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DYNAMIC ANALYSIS OF A CHAOTIC 3D QUADRATIC
SYSTEM USING PLANAR PROJECTION.

ABDELLAH MENASRI

ABSTRACT. The theory of dynamical systems is one of the most important
theorems of scientific research because it relies heavily on most of the major
fields of applied mathematics to give a sufficiently broad view of reality, but
it still poses some problems, especially with regard to the modeling of certain
physical phenomena. Since most of these systems are designed as continuous or
discrete dynamic systems with large dimensions and multiple bifurcation pa-
rameters, researchers face major problems in qualitative study. In this paper,
we propose a method to study bifurcations of continuous three-dimensional
dynamic systems in general and chaotic systems in particular, which contains
many bifurcation parameters. This method is mainly based on the projection
on the plane and on the appropriate bifurcation parameter.

1. INTRODUCTION

The development of chaos theory begins in the late X Xe century. This repre-
sents a new approach to problems scientists in all disciplines, as well in mathematics
or physics as in medicine or biology. Indeed, the traditional science is based on
notions such as determinism and seeks first and foremost, predictability. Chaos
theory, for its part, aims to find an order in the apparent chaos. To do this, she re-
lies on theconcepts of non-linearity and auto-similarity and has as an experimental
tool computer predilection. Chaos theory, with its new approach, not only helps us
to better understand the world around us, but also provides applications concrete
and topical in fields as varied as physics, biology, astronomy, medicine, radio com-
munication and computer science.

The purpose of this paper is to provide a new method for the study of a three-
dimensional continuous quadratic chaotic dynamic system with multiple bifurcation
parameters [1]. This method gives important results on the dynamic behavior of
the latter, stability, bifurcations and chaos. This method consists of two steps, a
projection on the plane to obtain a dynamic system of lower dimension [2], then
the choice of the appropriate parameter, to simplify, we choose a three-dimensional
dynamic system with seven parameters. We will examine a subsystem of the original
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system by analyzing its dynamic behavior in a lower dimension. This will be useful
for the final study of the dynamic behaviour of the original system.

1.1. Dynamic analysis of a nonlinear system in three dimensions. Let the
dynamic system defined as follows

d{L’l

ddt = a1x1 + asxo + aszxs
ﬁ =x1x3+0b (1.1)
% = C1T1 + C2x2x3 + C

Where, a; #0,(1 <i<3)¢; #0,b# 0 and ¢ # 0 are real parameters. When
projecting onto the plane (z; — x2), the following new system is obtained
{ % = a1x + ag o + asxrs (1 2)
% = 2123 + b ’
Where, z3 is considered as a known function of the time variable ¢. When ¢ = ¢,
the system (2) becam linear and bi-dimensional with constant coefficient [1]. The

Jacobian matrix of the system (2) is given by

o al ag
J— ( o ) |
The determinant of matrix J is
det(J) = —agx3.

Notice that for x3 # 0, det(J) is not zero.

1.1.1. The fized point of the system (2). The fixed point of the system (2) obtained

from
d.’El - dCCQ o

dt o odt
hence, we have

a1x1 + asxs + azrs =0
{ 13 +b=0 (1.3)
With a simple calculation, we get
a1b — azx?
2 =—— and 2§= 23
T3 as2x3
2
Thus the system (2) has a single fixed point e (_?bg’ %) Using the transla-

tion (v = x1 — 2§,y = w2 — x5) the point e can be reduced to the origin O .

1.1.2. Fized point classification according to eigenvalues. To perform a clacification
of the fixed points of (2), we calculate the eigenvalues of the matrix J.

det( A\ — J) = \? — a1\ — agxs,
we put
det(AI — J) =0,
hence
N —ay X — agws =0, (1.4)
we will study only the case as > 0, as for the case as < 0, it will be studied in the

same method.
For as > 0, we have the following cases
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1.: For z3 > 0, the equation (4) has two solutions A; and A2 such that,
A1 < 0 < Az then the fixed point e is a "saddle point". The curve of the
solution in the plane (x; — x2) is represented in (Figure 1.a) where, the
directions of the orbits are represented by arrows when time t increases.
When ¢ tend to infinity only two orbits tend towards the fixed point e and
the others diverge towards infinity in two different directions.

2.: For a; < 0, when z3 < —%: The equation (4) has two solutions A\; and
Ao such that, A\ < Ay < 0, so the fixed point e is a "Node", which explains
the tendency of solution curves on the plane (z1 — x2) to infinity with the
exception of two orbits that tend towards point e. This is shown in (Figure

1.b), where the direction of the orbits is represented by arrows.

3.: For a; < 0, when f% < x3 < 0: The equation (4) has two complex
solutions conjugated with a negative real part, the fixed point e is a "focus".
The curve of the solutions on the plane (z; — x2) is shown in (Figure 1.¢),
where the direction of the arrow is the direction of the orbit when the time
t increases. When ¢ tends to infinity, all the orbits move in spiral around

to point e.

FIGURE 1. (a): the fixed point e is a saddle point. (b): The fixed
point e is a "node". (c): the fixed point e is a "focus".

1.1.3. The relationship between the time variable t and the function x3(t ). When

t tends to infinity, The orbit z3(¢ ) intersects the two straight lines x3 = —4%

and x3 = 0 alternately and several times. Hence, the division of the x3 axis into
2 2
three disjoint domains ( —oco hu —4% , 0) and (0, + oo), Which implies

) 4as )0
the possession of the system (2) of different dynamic behaviors in the three domains
above. When ¢ tends to infinity the system (2) changes its dynamic behavior and
x3(t ) passes through these domains repeatedly, leading to complex dynamics such
as the appearance of bifurcations and chaos. It is noticed that the system (2)
depends on time ¢ when x3(¢ ) varies over time. The two systems (1) and (2) can
be verified that are chaotic when the function z3(¢t ) passes through the straight

lines z3 = —% and x3 = 0 alternately [1],[2].

1.1.4. The relationship between the time variable t and the function x3(t ). When

t tends to infinity, The orbit z3(¢ ) intersects the two straight lines z3 = —4%2

and x3 = 0 alternately and several times. Hence, the division of the x3 axis into
2 2

three disjoint domains (—oo , a—l), ( 2 O) and (0, + oco), Which implies

- 4(12 - 40,2
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the possession of the system (2) of different dynamic behaviors in the three domains
above. When ¢ tends to infinity the system (2) changes its dynamic behavior and
x3(t ) passes through these domains repeatedly, leading to complex dynamics such
as the appearance of bifurcations and chaos. It is noticed that the system (2)
depends on time ¢ when x3(t ) varies over time. The two systems (1) and (2) can

be verified that are chaotic when the function x3(t ) passes through the straight
2
lines z3 = —4% and z3 = 0 alternately [1], [2].

1.2. The fixed point of the system (1). The system fixed point (1) results from
the first and second equation, so we have

b
= —— 1.5
T3 .’Ii17 ( )
and )
4y = B30 1T (1.6)
agx1

by substituting (5) and (6) in the third system equation (1), we obtain the following
equation (7)

agclx‘;’ + (a1bce + agc)x% —azcob =10 (1.7)
To obtain a single fixed point, you must take the case
ai1cCo

arbcy +asc=0o0r c = — b (1.8)

az
azCy :

2
therefore the fixed point of system (1) is given by E( 3/%c2p, 2sb=aizy —%).

azc1’ azTy

Then, under the condition (8), the equation (7) has a unique real root z1 = g/ 222}

1.2.1. linearization of the system (2) at fixed point E(x1,x2,x3). The stability of
the equilibrium state (point F ), is analyzed by linearizing the system (1) to point
E under the linear transformation [2], [3], [5].

r =1 — X
Y=22—Y
Z=T3 — 20

Where
To = 3/ L2p
0 asCci
o agb—alx? (19)
Yo = —aomm
= b
0 — 1

The system (1) becomes in the form

g = mz + agy + asz
Y — 2o + 202 + 22 , (1.10)
& = C1T + C220Y + Yoz + C2Yz
the Jacobian matrix A(E) of the system (10) is given as follows
a az as
A(E) = A 0 o 5 (111)
€1 C2z0 C2Yo

its characteristic polynomial is given by
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P(A) =X+ AN+ BA+C (1.12)
Where

A= —(cayo +a1)

B = bcy —azey + a1CYo — A220 (113)

C= a2C1T0
Then, the conditions of Routh-Hurwitz lead to the condition that the real parts of
the roots are A—négative if A > 0, C > 0 and AB — C > 0. It is noticed that
the coeflicients of the polynomial (12) are all positive, so P(\) > 0 for all A > 0,
therefore the only fixed point is unstable (rel(A) > 0) If P(\) has two conjugate
complex eigenvalues [1]. It is noticed that Ay = +iw and Ay = —iw, because the
sum of the three roots of the cubic P()) is

A+ X+ A3=—-A4 (1.14)
So, we have \3 = —A = a1 + coyp which is located on the system stability margin
(10), hence
A = —CQalx% + arasxo + CQCL?,b, (1.15)
a2

on the other hand, we have
P(A3)=—-AB+C =0, (1.16)

where
asascy (:2:63—&-(11 as bcgmo —ajazazcab

A =
¢ agcgl; 2 2

B— (arazascicataycr)rg—aiasbeszotasbes(azbea—azascr) , (117)

C =

a2a302b
a2C1To
and
,/a3C2
zo = # —=b.
az2Cy

A substitution of (17) in (16) we obtain
(a3asbeicy — alaicics — alasbet — aladascico — araser)ad
—|—(—a1a2a§bclcg’ — agagbclcg + ala203b263 — alagagbclcg + a?agagbcg + agagbclcg)xo

— a2a2b’ch + a1aib®cics + aradasbcs — ajadazb®cd + ajadaibeicy =0, (1.18)

or
aad + Ba? +yay +6 =0, (1.19)
where
a= —agbc‘fx% + agasbcizg
8= —a%a301C2.’IJ3 - a%b%%
v = —aje1xd + (—aza3beics + azazb®cs — aza3beicd)xg (1.20)
+a3b?cich + a3azbes — adazb*c3 + a3a3becs

§ = (a%asbeic3 — a3a3cicd)zd + (—adasbercd + adaszbeicd)xg

Assume that o > 0 and the equation (19) has only one solution a; = ag,hence for
a1 = ag the fixed point £ will lose its stability, so a hopf bifurcation can occur
[2],[6],[7]. Using the two conditions (14), (16) and a; = ap, the polynomial P())
can be written in the form

PO\ = (A — ag — cayo) (A2 + B), (1.21)
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where

§ _ (apazaszcico + ader)rd — adasbc3wg + azbea(azbey — azascy)

. 1.22
agagcgb ( )

It is obvious that, the equation P()\) = 0 has three roots, one negative, A3 =
ap + c2yo and a pair of conjugated purely imaginary roots

) ii\/(aoagagclcg + ader)zd — adasbc3zo + aszbea(azbes — asaser)
1,2 =

= +id
agagcgb
(1.23)
Differentiate the two sides of equation (12) with respect to a, we obtain
v (1) 0 (Peeegpee) ) o4
dat 3X2+ 24\ + B ’ (1.24)
hence
2
dRe) 1 (22 1) @+ (a0 + eayo) (Fteatagezast) 0. (1.25)
ai=ap— T o < U, .
day ’ 2 2 + (ag + cayo)’
and
amy 1 () orew) (o)
day T2 d? + (ap + c2y0)° '
Conclusion:

(1) According to the hopf bifurcation theorem, it can be concluded that ag is
the critical value.

(2) The fixed point E is stable, when a; < ag, and there are a periodic solutions
when a; > ag.

(3) When a; crosses the value ag, the system (1) undergoes a Hopf bifurcation
at fixed point E.

2. PROPERTY OF HOPF BIFURCATION

In this section we will give the explicit formulas to determine the direction,
stability and period of these periodic bifurcation solutions at point F for the critical
value a; = ag, using regular form techniques [1], [9], [14].

2.1. Supercritical and subcritical bifurcation. Let the eigenvectors correspond-
ing to the eigenvalues A3 = ag + coyp and Ay = id are vy and vy + ivs.
By a direct calculations, we obtain
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1
azclw(z)faoazb
U1 —a2cax2+(aZaz+azber)zo+agasbes
(a5c1 +aobc§)m(2j —asb? cg
aga%r% —asasgbeoxg
1
7aga2$(2)+a3d2wofa2a3b
V2 o3 tald? (2.1)
czbz(bCQ —dz)—clcgroyo
((b627d2)ajg)2+(02dajgy0)2
0

d(a3b2 ca+tapaszcy x0+a§ ber)
U3 azazb?ca+aZcid?xzg
(creab—c1d®)al+c2b%yo
((b627d2)ajg)2+(62d$0y0)2

‘We put
1 1 0
agclxg—agagb —a0a218+a3d2r0—a2a3b d(agbch+a0a301mo+a§bcl)
P= (Ula UQaU?,) = 7(1%0213+(aga2+a2b¢:2)x0+a0a3b52 a%m%Jragd? a2a3b252+a§cld2:rg
(a%cl+aobc§)zgfa3b203 Cng(b(',‘Q*dz)*Cngong (c1C2b701d2)zé+c§b2y0
apa3zd—azazbeazo ((bea—d?)z0)?+(cadzoyo)?  ((bea—d?)zo)?+(c2dzoyo)?
(2.2)
To simplify the calculation, we will replace the matrix (28) by the matrix (29)
1 1 0
ap @2 az |, (2.3)
B B2 PBs
where

(lgclngagaqb

a1 = 7a862w2+(agué2+a2b02)wo+aoa3b02
_ —apazzxjtazd xo—azazb
Qg = a%zg-&-agdz . (24)
P d(a3b202+a0a301z0+a§bc1)
3= azaszb?ca+aicid?zg

Then, perform the following transformation on the system (10)

X U

Y =P| us ,

z us

hence
uy X
—1

U2 =P Yy )
us z

in order to obtain

Ul = M1T + Moy + m3z
U = N1T + Noy +nzz (2.5)
Us = kll' + ka + ng

therefore
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dd% = —dug + F(uq,ug,us)
D2 = duy + G(ur,uz,us) (2.6)
% :)\U3+H(’U,1,UQ,U3)

where

F(uq,u2,u3) = maf(uy,uz, u3z) + mgcag(ui, uz, ug)
G(uy,uz,uz) = naf(ui,uz,us) + nzcag(u, uz, us)
H(uy,ug,u3) = ko f(u1,u2,us) + kscag(uy, uz, us3)
flur,ug, uz) = (ur + u2)(Brua + Paus + Baus)
g(u1,ug,uz) = (yuy + azus + azuz)(Biug + Baug + Baus)

_ a1fz—asf
mi= (1 + (,@35—03)(&2—&1))
ma2 == (ﬁs—as)g’az—@l)
mg = —& —

3 (B3—asz)(az—ay)
_ azfi—a1Bs
= /33(042—<X1)ﬁ—0¢3(52—51)

_ 3
n2 = 53(062*011);&3(32*31)

n3 == 53(062—041)—3043(f32—ﬁ1)

a1fBe—Bias

fy = Ba(az—a1)—asz(B2—p1)
ko = B1—B2
B3(az—a1)—az(B2—p1)
ks = ar—aj
Bs(az—a1)—as(B2—p1)
By now applying the method of Auchmuty and Nicolas in [1] from the system (32),
the following quantities can be calculated in a3 = ag and O(0,0,0).

_i[er_or (06 06
=y oud  Oud o oui )|’
1
3 [(maf1 + mafa + macoan f1 + macaaafa)] +

1.
5t [(n2B1 + nafs + nzcoay By + nzcaanfs)] .

_\PF PP, PG (PG PG, OF
g2 = oud  Oud ooy oud  Oud duidus )’

1
=3 [ma (B1 — B2) + maca (181 — aafBz) —na (B1 + B2) — naca (2B + 1 f2)] +
1
52' [ne (B1 — B2) + nzca (181 — aafa) + ma (1 + B2) + maca (aefr + a1582)].

1[0°F O0°F 0?G n ?°G  9°G 9 O*F
= - —_ 1/ —_— —
920 = 4 ou?  Ou3 Ou1Ous ou?  Ou3 Ourdus ) |’

_1 [ma (B1 — B2) + maca (@181 — azf2) + ma (B1 + B2) + maca (21 + a1 f2)] +

2

%i [n2 (B1 — B2) + nzca (a1 — aafa) — ma (B + B2) — maca (a2f1 + a1 f2)] .
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22
1 [03F O3F 093G 3G [(0%G 3G O3F O3F
G21:7 3 2+ P) 3+Z 3"’ 5 ) — 3 =0.
8 | Ouy  Ou0us  Oujdus  Ous ouy  Ou0u;  Oujlus  Ouy
1 /(0*°H 0°H
hii=-\ 55+ 535);
4\ Ou;  Ouj
1
=3 (ko (B1 + B2) + ksca(a1B1 + azf)] -
1 /0%?H 0O*°H . 0%’H
th = — 5 = 5 2Z s
4\ ouy ous Ou10ug
1 .
=3 (k2 (B1 — B2) + kaca(on 1 — afBa) — i (ko (B1 + B2) + ksca(aafi + ai1f2))]
: Then, we get the following system
Awir = —h1y
. 2.7
{ ()\1 — 2Zd) W20 = —hg() ( )
The solution of the system (33) is
Wi = —thi
w20 = —x %
therefore
Wi — _ Ka(Bi+B2)+Ksca(a1fit+azfa)
11 — 22
Won — _K2>\1(ﬂl*ﬂ2)+K362(a151*a2ﬂ2)+2d(Kz(51+ﬂ2)+K362(062/31+ﬁ2011))+
20 2(\21442)
Z'Qd(K’z(ﬂl—52)+K3C2(041,31—(1232))—>\1(K2(B1+52)+K362((1251+a152)
2(A2+4d?)
On the other hand, we have the following quantities
therefore
Wi = _ Ka(B1+pP2)+Kzca(a1f1+az2B2)
11 — 221
Won — 7K2>\1(51*B2)+K362(a151*a252)+2d(K2(31+ﬁ2)+K302(a251+52a1))+
20— 2(\214d?)
Z'Qd(Kz(Bl—52)+K302(011,31—0252))—>\1(Kz(51+ﬁ2)+K302(06251+0152)

2(A\2+4d?)

On the other hand, we have the following quantities

1 0%F 092G ( 092G 0%F )]
G110 +1

- 5 3u183u + 8u283u 8u183u h 6’[1,283’&
1

=3 [B3 (ma + na) + agcea (M3 + ngfa) + 283 (Mmao + nzas)] +

1

52' (B3 (ng —ma) + asca (n3fi — msfa) + 23 (ngar — maaz)).
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Ga1 + (2G110w11 + Griowao)
[B3 (M2 + na) + coag (M3 + n3fa) + 283 (M3 + nzaz)]

y {_ ko (B1 + B2) + kaca (a1 81 + azf2)

2X\1
1

— — [Bs (m2 — n2) + agea (M3 fr — ngfa) + c2f3 (Maar — nzan)]

4

y |:k2/\1 (81 — B2) + kscad (11 — aaB2) + 2d (ko (81 + B2) + k302)}

4

X

+

X

+

A2+ 4d2

: (B3 (M2 + n2) + asca (ngfr + mafa) + 283 (n3ar + maa)]

[2d(k2 (B1 — B2) + ksca (an 1 — aafl2)) — A1 (k2 (B1 + B2) + ksca (21 + a1 32))
I Af + 4d?
li [(B3 (m2 — ng) + asca (Mm3fBi — n3fa) + c2f3 (M3 — nzaz)]

4

[2d (k2 (B1 + B2) + ksca (0181 — aaf2)) — A1 (k2 (B1 + B2) + ksca (o2 + alBQ)):|
A2 + 4d?

%i [(B3 (ma + n2) + asca (ngf1 + msfa) + c2fs (n3ar + maas))]

~ Ai(k2 (B1 — B2) + ko (o1 — o)) + 2d (ko (B1 + B2) + k302)]
AT + 4d?

: also, we put

1 1
C1(0) = 2d (920911 —2|gu|” - 3 902|2> + g%,
then
_ _ Re(C1(0))
H2 = " ReV(ao))
_ Im(C1(0)) 4 p2 Im (N (ap))
To = — ,
d
and

Y2 = QRG(Cl(O))
We note that [1].

1.: po determines the direction of the Hopf bifurcation.

.+ If pg > 0, the hopf bifurcation is subcritical.

ii.: If po < 0, the hopf bifurcation is supercritical and the bifurcated periodic

solution exists for a; > ag and a1 < ag.

2.: 79 determines the bifurcated periodic solution stability.

. If 49 < 0, the bifurcated periodic solutions on the central collector are
stable.

ii.: If 5 > 0, the bifurcated periodic solutions on the central collector are

.o g

unstable.

: 7o determines the periods of the bifurcation of the periodic solutions.
.t If 79 > 0, the periods increase.

i.: If 75 < 0, the periods decrease.
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2.2. Numerical simulation. The numerical simulation confirms the results ob-
tained by this method, for two different values of the parameter a;, we have two
different chaotic attractors.
Foras; =1,5,a3=2,b=-1,3,¢1 =—1,5and ¢, = —1.
Case.l: a; = —1,2.
The attractor generated by the chaotic system (1) as shown in (Figure 2).
Case.2: a1 = —1,4.
The attractor generated by the chaotic system (1) as shown in (Figure 3).

FIGURE 2. The chaotic attractor of the system (1), for a; =
—1,221, a5 =1,5,a3=2,b=—-1,3,c; = —1,5 and ¢co = —1.

FIGURE 3. The chaotic attractor of the system (1), for a; = —1, 44,
as=1,5,a3=2,b=—-1,3,¢cy = —1,5 and ¢cp = —1.
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FIGURE 4. Diagramme de bifurcation du syséme (1): (a,z(n))
avec —2 < a1 <0.

3. CONCLUSION

In this paper, a three - dimensional quadratic system with seven bifurcation
parameters has been studied. Using a projection on the plane and choosing a
suitable bifurcation parameter, this method has been proved that can help us to
simplify the study of bifurcations and in particular the Hopf bifurcation, which
have been demonstrated that it occurs when the bifurcation parameter crosses
the critical value. The direction of the Hopf bifurcation and the stability of the
bifurcated periodic solutions are analyzed in detail.
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