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A GENERAL AND OPTIMAL DECAY RESULT FOR A
VISCOELASTIC EQUATION WITH A STRONG TIME
DEPENDENT DELAY

HAMDAN AL SULAIMANI, KHALEEL ANAYA, CYRIL DENNIS ENYI, SOH EDWIN
MUKIAWA

ABSTRACT. In this paper, we establish an optimal and general decay result
for the energy of a viscoelastic equation exhibiting a strong time-dependent
delay. This is achieved by considering a minimal condition on the relaxation
function g. The exponential and polynomial decay rates are obtained as special
cases.The theoretical computations are supported with a numerical analysis of
the problem under consideration. This work extends and generalizes some
recent results in the literature.

1. INTRODUCTION

In this work, we consider the following problem

t
ue — Au + / g(t — 8)Au(s)ds — pu1 Aup — paAue (-, t — 7(t)) = 0,
0

in Qx(0,+00), (1.1)
u|asz =0, u|t:0 = Uo, ut|t:0 = Uz,
Ut(I,t) = fo(.f,t), te [—T(O),O), T € Q,

where € is a bounded domain of R™, n > 1, with a smooth boundary 0€2, p1, o are
constants, 7(¢) > 0 is the time-dependent delay and ¢ is the relaxation function to
be specified. In the past decade, various researchers have studied the effect of delay
damping in the wave equation. For instance, Nacaise and Pignotti [17] considered
the following delay equation with internal feedback

use — Au + a(z)[prus + pou(t — 7)) =0 (1.2)

and established an exponential decay result when 0 < ps < p;. Nacaise and Pignotti
[18, 19] investigated an abstract evolution equation and established similar results
as in [17]. Kafini et al. [10] looked at the nonlinear wave equation

ugs + Au+ G(ug) + pGur(t — 7)) = F(u) (1.3)

and proved that under suitable conditions, solutions blow up in finite time. For
wave equation with strong delay, Messaoudi et al. [15] considered

ue — Au — pp Aug — paAu(t —7) =0 (1.4)
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and established a well posedness and exponential stability result. Liu [12] looked
at the time-dependent delay equation

uge — Au + /0 g(t — s)Au(s)ds + prus + pous(t — 7(t)) =0 (1.5)

and proved a general decay result when |us] < +/1—du;. The decay result in
[12] was improved by Dia and Yang [5] under weaker conditions on the relaxation
function. Kirane and Said- Houari [11] investigated the delay equation

¢
uy — Au + / g(t — s)Au(s)ds + pug + pou(t —7) =0 (1.6)
0

and established the well-posedness as well as a general decay estimate when 0 <
o < p1. In [9], Feng investigated a wave equation similar to (1.6), however with
strong time dependent delay term and viscoelastic memory, that is

t
ue — Au + / g(t — 8)Au(s)ds + 1 Aug + paAu(t — 7(t)) = 0. (1.7)
0

The well posedness of equation (1.7) was established, furthermore, an exponential
stability result for the associated energy functional was proved, under the assump-
tion that |pu2| < v/1 — duy holds. Benaissa et al.[3] studied the delay equation

ue — Au + /0 h(t — s)Au(s)ds + p1g1(ut) + page(u(t — 7)) =0 (1.8)

and proved the well-posedness in addition to a general decay result for the cor-
responding energy functional. Liu and Zhang [14] looked at the nonlinear wave
equation with infinite memory and delay

¢
upr — aAu + / w(t — s)Au(s)ds + prue + poue(t —7) + f(u) = h (1.9)

and established the well-posedness without any restrictions on g and ps. Moreover,
they showed that the energy functional decay exponentially when 0 < |ua| < 1.
Alabau-Boussouira et al. [1] studied the nonlinear wave equation

+oo
upy — Au + / g(s)Au(t — s)ds + ku(t —7) =0 (1.10)
0

and proved that the equation is exponentially stable for k small enough. For more
related results concerning the wave equation with a weak time delay term under
appropriate assumption on 1 and pg, we refer the reader to Mukiawa [7], Enyi and
Mukiawa [8], Benaissa et al. [4], Datko et al.[6], Liu [13], Nicaise and Valein [20, 21]
and references therein.

Remark. The problem (1.1) we considered in this paper is an improvement and
generalization over the problem (1.7) of Feng [9]. This is obvious because if in
particular, we take M to be the identity map in our assumption (A2) (2.3) for
the kernel ¢ in the finite memory term, we get the assumption (1.2) of Feng [9)].
Furthermore, we have presented a numerical analysis of the problem to validate our
theoretical analysis, this was also lacking in the work of Feng [9].

This work is organized as follows: In Section 2, we set the problem and state some
basic assumptions. In Section 3, we present some strategic lemmas needed. Again,
in section 4 we state and prove our main results. Also, section 5 is devoted to giving
numerical results concerning our considered problem. Finally, in section 6 we give
a conclusion statement.
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2. SETTING OF THE PROBLEM

We consider the following problem

t
= Sut [ (e = 5)u(s)ds — paus — padu(-,t = 7(0)) =0,
0

in Qx(0,+00), (2.1)
Uy =0, ul,_, = uo, utl,_, = u1,
ug(z,t) = fo(z,t), t € [—7(0),0), z € Q,
where €2 is a bounded domain of R™, n > 1, with smooth boundary 9f).

Assumptions:

(A1) The relaxation function g : [0,00) — (0,00) is a C! increasing function and
satisfies

g(0) >0, 1- /OO g(s)ds =1>0. (2.2)
0

(A2) There exists a C'—function M : [0,00) — (0,00), which is either linear or
is a strictly increasing and strictly convex C? function on [0,a], a > 0,
a < g(0), with M(0) = M'(0) = 0, such that
g'(t) < =E(BM(g(t), Vt=0, (2.3)
where £ is a positive nonincreasing differentiable function.
(A3) There exist 79,71 > 0 such that

0<70<7(t) <m, Vt>0, (2.4)
(A4)
7(t) € W2°(0,T) and 7/(t) <d < 1, V¢, T > 0. (2.5)
We can deduce from (A1) and (A2) the following:
(I) From (A1), it follows that tlim g(t) = 0. Thus, there exists t, > 0 large
(o)
enough, such that
g(to) = and g(to) <a, Vt=to. (2.6)
(IT) Since g and ¢ are positive, nonincreasing and continuous functions, in ad-
dition to M being a positive continuous function, it follows that, for all
t €[0,to],
0 < g(to) < g(t) < g(0)
0 < &(to) < &(t) < €(0)

for some positive constants a and b. Hence,

, a a
gt) < —=€&t)M(g(t) < ———=9g(0) < ———=g(t), Vt € |0, to]. 2.7
(t) (t)M(g(t)) g(O)() g(O)() [0, to] (2.7)
(IIT) M has an extension M, which is a strictly increasing and strictly convex
C? function on (0,00). As an example, given that M(a) = a;, M'(a) = a2
and M"(a) = a3, then we can define M by

} =a <{(H)M(g(t)) <b

M(t) = %tQ + (ag — aza)t + <a1 + %042 - a2a>, Yt > a. (2.8)

We will as well make use of the Jensen’s inequality:

Given that G is a convex function on [a,b], f : Q@ — [a,b] and h are integrable
functions on Q, h(z) > 0, and [, h(x)dz = ¢ > 0, then
1 1
Gb/&@mwm}si/aﬂmmmm.
Q Q

0
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We have the following well-possedness result, which is obtained by using the Clas-
sical Faedo-Galerkin method, see , e.g [15].

Theorem 2.1. Assume that po < p1 and assumptions (A1)-(A4) hold. If (ug,u1) €

HYQ) x L2(Q) and fo € HY(Q x (—7(0),0)), then (2.1) possesses a unique weak
solution (u,ut) € C([0,400), H}(2) x L2(Q)).

3. STRATEGIC LEMMAS

For convenience, we will denote the norm || - ||2 of the Lebesgue space L?({2) by
[ -]l The constants ¢ > 0 and C' > 0 are generic constants which may change
in value from one line to the other or within the same line. We define the energy
functional of problem (2.1) as

E(t)z—nutw 1(1/tg<> ) ITuOIP + 500 7)

(3.1)
C A(t—s)
Ve (s)||*dxds,
t—7(t)
where ¢, A > 0 are constants satlsfymg, (see [9, 18])
2 le
Ha€
— < (< 1. 3.2
(=) ¢ < (3.2)
and
2
0< A<= log, <£\/1d>, (3.3)
! ||
while

(gow) / / (t — s)|v(t) — v(s)|*dsdz.

Lemma 3.1. Assume that |us] < p1v1—d, then the energy functional satisfies,
along with the solution of Problem (2.1), the inequality

B(0) < 560 V) = 5o Tull+ (§ - 5 ) IVul?

N =

R R [N Ol

Y t
- </ /e*A<t*S>||vut(s)||2dzds <0, Vt>0. (3.4)
2 0 Ja
Proof. Differentiating the energy functional, we have

Et) = /Qututtdac—i—%% Kl—/otg(s)ds)/Q|Vu(t)|2d:v] +%%(govu)

—IIW I” - _”(”( T ()| Vue(t — ()]

- A4/ /e_’\(t_s)||Vut(s)||2d:cds. (3.5)
2 JiorwJa

Also, multiplying (2.1); by u; and integrating over €2 yields

/Qututtdac—i— ;jt [(1—/0tg(s)ds)/Q|Vu(t)|2d:v] +%%(govu)

=506 0 Vu) = 50(0) [ [VuOPde—pr [ [Vu)F

— ph2 /Q Vue(t) - Vue(t — 7(t))dz. (3.6)
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By Young’s inequality, we have
2
- m/ Vg (t) - Vg (t — 7(t))dz < %uwtw + 2“72||vu(t @2 (37)
Q 1

Now, substituting (3.6) into (3.5), then making use of (3.7), assumptions (A3) and
(A4), we obtain

1 1
B(0) < 560 V) - 5o Vull+ (§ - 5 ) IVuil?
2
M2 £ —AT1(1 _ N 2
e S - I9u - )
¢
- AC/ /e*A<t*S>||vut(s)||2dzds. (3.8)
2 JirJa
Therefore (3.4) follows from (3.8) and (3.2). O
Lemma 3.2. Let u be the solution of Problem (2.1). The functional defined by
@(t):/uutdz, (3.9)
Q

satisfies

l 3#1 3#2
() < = S|Vl + el + T IVuel? + 22 [ Vue(t = 7))

(3.10)
S (o Vu) (1),
for any k € (0,1), where
Y s C) R R
Cr = /0 kg(s) — g’(s)d d n(t) = rg(t) = g'(t). (3.11)

Proof. From (3.9), by taking into account (2.1);, (2.2) and Young’s inequality, we
obtain

(I)'(t)=||ut|2—|Vu||2—/Qu(/Otg(t—s)Au(s)ds) dx—,ul/QVu-Vutdx
*,LLQ/QVU'VUt(th(t))dl‘

= (1= [ atoras) 1l + [ - ([ ot 5)(uts) - vute)as)

ful/QV’wVutd:cfug/QVu~Vut(th(t))

l 3,&1 3#2
< — 51Vl + el + LI Vuel|? + 2 [ Vet = 7))

2

+ % A (/Otg(t —8)|Vu(s) — Vu(t)|ds> dz. (3.12)
Now, using Cauchy-Schwarz inequality, we obtain
< g(t —s)|Vu(s) — u(t)|ds)2 dx
-/ < Wg L 2* 5),(t —\/rglt =)~ g — )| Vu(s) - w<t>|ds>2dx
< ( ds) / / ( (t—s)—g'(t— s)) |Vu(s) — Vu(t)|*dsdx
< Cx (noW)() (3.13)
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Substituting (3.13) into (3.12), we get (3.10). O

Lemma 3.3. Let u be the solution of Problem (2.1). The functional defined by

f/ ut/ g(t — s)(u(t) —u(s))dsdz, (3.14)
o Jo

satisfies

Wit < ([ 066 =) lual? + oI Tull + oVl + ol V(e ~ ()] a1s)

+ 20 1m0 Va))

for any o € (0,1).

Proof. Using (2.1); and integration by parts, we obtain

W) = (1 —/Otg(s)ds) /Qvu- (/Otg(t—s)(Vu(t) —Vu(s))ds) do

I

2

<[] tg(ts>(w<t>w<s>)ds> i ([ tg(s)ds> | utas

I

tan [ G ([ o= o)(vutt) - Vuts))as)

I3

+ 2 /Q Vue(t — 7(t)) - (/Otg(t —5)(Vu(t) - Vu(s))ds) dz

Iy

_/Qut (/Ot gt — 5)(ult) —u(s))ds) da

Is

(3.16)
Using Young’s inequality, Poincaré’s inequality, Cauchy-Schwatz inequality and sim-
ilar calculations as in (3.13), we estimate the terms I — I5 as follows:

Cx
I §o||VuH2 + E(" o Vu)(t)
I, <Cy(no Vu)(t)
2
I <o V| + £2 0y o w)(t)

14 SUIIVUt(t*T(t))HQJr C (o Vu)(t)

I = /ut/ n(t —s)(u(t) —u( dsdxf/ut/ kgt —s)( —u(s))dsdx
0 0

(ﬁ)n §

<ol +

)(nOVU)() (o Tu))

<olwr]]? + =0 Vu)(t) + =Culno Vu)(t).
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Now, making use of the estimates above on I; — I, (3.16) yields

t
V()< - ( / g(s)dsa) el + ol + o[ Vurl]? + ol Vst - 7(6)) 2

1 Cl{ N%CH :LL%C"Q
+ p {T +0Cy + 1 + 1 +e(L+Cy)l| (noVu)(t).
(3.17)
1 M2 M2
Estimate (3.15) follows from (3.17), where Cy > max {Z’ o, Zl’ ZQ’ c}. O

Lemma 3.4. Let u be the solution of Problem (2.1). The functional defined by

@(t):/Q/O h(t — s)|Vu(s)|?dsdz, (3.18)

where h(t) = [,

. 9(s)ds satisfies
o'(t) < —Z(go Vu)(t) + 5(1 — )|Vl (3.19)

Proof. We notice that h'(t) = —g(t), therefore
¢
O'(t) :h(O)/ |Vu|2d:cf// g(t — 5)|Vu(s)|*dsdx

Q aJo

t
<h(0)| Va2 —/ / g(t — )| Vu(s) — Vu(t) Pdsdz
aJo
¢

- 2/QVu(t) . / g(t — 5)(Vu(s) — Vu(t))dsdz. (3.20)

0

It follows from Young’s inequality, Cauchy-Schwatz inequality as well as (2.2), we
have

_ Q/QVu(t) /O ot — 8)(Vu(s) — Vu(t))dsdz < 41— 1)|[Vul]? + i(goVu)(t),

h(0) =1-1,
then substituting this in (3.20), we obtain (3.19). O
Lemma 3.5. Given tg > 0. Then, the functional £ defined by
ZL(t) = KE(t) +e19(t) + 29 ()

with K,e1,e9 > 0 appropriately chosen, satisfies for all t > i,

21 1 1
2(0) <= 2= DIVul? ~ Ll + g0 Vu))
¢
—ﬁ/ /e_”\(t_s)HVutHdeds. (3.21)
4k0 Ji—rt) Jor

In addition, there exist B1, P2 > 0 such that
BLE(t) < Z(t) < BE(t), (3.22)
i.e., ZL(t) ~ E(t).
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Proof. We set g9 = foto g(s)ds and recall that ¢ = kg — 7. Making use of (3.4),

l
(3.10) and (3.15), in addition to taking o = = e find that for all ¢ > ¢,
2

l l l
20 < - (515 - z) IVl - <g . ) Tk

! 3 ¢ 2

£ % 'LL_§,£*>\71 _ _ 2
et e k(22 - Sema-a) | Ivut - o)

K 4C 3 4C
+KZ(goVu)(t) — | = — =22 — Cu[e195 +2=2 ) | (n o Vu)(2)
2 2 l 21 l
)\ t
_ K—C/ / e~ 1=9)||Tuy, () | 2dards. (3.23)
2 Ji—riyJa
Now, we choose 1 large enough so that
I 121
S 24
512 1 > 4 ( l)7 (3 )
then choose €5 large enough so that
SN (3.25)
€290 1 €1 1 .

2 2
kg% (s) C KgA(s)
Observe that _— < S and hm _—
rg(s) —gis) I and lin )

dominated convergence theorem, we have that

= 0, hence by the Lebesgue

fe%e] 2
/@C’H:/ L(S)/dsﬁo as x — 0.
o Kg(s)—g'(s)

Therefore, there exists kg € (0, 1) such that for all k < kg, we have
1

3 24C,
2<€12_l + €2T0>

We now choose K large enough and choose x satisfying

kC, <

K 4Cy , 1
G~ ] >0 and k= % (3.26)
which yields, on account of (3.2) and (3.3), that
l 3M1 C H1
Z+€12_l+K<§? <0, (3.27)
l 3z s ¢y
e k2 2 SeAmg - 2
1Ty (2M1 5¢ 1-4d)) <0 (3.28)
and
K 4Cy 4 3 24Cy
iy 24220 . 2
5 €2 Cx (51 5 e | > 0 (3.29)
Combining (3.24)-(3.29), we obtain
21 1 1
26 < = 2= DIVulP = Fludl? + g0 Vu)()

Nk :
- 4/ /e_’\(t_‘s)HVut@)Hdeds.
4ko Ji—r(t) Jo
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Now, we establish that .2 ~ E. On account of Poincaré inequality and Cauch-
Schwars inequality, we have

|.L(t) — KE(t)|
< e1|®(t)] + e W (1)

<e /Q IFuf? + Jue? + ( / ot~ )t - u<s>|ds) ] da

<e [ [wa s+ ([ tg(s)ds> / gt~ 9|Vult) - V(o) do
{(1[ (s)d )/|Vu|2d:c+/|ut|2d:c+(goVu)( )]
/(/ A=) [Ty () |2dads

Therefore, (3.22) follows immediately. O

< cE(t

4. MAIN RESULTS
Lemma 4.1. There exists B3 > 0 such that, the functional defined by
F(t)=2L(t) + BsE(t),

satisfies

F'(t) < —B4E(t) / / |Vu(t) — Vu(t — s)|*dzds, Yt > to, (4.1)

for some By > 0. Moreover, F ~ E.

Proof. From (2.7) and (3.4), we deduce that for any ¢t > ¢,

/ /|Vu — Vu(t — s)|*dvds

< _90) / / |Vu(t) — Vu(t — s)|*dzds

(). (42)
Now, from (3.21), we have
Z'(t) < = BE(t) + (g0 Vu)(t)

< = BuB(t) — B3E'(1) / / |Vu(t) — Vu(t — s)|?dxds.
Hence (4.1) follows immediately, and since . ~ E, then F ~ E. |

Now, we state and prove our main decay result.

Theorem 4.2. Assume that |p2| < p1v'1—d. There exist constants wy € (0,1]
and we > 0 such that the energy functional satisfies

E@) < w2M2—1 (wl /1( ){(s)ds) , (4.3)

where Ms(t / M’ )ds and My is convex and strictly decreasing on (0, ). In
addition, lim My(t) = +oo
t—0
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Proof. To prove Theorem 4.2, we shall adopt the method of [16] and consider two
cases.

Case 1. M is linear.

We multiply (4.1) by &(t), then on account of (2.3) and (3.4), we get

SOF () < — BuEWE(®) + / IVu(t) — Vu(s)2dads

 BiE(D)E(t) - / (s) / IVu(t) - Vu(s)Pdeds

— Ba&(t) E( / / |Vu(t) — Vu(s)|*dxds

<= Bi(HE() -

Hence,
EF +EB)(t) < =B E(t), Yt > to. (4.4)
Since £ > 0, F > 0 and F ~ E, there exists 85 > 0 such that
Ly(t) < =Bs8(t)La(t), V¥t > to, (4.5)

where L1 = {F + E. Combining (4.4) and (4.5), there exists 8 > 0 such that,
t 3 3 t
E(t) < ce o i €)ds wo M5t (wl/ f(s)ds) . V> t.
to

Case 2. M is nonlinear.

We define the functional
L(t) =2(t)+ O(t).
Clearly, £ > 0, moreover by (3.19) and (3.21) there exists 87 > 0 such that

t
L) <=7 |1 = DIVl + [l + (g o Tuhe) + 2 [ ATy (s) s
t—7(t)
< — BrE(t). (4.6)

Integrating (4.6) over (to,t), we get

57/ E(s)ds < L(to) — L(t) < L(to),

and we deduce that -
/ E(s)ds < 0. (4.7
0

Now, we define the functional

_’Y/ /|Vu u(s)|*dxds,

1
and observe that on account of (4.7), we can choose 0 < v < ——=——— such
2 [, E(s)ds

that
0<pt) <1, Vt=>to. (4.8)
We also define the functional

P(t) = / / |Vu(t) — 8)|?dxds.

Clearly, ¥(t) < —cE'(t). Recalling that M(0) = 0 and M is strictly convex on
[0,a], r > 0, then for any p € (0,1) and ¢ € (0, o]

M(pt) < pM(2). (4.9)



DECAY RESULT FOR A VISCOELASTIC EQUATION WITH TIME DEPENDENT DELAY 37

Using assumptions (A1)-(Asz), (4.8), (4.9) and Jensen’s inequality, as well as (2.8),
we have

w@);iﬁjt:wﬁﬂg%ﬁ)[;ﬂVUG)VUGﬁﬁdmﬁ
> [0 a(6) [ 219ut0) - V(e - o)Paaas
>0 [ M50 [ 19000 = ute - s
z%WQ%fWMVMWOVWsWM>
:% ( / /|vu Vut—s|2dxds)

zf(t </ /|vu Vuts)|2d:cds),

where M is the extension of M, see (2.8). Therefore,

/ / |Vu(t) — Vu(t — s)|*deds < ’yM - (%}E;)) :

then due to (4.1), we get

F'(t) < —BuE(t) + M (%ﬁ?) , Vit > to. (4.10)

Let ag < @, and define the functional .#; by

F(t) =DM (t) <a0 g ((é))) F(t) + E(t).

Recalling that £’ < 0, M > 0, M >0 as well as making use of (4.10), we obtain
that %1 ~ E and

FL(t) =M (ao Et) ) F(t) 4 oo E'®) 57 (ao E(t) ) F(t)+ E

E(0) E(0) E(0)
' (. E) 7 (o EM)\ 571 (12() /
<= 51800 (aogi ) + O (cogiqy ) 3 () + 0
(4.11)
We denote by M" the convex conjugate of M in the sense of Young. Thus,
M (y) = y(M) " (y) = M) ()] (4.12)
and M~ satisfies the following Young inequality
pq < M (p) + M(q). (4.13)
esetp=M |« E(t) and g = 1) en on account o -
W b‘ip M ( OE(O)) ndgq=M ( 0 ) th t of (4.11)-(4.13),
F(t) < — By E)M <a0 g(t) > +cM” (M/ ap f?(((t)))>) + C%}E;)

Ve 7 (. E®) V(t)
< - B4E(t)M (aOE(O)) + caOE(O)M (aOE(O)) + CW. (414)
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E(t
Now, using (3.4) we have aOE((O)) < a which implies by (2.8) that
E(t)
M M .
(oo5@) = (50)
Hence, multiplying (4.14) by £(t), and making use of ¥(t) < —cE’(t), we get

+ ey(t).

— B4 E(t)M’ (ao%) + cag g((é))g(t)M' (ao%) —cE'(t).
(4.15)

Again, defining %5 = %, + cE, then since %, ~ E, there exist wi, w2 > 0 such
that

B1E(0)

Now, from (4.15) and choosing ay < , there exists Bg > 0 such that for all

t > to, we have
F5(t) < —Bs&(t) (%) M’ (%) = —Bs&(t) My (%) . (4.17)

wlyg (t)

E(0) 7
then recalling, from (Asz), that M is strictly increasing and strictly convex on (0, &
and that M{(t) = M'(apt) + agt M (aot), we deduce that M (¢), M7 (t) > 0. Again,
from (4.16), we obtain that

Let
H(t) =

H(t) ~ E(t). (4.18)
It follows due to (4.17) that there exists wq > 0, such that
H'(t) < —wi&(t) M1 (H (1)), Vt > to. (4.19)

We finally define
& 1
My(t) = —d
2(t) /t sM'(s) %

M, is strictly decreasing on (0, «] and }ir% Ms(t) = co. We integrate (4.19) over
—
(to,t), to obtain

aoH (t)

MafouH(0) = Mafout ) = [ iz [ e(s)ds

which implies that
t

Mo(aH(t)) > wr &(s)ds.

to
It follows that
t
10 < o (o [ eoas), (4:20)
ao )

hence, using (4.18) and (4.20), estimate (4.3) follows immediately. O
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5. NUMERICAL STUDY

In this section, we illustrate numerically the result in Theorem 4.2. We establish
a numerical scheme for our problem (2.1) using finite difference method in time and
finite element method in space.

To discretize in time, we truncate the interval (0, co0) into (0, 7] where T is large
enough. Divide [0,7] uniformly into N subintervals with size k each and nodes
{t,}N_, ie., t, =nk for 0 < n < N, where k = T//N. For the grid function w", let
w™ — wn—l wn—i—l — 2w + wn—l
— (5ttw” = .

k k2

For the spatial discretization, we choose Q = (a,b) X (¢,d) and then divide both
(a,b) (in the z-direction) and (¢,d) (in the y-direction) into a family of uniform
cells. Let x; = thy for 0 < i < M, with hy, = (b — a)/M, and let y; = jh, for
0 < j < M, with h, = (d — ¢)/M,,. Then, the C* Galerkin finite dimensional space
Sh, := Sh, ® Sh,, where

Sp, ={v e H'(a,b) :

where P3 is the space of polynomials of degree at most 3 in x, S}, is defined similarly.

Usually, continuous Galerkin finite element schemes are motivated by the weak
formulation of the model problem. So, we take the inner product of (2.1) with
¢ € H}(Q) then using Green’s formula. This leads to

(5tw" =

2] € P3 for 1 <i < N, with v(z)[z=a,s = 0},

17, 1,T

t
(", d)+(Vu, V¢>*/O g(t=s)(Vu(s), Vo) ds+p1 (Vu', Vo) +p2 (V' (t — 7(t)), Vo) = 0.

(5.1)
Replacing u/(t — 7(¢)) by u/( ft (W' (s)ds, we have

(W, 8) + (Vu, V) - / glt — 5)(Vu(s), Vo) ds + u (Vi V)

+u2<V <u’ - /tt o u”(s)ds) ,V¢> =0. (5.2)

Consequently, for each ¢t > 0, the semi-discrete finite element solution uy(t) € Sy, is
defined by

(Wl 8) + (Vun, Vo) — / ot — $)(Vun(s), Vé) ds + 1 (Vath, V)

+,u2<V (u'h — /t_ o u%(s)ds) ,V¢> =0. (5.3)

Our fully-discrete numerical solution U;* approximates u(t,) is defined by

ot
(60 Uy, ¢) +(VUR, Vo) — /O g(tnr1 — s)(VU(s), Vo)ds + 1 (Vo Uy, V)

t
+ /.1/2<V <6tU;? —/ (5ttU,’f(s)d$> ,V<Z>> = 0, (54)
t—7(t)

Vo € Sp,andfor 1 <n< N —1.

For computing purposes, we need to write our scheme in a matrix form. let
dhy = dim Spy = N, — 1 and let {¢}, }d’“: denote the basis functions of Sp,,. We
define dj; X dj, matrices:

b b
M, = [/ qbqupdx} and G, = [/ ¢;¢;dx] )
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In the y-direction, we use similar notations but with y in place of x.
The (dpy X dpy)-dimensional column vector b™ is the transpose of the vector

1,1>Y1,2» 'Y 1,dpy> s Ydpge, 10 ' Ydpg,dpyl*

Therefore, through tensor products of one-dimensional C? splines, the fully-discrete
scheme (5.4) has the following matrix representation, for 1 <n < N — 1,

(M, M, — pu7(tn) Gz @ Gy) bl =
(2Ml. @M, — kG, ® Gy — k(1 + 112)Gy @ Gy — 2007 (tn) Gy & Gy) b"

+2 GGy Y g b (R + p12)Ga @ Gy + pia7(tn) G ® Gy — M, @ M) b,
j=0

with gZLH = ftij“ g(tni1 — s)ds.

Therefore, at each time level t,,41, we solve a finite square linear system, where
the unknown is the column vector b™*1.

Furthermore, from the matrix form, it is clear that our scheme (5.4) is a three-
time level scheme, so the approximate solutions U,? and U} need to be determined
first, and then U,{ for 2 < j < N can be computed by solving the above linear system
recursively. We choose U,? € Sp, to be the bicubic spline polynomial interpolates wug
at the interior nodal nodes. However, we choose U}l € Sj to be the bicubic spline
polynomial interpolates ug + t1u; at the interior nodal nodes.

For the computer implementation of the linear system, it is important to consider
discretization of spatial Galerkin-type integrals in the scheme. To this end, on each
cell of our two-dimensional partition, the integrals are approximated using 2-point
Gauss quadrature rule in each direction.

In our test problem, we choose Q = (0,1) x (0,1), the time interval is (0, 80),
the initial data ug(x,y) = 2%2y(1 — 2)(1 —y), u1(x,y) = 0, the relaxation function
g(t) = et 7(t) = Le7?" and the coefficients p1 = 1,2 = 2. The spatial mesh
consists of 400 (square) cells of equal areas, while the time domain consists of 80000
subintervals. In this example, we expect that the energy decays exponentially. On

1

the other hand, if the relaxation function g(t) = 3z We expect that the energy

decays polynomially, which is confirmed Figuers 1-4.

0.9 <

RN
osl N\ O\
0.5 :

ozl

FIGURE 1. The graphical plot of the approximated energy E(t)
against ¢ in the interval [0, 5].
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FIGURE 2. The graphical plot of the approximated energy FE(t)
against ¢ in the interval [0, 10].

FIGURE 3. The graphical plot of the approximated energy E(t)
against ¢ in the interval [0, 20].

0s

o8
07
oe
ot

oar
N\L

FIGURE 4. The graphical plot of the approximated energy E(t)
against ¢ in the interval [0, 50].

6. CONCLUSION

In the present work, we have established an exponential decay result for a wave
equation with finite memory and strong time dependent delay, with a more general
condition on the kernel in the memory term. The recent work of Feng [9] is a
particular case. We also presented numerical analysis of the problem in other to
validate our theoretical result.
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for their comments that helped us improve this article.
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