1, 0 < λ < 1
q ,−

λ
p < ς < λ

q , suppose

that am,n is a non-negative double sequence and br is a non-neqative sequence.If
∞∑
m=1

∞∑
n=1

(mn)λp−λ−ςp

(m+n)
λp−λ−ςp− 2p

q

apm,n <∞ and
∞∑
r=1

rqλ+qς−λ+
p
q bqr <∞, then

∞∑
m=1

∞∑
n=1

∞∑
r=1

am,nbr

( 1
m + 1

n + 1
r )λ
≥ C

( ∞∑
m=1

∞∑
n=1

(mn)λp−λ−ςp

(m+ n)λp−λ−ςp−
2p
q

apm,n

) 1
p
( ∞∑
r=1

rqλ+qς−λ+
p
q bqr

) 1
q

(3.7)
Where C = B(λp + ς, λq − ς) is the best possible.

proof: In order to prove this theorem , we will follow the same steps as in
the proof of the first Theorem, but we use the reverse Hölder inequality instead of
Hölder inequality,

so,we leave it. In particular (for theorem 3.2)
a) If λ = 1

2 , ς = 0, p = 1
2 , substitute these values in (3.2), we get:

∞∑
m=1

∞∑
n=1

∞∑
r=1

am,nbr

( 1
m + 1

n + 1
r )

1
2

≥ −2

( ∞∑
m=1

∞∑
n=1

(m+ n)
3
4

(mn)
1
4

a
1
2
m,n

)2( ∞∑
r=1

r2b−1r

)−1
b) If λ = 1

2 , ς = − 1
2 , p = 1

3 , substitute these values in (3.2) we get:

∞∑
m=1

∞∑
n=1

∞∑
r=1

am,nbr

( 1
m + 1

n + 1
r )

1
2

≥ 4

3

( ∞∑
m=1

∞∑
n=1

(m+ n)

(mn)
1
2

a
1
3
m,n

)3( ∞∑
r=1

r−2b
− 1

2
r

)−2
4. Equivalent Forms

In this part , we give some equivalent forms of the inequality (3.1).
Theorem 4.1 : Using the same conditions of Theorem 3.1, we have the following

inequalities:

∞∑
r=1

r−λ−pς−1

( ∞∑
n=1

∞∑
r=1

am,n

( 1
m + 1

n + 1
r )λ

)p
≤ Cp

∞∑
m=1

∞∑
n=1

(mn)λp−λ−ςp

(m+ n)λp−λ−ςp−
2p
q

apm,n

(4.1)
and

∞∑
n=1

∞∑
n=1

(mn)ςq−λ

(m+ n)ςq−λ+2

( ∞∑
r=1

br

( 1
m + 1

n + 1
r )λ

)q
≤ Cq

∞∑
r=1

rqλ+qς−λ+
q
p bqr (4.2)

Both of (4.1) and (4.2) are equivalent to (3.1) and Cp and Cq are the best
possible.

Proof: To prove (4.1) , set

br = r−λ−pς−1

( ∞∑
m=1

∞∑
n=1

am,n

( 1
m + 1

n + 1
r )λ

)p−1
By using (3.1), we obtain
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∞∑
r=1

r−λ−pς−1

( ∞∑
m=1

∞∑
n=1

am,n

( 1
m + 1

n + 1
r )λ

)p

=

∞∑
r=1

r−λ−pς−1

( ∞∑
m=1

∞∑
n=1

am,n

( 1
m + 1

n + 1
r )λ

)p−1 ∞∑
m=1

∞∑
n=1

am,n

( 1
m + 1

n + 1
r )λ

≤
∞∑
m=1

∞∑
n=1

∞∑
r=1

am,nbr

( 1
m + 1

n + 1
r )λ

≤ C

( ∞∑
m=1

∞∑
n=1

(mn)λp−λ−ςp

(m+ n)λp−λ−ςp−
2p
q

apm,n

) 1
p
( ∞∑
r=1

rqλ+qς−λ+
p
q bqr

) 1
q

= C

( ∞∑
m=1

∞∑
n=1

(mn)λp−λ−ςp

(m+ n)λp−λ−ςp−
2p
q

apm,n

) 1
p

×

 ∞∑
r=1

rqλ+qς−λ+
p
q

r−λ−pς−1( ∞∑
m=1

∞∑
n=1

am,n

( 1
m + 1

n + 1
r )λ

)p−1q
1
q

= C

( ∞∑
m=1

∞∑
n=1

(mn)λp−λ−ςp

(m+ n)λp−λ−ςp−
2p
q

apm,n

) 1
p
( ∞∑
r=1

rqλ+qς−λ+
p
q
(
r−λ−pς−1

)q ( ∞∑
m=1

∞∑
n=1

am,n

( 1
m + 1

n + 1
r )λ

)p) 1
q

= C

( ∞∑
m=1

∞∑
n=1

(mn)λp−λ−ςp

(m+ n)λp−λ−ςp−
2p
q

apm,n

) 1
p
( ∞∑
r=1

r−λ−pς−1

( ∞∑
m=1

∞∑
n=1

am,n

( 1
m + 1

n + 1
r )λ

)p) 1
q

It means

∞∑
r=1

r−λ−pς−1

( ∞∑
n=1

∞∑
r=1

am,n

( 1
m + 1

n + 1
r )λ

)p

≤ C

( ∞∑
m=1

∞∑
n=1

(mn)λp−λ−ςp

(m+ n)λp−λ−ςp−
2p
q

apm,n

) 1
p
( ∞∑
r=1

r−λ−pς−1

( ∞∑
m=1

∞∑
n=1

am,n

( 1
m + 1

n + 1
r )λ

)p) 1
q

(4.3)

If we multiply both sides of the inequality (4.3) by

( ∞∑
r=1

r−λ−pς−1
( ∞∑
m=1

∞∑
n=1

am,n
( 1
m+ 1

n+ 1
r )
λ

)p)− 1
q

we get (4.1). Also we can get (3.1) from (4.1) and by using Hölder inequality as
following

∞∑
r=1

∞∑
m=1

∞∑
n=1

am,nbr

( 1
m + 1

n + 1
r )λ

=

∞∑
r=1

(
r−

λ
p−ς−

1
p

∞∑
m=1

∞∑
n=1

(mn)λp−λ−ςp

(m+ n)λp−λ−ςp−
2p
q

apm,n

)(
r
λ
p+ς+

1
p br

)
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≤

( ∞∑
r=1

r−λ−pς−1

( ∞∑
m=1

∞∑
n=1

am,n

( 1
m + 1

n + 1
r )λ

)p) 1
p
( ∞∑
r=1

rλq−λ+qλ+
q
b br

)

≤ C

( ∞∑
m=1

∞∑
n=1

(mn)λp−λ−ςp

(m+ n)λp−λ−ςp−
2p
q

apm,n

) 1
p
( ∞∑
r=1

rλq−λ+qλ+
q
b br

)

To prove (4.2), set

am,n =
(mn)qς−λ

(m+ n)qς−λ+2

( ∞∑
r=1

br

( 1
m + 1

n + 1
r )λ

)q−1

By using (3.1), we get

∞∑
m=1

∞∑
n=1

(mn)qς−λ

(m+ n)qς−λ+2

( ∞∑
r=1

br

( 1
m + 1

n + 1
r )λ

)q

=

∞∑
m=1

∞∑
n=1

(mn)qς−λ

(m+ n)qς−λ+2

( ∞∑
r=1

br

( 1
m + 1

n + 1
r )λ

)q−1( ∞∑
r=1

br

( 1
m + 1

n + 1
r )λ

)

=

∞∑
r=1

∞∑
m=1

∞∑
n=1

am,nbr

( 1
m + 1

n + 1
r )λ

≤ C

( ∞∑
m=1

∞∑
n=1

(mn)λp−λ−ςp

(m+ n)λp−λ−ςp−
2p
q

apm,n

) 1
p
( ∞∑
r=1

rqλ+qς−λ+
p
q bqr

) 1
q

= C

( ∞∑
m=1

∞∑
n=1

(mn)qς−λ

(m+ n)qς−λ+2

( ∞∑
r=1

br

( 1
m + 1

n + 1
r )λ

)q) 1
p
( ∞∑
r=1

rqλ+qς−λ+
p
q bqr

) 1
q

It means that

∞∑
m=1

∞∑
n=1

(mn)qς−λ

(m+ n)qς−λ+2

( ∞∑
r=1

br

( 1
m + 1

n + 1
r )λ

)q

≤ C

( ∞∑
m=1

∞∑
n=1

(mn)qς−λ

(m+ n)qς−λ+2

( ∞∑
r=1

br

( 1
m + 1

n + 1
r )λ

)q) 1
p
( ∞∑
r=1

rqλ+qς−λ+
p
q bqr

) 1
q

(4.4)

By multiply (4.4) by

( ∞∑
m=1

∞∑
n=1

(mn)qς−λ

(m+n)qς−λ+2

( ∞∑
r=1

br
( 1
m+ 1

n+ 1
r )
λ

)q)− 1
p

, we get (4.2).

Also we can get (3.1) from (4.2) and by using Höder inequality as following:
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∞∑
m=1

∞∑
n=1

∞∑
r=1

am,nbr

( 1
m + 1

n + 1
r )λ

=

∞∑
m=1

∞∑
n=1

(
(mn)−

qς−λ
q

(m+ n)−
qς−λ+2

q

am,n

)(
(mn)

qς−λ
q

(m+ n)
qς−λ+2

q

∞∑
r=1

br

( 1
m + 1

n + 1
r )λ

)

≤
∞∑
m=1

∞∑
n=1

(
(mn)λp−λ−pς

(m+ n)−λp−λ−pς−
2p
q

apm,n

) 1
p
( ∞∑
m=1

∞∑
n=1

(mn)qς−λ

(m+ n)qς−λ+2

( ∞∑
r=1

br

( 1
m + 1

n + 1
r )λ

)q) 1
q

≤ C

( ∞∑
m=1

∞∑
n=1

(mn)λp−λ−ςp

(m+ n)λp−λ−ςp−
2p
q

apm,n

) 1
p
( ∞∑
r=1

rλq−λ+qλ+
q
b bqr

)

Thus ,wo proved the equivalence relation between (4.2) and (3.1).

Theorem 4.2 : Using the same conditions of Theorem 3.2, we have the following
inequal ities:

∞∑
r=1

r−λ−pς−1

( ∞∑
n=1

∞∑
r=1

am,n

( 1
m + 1

n + 1
r )λ

)p
≥ Cp

∞∑
m=1

∞∑
n=1

(mn)λp−λ−ςp

(m+ n)λp−λ−ςp−
2p
q

apm,n

(4.5)
and
∞∑
n=1

∞∑
n=1

(mn)ςq−λ

(m+ n)ςq−λ+2

( ∞∑
r=1

br

( 1
m + 1

n + 1
r )λ

)q
≥ Cq

∞∑
r=1

rqλ+qς−λ+
q
p bqr (4.6)

Both of (4.5) and (4.6) are equivalent to (3.2) and Cp and Cq are the best
possible.

Proof : Since our proofs of (4.5) and (4.6) are similar to proofs of (4.1) and
(4.2), so we leave it.
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