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KANNAN AND KANNAN-PRESIC TYPE CONTRACTIONS IN TRIPLED
CONTROLLED V-METRIC SPACES

ABDOLLAH KARAMI, SHABAN SEDGHI* AND VAHID PARVANEH

ABSTRACT. In this article, we introduce the concept of tripled controlled V-metric spaces and study Kannan
type contractions in this new structure. Also, we extend the concept of Kannan type contractions to Kannan-
Presi¢ type contractions. Our results modify some known ones in the literature. To support our main results,
an example and an application in integral equations are presented.

1. INTRODUCTION

According to Banach’s famous fixed point theorem, the fixed point theory has attracted many researchers
since 1922. There is a lot of material in this field and it is currently a very active research field in mathematical
analysis. Banach’s fixed point theorem is also widely used in many disciplines and branches of mathematics.

The concept of S-metric space [33], D-metric space [13], D*-metric space [34], 2-metric space [I4] and
G-metric space [23] are some known generalized metric spaces with three variables.

The above structures have been generalized to more extended structures based on the definition of b-metric
spaces [8]-[10], partial metric spaces, partial b-metric spaces [24] and [35], extended b-metric space [15] and [21],
etc. Fore more details on new fixed point theorems we refer the reader to [I]-[6], [17]-[20] and [25]-[30].

The purpose of this article is to introduce the concept of tripled controlled V-metric space which we use it
on Kannan type contractive mappings. Also, in the next section we combine the ideas of Kannan and Presi¢ to
get a new extension of the Kannan contractive mapping.

2. MAIN RESULTS

Before starting the main theorem, we first introduce the following definitions.

Definition 2.1. Let X be a nonempty set and o, 3,7 : X> — [1,00) be continuous functions. Suppose that the
mapping V : X3 — R be a function satisfying the following properties:

(V1) V(600" >0 and V(6,0 0") =0 iff € = ¢ = {".
(V2) V(e 0, 0") < all,a,l)V(Lal) + B, a, YVl a,l) + " a, )V a,l") for all £,0,0" a € X
(rectangle inequality).

Then, the function V is called a tripled controlled V-metric on X and (X,V) is called a tripled controlled
V -metric space.

Remark. Note that in a V-metric space we will not have the symmetry property. Otherwise, «(¢,a,fl),
B a,l), and v(£",a, ") must be equal to 1.

Example 2.2. Let X = C([a,b],(—00,4+00)) be the set of all continuous real valued functions on [a,b]. Define
VX% SR by

VL), (), L" (1)) = Sup | max{e(t), £'(t), " ()}
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and

a(f(t), €'(t),£"(t)) = sup max{[e(t)], [¢'()[} + ()] + 1,

t€la,b]
B(E), £'(t), L7 (1)) = o max{[¢(t)[, [€'(E)[} + |€"(8)] + 1,
YL(), (), 07 (t) = S max{[¢(t)], [€'(t)[} + |€"(8)] + 1.

For all £,0',0",a € X, we have
V(L(), €'(t),0"(t)) = sup |max{€(t), ¢ (t), " (1)}

te(a,b]
< sup |max{{(t),a(t), ((t)}* + sup |max{¢'(t),a(t), ¢ (t)}]*
te(a,b] te(a,b]

+ sup | max{¢"(t), a(t), (" (t)}?
t€la,b]

V(e(t), a(t), £(t)) + V(E'(1), a(t), (1)) + V("(1), a(t), £7 (1))
a(l(t),a(t), () V(£(t), a(t), £(t)) + B(L(), a(t), (1))
( (), a(), £'(£)) + y(€"(8), a(t), £ )V (£" (t), a(t), £"(£)).

In the last part of the above inequality, we use the fact that for all ,0';a € X, we have a((t),a(t),£(t)) > 1,
B (t),a(t), ' (t)) > 1 and v(£"(t),a(t),€'(t)) > 1. Hence, V is a tripled controlled V-metric space.

Example 2.3. Let (X,d) be a double controlled metric space with control functions o' and ', and V(£,¢',0") =
d(6,0)+d(¢',0"). Note that V is a V—metric with « = 2o/, 8 =o' + ' and v =24".

Now we present some definitions and propositions in a V —metric space.
Definition 2.4. A V-metric V is said to be symmetric if V(£,0' . 0) =V (', £,0"), for all £, 0" € X.

By some straight forward calculations, we can establish the following.

Proposition 2.5. Let X be a V—metric space. Then for each £,¢', 0" a € X it follows that:
(1) V(60,07 < B 0OV (0, 0,0) + (0", 6, )V (07,0, 8"),
(2) V(00" < al,l, )Vl 0+~ 00NV e e e,
(8) V(00" < all, " 0V 0+ B0 V(e .

Definition 2.6. Let (X,V) be a V—metric space. Then for £y € X and r > 0, the V-ball with center £y and
radius v is
Bv(go,T) = {él eX | V(Z’,fo,gl) < ’I"}.
Based on Proposition 1.7 of [3], we have the following:

Proposition 2.7. Let X be a V—metric space. Then for any by € X and r > 0, if ¢ € By (y,r), then there
exists a 6 > 0 such that By (¢',6) C By (o, 7).

Proof. Suppose that ¢ € By (¢, r). If E’ = {y, then we choose 6 = r. If £/ # £y, then 0 < V(¢',4y,0') <
r. Let A ={n € N < V(¥ by, ¢)}. Suppose that max{[a +
{ | o T A B B G e e < V(o €) S {l
B1(£1, L2, l3), By(£1,02,€3)} > 1 and let
M = max 3{[a+7](617£27€3)7[ﬁ(£1a£2,€3)}2}-

El,éz,fgex
1 v, 0y, 0 1
Since nlggom 0, hence, for 0 < € = M < 1 there exists ng € N such that s <
/ /
vie ,fof) or 4M7’; = < V(¥,£y,0). Hence, ng € A and A is a nonempty set, then by the well ordering
principle, A has a least element m. Since m — 1 ¢ A, we have V (¢, £y, ¢) < 4M g1 Now, if for a ¢t € By (¢, 9)
we have
V(t, by, t) < [a(t, ', t) + v, 0,0V (0, t) + B(Lo, £, Lo)V (Lo, £, L)
< et 0 t) + (8 OV (1) + B(Lo, £, Lo) BL Lo, )V (U, Lo, )
< lalt, O t) +v(t, 0, 4)]6 + B(lo, O, €o) B (L, zo,é’)4MmH
<ot 05 t) +(8 0, )]6+f
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r
r——

and if V(¢',4y,0') < 4]\47”7“, we choose § = M4. O
From the above proposition the family of all V —balls

F={By{r)|teX, r>0}
is a base of a topology 7(V') on X, which we call it V —metric topology.

Definition 2.8. Let (X, V) be a tripled controlled V -metric space. Then

(i) a sequence {€,} is called convergent if and only if there exists £ € X such that V(£,,¢,¢,) — 0 or
V(¥ L,,£) =0 asn — oo. In this case, we write

lim ¢, =/.

n—-+oo

(ii) a sequence {€,} is called V-Cauchy if, for each ¢ > 0, there exists a N € N such that V (£, €, ln) — 0
or V(b lny b)) — 0 as myn — co.

Remark. According to the rectangular inequality and the boundedness of «, 5 and v, we can conclude that

1. V(U 0,0,) = 0= V(€,4,,0,) — 0,
2. V(y,t, Z n) = 0=V (l,,0,,0) =0,
3. V(ln,0,0,) — 0= V((,£,0,) =0
4. V(ln, £, l,) = 0= V(L,0,,0)

5. V(0 0,) = 0=V (,,£,{) =0
6. V(£,0,,0) = 0=V (LL,,£,) =0
7.V (0l £) = 05 V(L 0, 0,) =0
8. V(l, by, ) = 0= V(ly, by, L) —> 0,
9. V(£,0,,0) = 0=V ({,(,4,) —

10. V(£,4,,0) = 0= V(£,,¢,0) — 0.

Remark According to the rectangular inequality and the boundedness of o, B and -y, we can conclude that
1.Vl by bn) = 0= V(L bny br) = 0
2 msln) = 0= V(ly, Ly, L) — 0
3. n) — 0= V(ly,, ln,ly) = 0
4. n) = 08 V(lyn, by, ly) — 0
5 n) = 0= V(ly, by, b)) = 0
6. m) — 0=V (l,, 0, 0,) = 0
7. m) = 0= V(ly, b, ly) = 0
8. nslm) = 0= V(ly, Ly, L) — 0
9. m) — 0= V(ln, by, ly) =0,
10. V(b by b)) = 0= V(U by, b)) — 0

<<<<<<<<

L
L
4
mag
L
L
L
4

Definition 2.9. The tripled controlled V -metric space (X, V') is called complete if, for each V -Cauchy sequence
{l,}, there exists £ € X such that lirf V(,,0,0,)=0
n—-+0oo

Lemma 2.10. Let (X,V) be a tripled controlled V-metric space and o, 3,y : X3 — [1,00). If there exist
sequences {€,} and {€,} such that lim ¢, = ¢ and lim ¢, = (', then
n—oo n—oo
B 0, 0NBH 0,0V (L0 0) < lirginf V(lp,ll, )
<limsup V (€, 0., 0,) < B, 0,034, 0, )V (L,1,0).

n—oo

In particular, if £ = ¢, then we have limsup,,_, . V (£, 2, ,¢,) = 0. Moreover, suppose that {{,} is convergent
to £ and ¢’ € X is arbitrary. Then, we have

[, 0, 6) + A LTIV 0) < Timinf V(6 0)
< lmsup V (€, £y, 07) < [a(l', £,07) + (', 0, )|V (€, 0,0).

n—00
Proof. a) Using the rectangular inequality, one obtain
V(0 0) < all,ly, OV (£ ly, 0) + B Ln, VYV (U U, 01) + (L, £y, O)V (€, £y, £)
< (all,lp, 0) + 7, Lo, OV (£, Ly, ) + B £, YV (U 4, 0)
< (@l b, ) + (4 b, 0)V (€, Ly, £) + B £, £)
(@l )+ (L NV (L, )+ Bl o, L)V (b )]

nsy*n
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and

V(lnr € 0n) < b, 0,0)V (L 0, 00) + B 0LV (L 0, 01) + (b, £ 60V (€, £, )
(a(lns €, ) + (L £, )V (s €, £) + B(L,, £, 0,)V (£, 0, 4,)
(a(lns €, €n) + Y (lns £, €0))V (s €, £) + B(L,,, 0, 07,)

(

(€, 0, 6,) + (6, 0, 6,))V (6, 0, 6,) + B OV (L, 0)).

<
<
<

Taking the lower limit as n — oo in the first inequality and the upper limit as n — oo in the second inequality,
the result is obtained.
b) Using the triangular inequality, it is proved in a similar way.

V(00 < all by, YW Ly 0') + BU Ly, OV (U Ly, £) + (U Ly, YV (U, 0)
and

V(I U, 01) <a(l, 0,0V L)+ B(Un y )V (b, 0, 0y) + (0, 0,0V (0, 0,0).

The concept of Kannan contractive mapping was introduced by Kannan [16] as follows.

Definition 2.11. Let (X,d) be a metric space and T : X — X. The mapping T is said to be a Kannan
contractive mapping if there exists a € (0, %) such that for all £,0' € X the following inequality holds:

A(T4,T0) < a(d(e,TE) + d(£,TL)).

In 1968, Kannan [16] proved that if (X,d) is a complete metric space, then every Kannan contractive
mapping on X has a unique fixed point.

Definition 2.12. Suppose that (X, V) be a tripled controlled V-metric space. We call the mapping T : X — X
a Kannan-type contractive mapping on X, if there are constants n; (i =1,...,6) such that

[(T(0),D(¢),T(¢")) + (T (), L), T")V(T(6),T(¢),T(£")) (2.1)
<m[V(,TOTL) + V(T T) + V(£ T T + o [V(TL, 6,T6) + V(T 0, T) + V(T " T0")]

[V(TL,TL0) + V(T T 1) + V(DL T ") + na[V(TL L, + V(DL 00 + V(T " 0]
[V(6,TL,0) + V(U T L) + V(€' T 0] + ns[V (L6, T) + V(£ 0, T0) + V(" ", T,

+ 13
+ 15

for all 0,0, 0" € X, where

(3n3 + 3na) (T4, €,1°0) + (3m1 + 33 + 3ns) B(LE, £,T°€) + (31 + 3ne)y(I'C, £, T'0) + 3m2 < 1
for all £ in X.
Now, we establish the main result of this manuscript as follows.

Theorem 2.13. Let (X, V) be a complete tripled controlled V -metric space and T' be a Kannan-type contractive
mapping on X. Then T' has a unique fized point in X.

Proof. Choose an ¢y € X, and set

gn = F(gn—l)a n=1,2

g Ly oo
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By condition (2.6]), we get

V(€n+1,€n,5n+1)= ( (en) ( )F(gn))
(zn 171—‘(71, 1, Fén 1)++V(€n,F€n7F€ )}

<V Un, Tln, Tln) +V
+772[V(F£n,1€n,1—‘£ )+V(F n—1ybn—1,Un_ 1)++V(F£n,£n,l“£ )]
03[Vl Tl €0) + V(T 1, Tty 1) + +V (T, T, £n)]

+ [V (Tl b ) + V (Tl 1, b1, b 1) + +V (Dl U, £)]
+ 15[V (U, Tl ) + V (b1, Tl 1, b 1) 4+ +V (£n, T, £)]
+ 16[V (bny €n, Tln) + V (U1, b1, Tl 1) + +V (U, £, T
V(ln, lnt1,lny1) +
14

(n 17€n7£ ++V(én7€n+17 n+1)]

=m Vv )

V(énygn 1, n)++v n+1>en7£n+l)]

14 n)
)

+ 12 n+17£n7én+1)

[V (¢ + (¢

+ 03[V (L1, bnt1,n) + V(s bny 1) + +V (lngr, bnt, £n)]

+ [V (lng1,ln, bn) + V(U bne1, bno1) + +V (lni1, bn, £n)]

+ 05Vl bns1,8n) + Vo1, b bn1) + +V (ln, brg1, n)]
[V( V(¢ (

+776V€n7£n7£n+1)+ n— 17 n— 17£ )++V €n7£n7€n+l)]

< m 2[ﬂ(£n+17 Kny £n+1) + 'Y(én+17 gn, £n+l)]v(£n+l7 gn, Z’rL«l»l)

+ [/B(gn,gn—lyén) + ’Y(gnyén—l7en)]v(€n7€n—l7£n):|
+ 02[Vlng1,ln, bng1) + V(ln, bn—1,€n) + +V (lng1, fn, bny1)]

+ 13 | 2[a(lnt1, bn, bnt1) + BLnt1, bns bnt )]V (bng1, £ny £ 1)

+ [a(‘gn, énfly Zn) + 5(£n, énfly Zn)]V(gn, enfl, Zn):|

+ 14 2Oc(£n+17 £n7 €n+1)V(fn+1 5 Z,“ én+1) + O((én, Enfly Zn)v(eru gnfh én)

+ s 26(€n+17 ZT‘H £n+1)v(€n+1:€m én+1) + ﬂ(ém fn—l,ﬁn)V(fm én—ly gn)

+776 27(£’"«+13€n7€n+1)v(£n+17ena‘€n+1)+’7(6”3enfla‘en)v(‘env‘g’ﬂflaén) I

then

V(énJrl’ Eny ZnJrl) = V(F(gn)v F(fn,l), P(fn))

< (m +n3 +15)BLnt1,bn, bnt1) + (1 +16)Y(Ent1, ns bng1) + 02 + (93 + na)a(lnt1, ny bnt1)
- 1- 2(771 + 3 + 7)5)5(£n+17£n7 £n+1) - 2(771 + 776)7(€n+17 KTL, ETH’I) - 27]2 - 2(773 + n4)a(‘€n+17 £n7 £n+1)

V(éng anh En)

<( (m 413 +105)B(lnt1,bn, bny1) + (M 4 16)YUnt1, €, bnt1) + 02 + (03 + na)a(bntr, bn, bnt)
L=2(m +mn3 +15)8ln+1, ln, €nt1) — 2(m + 06 )Y (nt1, Ly bnt1) — 202 — 2(n3 + na)a(lnta, £, o)
— C"V (41, b0, £1).

)"V (1, Lo, 41)

Now, if n — oo, then

m V (Cnss boy bnsr) = 0. (2.2)

n—oQ

Now, we show that {¢,} is a Cauchy sequence in (X, V). Via contradiction, let there is € > 0 so that for
all i € N there are m;,n; with ¢ < m; < n; so that

V(eml,g,n/l’gml) > &, (23)

and

V(Emivgm—l’gmq‘,) <E&. (2.4)
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from , we have
Vlmis sy bm;) =V (Tl —1, T, 1, T, 1)
<m [V(Eml_l,FEml_l,Ffml_ﬁ + V(1,0 1, T, 1) + +V (b =1, Tl —1, T, —1)]
[ (Tlny—1:bn;—1, Tl —1) + +V (Tl —1, by —1, Tl —1)]
+ US[V(Ff i—1s Fgmﬁl, 71) + V@1, Tl -1, b, —1) + +V (Tl —1, Tl —1, b, —1)]
+ [V (Tl 1, by 15 by —1) + VTl 1,1, n, 1) + +V (Tl 1, by 15 by —1)]
Vlm,—1, Tl -1, lm;—1) + V=1, Tl 1, b, 1) + +V by —1, Tliny —1, by —1)]
V-1, m7_1,1“€m1 1)+ V(¢ m_l,ém_l,Fén,_l) ++V(lmy—1:lm;—1, Tl —1)]
SV lmi—1, iy b)) + V(b =15 lny s bny) + +V (=1, Ly )]
V(s lri—1,bn) + +V Uiy by -1, bm,)]
V(ln;s sy lns—1) ++V lmss binys brni—1)]
( i nq—la nq—l) ++V(€m,7£ml—17€ml—1)]
V{ln,—1,ln;s bny—1) + +V =1, by by 1))
(gnﬁlv nﬁl,g )++V(€mi717£mi717€mi)]’

[V (lm, s =1, bm,) +
+ 03[V (i by s b —1) +
+ 0Vl by —15 by —1) +
+ 050V 15 by s by —1) +
+776[V(€mi71a€m1717 )+
Letting ¢ — oo and using (|2 , we get
e <limsup V (b, ln,, bm,;) <0, (2.5)
i—o0
which is a contradiction.
So, {£,} is a Cauchy sequence in X. Since X is complete, then there exists v € X such that ¢, — v, that
is,

lim V(v,£,,v) =0.

n—oo
Now, we show that v is a fixed point of T'.
First, let I" be continuous. Then we have

v = hm bpy1 = n11_>1r010 I, =Tw.

Let I' is not continuous. Now, by Lemma |2.10

[ (Tw,v,Tv) + v(Tv,v,Tv)]
[a(Tv,v,Tv) + y(Tv,v,Tv)]
< liminf[a(T'v, T, T'v) + v(Tv,T¢,, Tv)]V (T'v,T'¢,, Tv)

V(Tv,v,Tv) < V(ITv,v,I'v)

< lfnjgflp m[V(v,Tv,Tv) + V(£,,14,,T4,) + V(v,[v,Tv)]
+ li:n_;(:p N[V (Tv,v,Tv) + V(T £, T4,) + +V (Tv,v,T'v)]
+ li;ﬁsotjp n3[V(Tv,Tv,v) + V (T4, T, £,) + +V (Tv, Tv, v)]
+ li;Hsip [V (Tv,v,0) + V (T, b, by) + +V (T, v,v)]

+ h’;;;‘;p ns[V (v, Tv,v) + V (€, T, £,) + +V (v,Tv, )]

+ liTan_)soljp e[V (v, 0, T0) + V (b, by, Tly) + +V (v, v,Tv)]

= 2?7?[0‘;(11, Tu,T)] + 22 [V (Tv, v, T0)] + 03[V (T'v, Tv, v)]

+ 2 [V (Tw,v,v)] 4 205[V (v, Tv, v)] + 216 [V (v, v, Tv)]

<2m |[B(Tv,v,Tv) + y(Tv,v,Tv)]V(Tv,v,Tv) | + 2n2[V (Tv,v,Tv)]

+ 203 | [a(Tv,v,Tv) + B(Tv, v, Tv)|V (Tv,v,Tv) | + 2n4[a(Tv, v, Tv)V (Tv, v, Tv)]

=+ 2775 [/B(Fvv v, F’U)V(F’U, v, F’U)] + 2776 [7(11’07 v, FU)V(FU’ U, FU)]
As
2m[B(€) + v (0)] + 2n2 + 2ns[a(£) + B(O)] 4 2nafe(£)] + 2n5[B(0)] + 26 [v(0)] < 1,
so, V(T'v,v,Tv) = 0 which yields that v = T'v.
Obviously, the fixed point of I' is unique. O
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Definition 2.14. Suppose that (X,V) be a Vy-metric space. We call the mapping T' : X — X a Kannan-type
contractive mapping on X, if there are constants n; (i = 1,...,6) such that

[(T(0),T(¢),T(¢")) + (T (), T (), D)V (T(6),T(¢),T(£")) (2.6)
<m[V(6TLTE) + V(T TC) + V(" T T +na[V(DC,6,T0) + V(I 0, D) + V(T 0", Te")]
+ n3[V(TL, T, 0) + V(T T ) + V(T T )] + na[V(DL, £, 0) + V(T 00+ V(T 07 0]
+n5[V(6,T0) + VI T L)+ V" T )] +n6[V(E, 6T + V(0T + V(" 0", T,
for all £,0',0" € X, where

5(313 + 314) + s(3m1 + 303 + 305) + s(3n1 + 3n6) + 312 < 1.

Now, we establish the main result of this manuscript as follows.

Corollary 2.15. Let (X,V) be a complete Vy-metric space and T' : X — X be a mapping so that there are
constants n; (1 =1,...,6) and

[(T(0), D(¢),T(¢")) + (T (), D), T )]V(T(€),T(¢),T(£")) (2.7)
<m[VE,TLTL) + VT, T)+ V(" T T + no[V(TE,TL) + V(T 0T + V(T 07 T
+m3[V(TU,TE0) + V(DU T 0) + V(T T )] +nu V(DL 6, 0) + V(T 00+ V(T 07 0]
+ sV, T+ V(T )+ V(T 0] +ng[V(6,0,T0) + V(I 0T+ V(" 0", 1),

for all 0,0, 0" € X, where

v
v

8(3"73 + 37]4) + 5(3771 + 3n3 + 37]5) + 8(3771 + 3776) + 3y < 1.
. Then I has a unique fized point in X.

Example 2.16. Let X = C([a,b],R) be the set of all continuous real valued functions on [a,b]. Consider the
tripled controlled V -metric space and the functions «, 5 and v presented in Example . Choose T'C = ﬁ for
all ¢ € X. Note that,

!/ /!
V(LT TE) = sup |max{@, Eff), ¢ f)}ﬁ < e e v £ Ve e Tey + vre e e,
t€la,b]

|

In this case, we have 1y = i and m; = 0 for all i = 1,3,4,5,6. Therefore, all hypotheses of Theorem are
satisfied and ¢ = 0 is the unique fized point.
3. KANNAN-PRESIC TYPE FIXED POINT RESULTS
In this section, we combine the ideas of Kannan and Presié.
Theorem 3.1. [7] Let (X,d) be a complete metric space and let T : X — X so that
d(T¢,Tk) < ~vd(¢, k) for all L,k € X,

where v € [0,1). Then, there is a unique o in X such that o = To. Also, for each £y € X, the sequence
lnr1 =T, converges to o.

The BCP has been expanded and generalized in a variety of ways (see, for example, [?] and [32]). Presi¢
[28] came up with the following outcome.

Theorem 3.2. [28] Let (X, d) be a complete metric space and let T : X* — X (k is a positive integer). Suppose
that

k
ATy, ooy ), T (o, o lie1)) <O Xid (L Ligr) (3.1)
i=1
k
for all 4y,....;0ky1 in X, where A; > 0 and Y. A\; € [0,1). Then I' has a unique fized point £* (that is,
i=1

Y(l*,...,0) = £*). Moreover, for all arbitmryipomts 01, ... lgy1 in X, the sequence {{,} defined by L,y =
T(ln, lnt1, oy bnti—1), converges to £*.

It is obvious that for £ = 1, Theorem coincides with the BCP. The above theorem generalized by Ciri¢
and Presi¢ [12] as follows.
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Theorem 3.3. [12] Let (X,d) be a complete metric space and T : X* — X (k is a positive integer). Suppose
that

d(F((l, ...,Kk),l“(ég, ~-~7£k+1)) S )\max{d(fi,fi+1) 01 S ) S k}, (32)

for all by, ....;0ky1 in X, where A € [0,1). Then T has a fized point £* € X. Also, for all points ¢y, ...,0k+1 € X,
the sequence {£,} defined by £y =T (ln,lni1y s bnyk—1), converges to £*. The fizxed point of T is unique if

d(T(p, ..., p),T(e, .., 0)) < d(p,0),

for all p,o € X with p # o.

For more details on Presi¢ type contractive mappings, we refer the reader to [11], 28] 26].
Motivated by Theorem 6 of [31], we prove the following lemma which will help us in Presié type results.

Theorem 3.4. Suppose that V1, Va, ..., V,, be tripled controlled V -Metric spaces on nonempty sets X1, Xo, ..., Xy,
respectively, and let v : [0,00)™ — [0,00) so that v(o1,...,0n) =0 if and only if o; =0 for alli=1,2,3,...,n
and

v(a1 (i1, 01, L11)Vi(lan, b, bin) + Bi(lar, £, £o1 ) Vi (Lar, €1, €21) + 1 (€31, a1, £31) Vi(€a1, 41, 431)),
aa(li2, b2, 012)Va(lia, b2, €12) + Ba(laz, l2, la2)Va(Laa, L2, €22) + V2(la2, ba, l32) Va(la2, L2, £32))
o (Crns by C1n) Vi (G by 1) + B (Lo, s o) Vi (Cons €y €20) + o (€3, s 30) Vi (€3 £y £3))
< a((li1,l12, -, b1n), (U1, b, ..o bn), (U11, b2, - -5 b1n))
v(Vi(l11,01,011), Va(l12, 02, 012), . . s Viu(b1n, bny O1n))
+ B((la1, loay ..., lap), (1, Loy ..., n), (La1, loa, ... Lay))
v(V1(a1,41,021), Va(laa, b2, 022), . .., Vi (bany bny o))
+ (31,023, -, l3n), (L1, €2, ... £n), (U31,032, .., l3n))
v(Vi(ls1,01,051), Va(lsa, la,l32), .. s Viu(lan, bny U3n))

for all £;; € [0, 00) where

a((gllagl% "'7€1n)7 (62176227 "'7€2n)7 (63176327 7£3n))
= v(a1 (11, b1, 031), aa(lr12,€22,032), . . ., ot (Uin, bon, 3)),

/8((61176123 "'aeln); (£217£22; "'7€2n)7 (5317‘6327 7£3n))
= v(B1(l11, 421, 31), B2 (12,22, 032), . . ., Br(Cin, lon, U3n)),

and .

V(11,125 -y an), (21, €22, .., lan), (€31, 32, ..., U3p))
= v(v1(l11, l21,031), v2 (€12, 22, U32), - . ., Yn(Lin, bon C3n)),

Then

V (011, l12, s Can), (€21, o, ooy £an), (€31, £32, oo C3n))
=v(Vi(li1,021,031), Va(li2,l22,€32), . .., Vi (b1ns lon, €3n)),

is a tripled controlled V -metric in [X1 x Xo X ... x X,]3.
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Proof. We only show the triangular inequality in a tripled controlled V-metric space. Let ¢;; € X; for all
1<i<3and1<j<n. So,

V((l11, 12, s l1n)s (€21, Lo, s lon), (€31, 832, ..y U3y))
= v(Vi(l11,l21,031), Va(li2, €22, £32), - - s Vi (l1ns Lan, €30))
<v(on (11,41, 1) Vi (b1, 01, 011) + B1(lor, €1, 021) Vi (a1, b1, Lo1) + v1(€s1, a1, €31) Vi (€31, 41, €31)),
(b2, 02, l12)Va(l12, la, L12) + Ba(laa, bo, lao) Vo (Lo, bo, £a) + Yo ({32, b2, £32) Vo ({32, {2, £32))
A (Crns by 10) Vi (C1ny €y €1n) + Br(C2ns oy Lon ) Vi (Cons s 2n) + Yo (€30, €ny €30) Vi (€305 s £30))
< a((li1,l12, -y l1n), (U1, 0,y ... Ln), (011, b2, - .y b1n))
v(Vi(l11,41,011), Va(l12,2,012), . .., Vi (C1ns bny U11))
+ B((a1, laz, - . -, lan), (01, L2, ., Ln), (b21, lag, - . ., l2n))
v(Vi(la1,€1,021), Va(laa, ba, l22), . .., Viu(lon, by bon))
+ (€31, a3, ..y l3n), (€1, €2, ..., Ln), (U31,032, ..., l3))
v(V1(€31,41,031), Va(l32,02,032), ..., Vi, (U3ns bny U3n))
< a((l11, 12, lin)s (U1, lay oy 8n), (L11, b2y - -y lan))
V((lr1, a2y oo b))y 1y by o ), (011, L1,y ey £1,)
+ B((la1, bogy .-y lan), (1, boy ... ), (La1, bo, ..., bay))
V((€a1, Loz, . .. lan), (€1, lay .o ), (Pa1, baa, - . £2y))
(a1, o, n)s (1, s oo ), (31, s+ L))
V(31 L32s- - )y (L1, oy oy 0n)y (B3t Eaa, -, £30).
U

Theorem 3.5. Having (X, V) as a tripled controlled V-metric space andT' : X™ — X as a continuous function
such that

[T (L1, L2, oy 1), D(l2, by ooy Logn ), T (2, b3, ooy €igen)) + V(D (€1, by o 1), T (82, sy ooy lon ), T(C2, L3, oy Lign))] (3-3)
V(T (€, L2y £y), T (L, Ly ooy 1), T2, L3, ooy L y1))
1 k k+1 k+2
<z|m DoVl ), Ty )+ V(T liga), Ty liin)) 1 D V(& Tl leya) T(lay -+ 4 lya)
i=1 =2 1=3
k k+1 k+2
+ 72 Z V(T(ly, v k), €6, T(€ny oo Lr)) + 12 Z V(L2 s lir1)s £, D€y o Lkgr)) + M2 Z V(T3 s i), £, D(Esy oo liga))
i=1 1=2 =3
k k+1 k+2
+7132V(F(517"' i), DLy, le)liy) + 13 ZV(F(EZF" Aieg1), T(lay -+ Liga)li,) + 13 ZV(F(&,,--- lei2), D(lsy -+ Lig2)liy)
i=1 =2 1=3
k k+1 k2
00y V(D ), Lo &) +ma V(T (oo liga) 6, ) +ma D V(D(ls, -+ liya), i, £s)
i=1 =2 =3
k k+1 k42
05 Y V(€ Tl 00),8) + 15 3 V(€ Tk, lig), b) 415 D V{0, Tl lig2), £:)
i=1 =2 =3
k k+1 k42
16 3 V(L i, Dby, ) + 106 OV (E £, T(lay -+ Lign)) + 16 D V(6 i, D(ls, -+, liga))
i=1 =2 1=3

for all £;; € X, where

(3n3 + 314)(TG,,15) + (3m + 31 + 3n5) (15,5, 15) + (3m + 316)7(1'5, 5, T'5) + 3y < 1
in which N
I'c =(T(o1,.;0n), -, (01, ey 00))

and & = (01, ...,0). Then T has at least a Kannan-Presié¢ type fized point.

Proof. We define the mapping [:X"— X" by

T(o1,.cyon) = (T(01, ey 00)y oo T(01,4 oy o))
Clearly, [ is continuous. We demonstrate that I satisfies all the conditions of Theorem We know that
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~ V(l,kK, + V (s, ka, + o+ V(U ki,
V(1 Loy ooy 00), (K1, Ky ooy 1) (01, T2y ooy 0)) = (b, K1, 01) + V(b2, 2, 02) (Cr, b2 k)

lkt2))

Ay2))

k
is a tripled controlled V-Metric Space. From (3.3)) we have
V(D (01,2, 000 00), D (l2, s, ooy biir), D (L2, s, ooy Uign))
= V(O by s ), T ooy 04), - T oy o 04)),
(D(€2, b3, s bog1), T (U2, 3y oy biogr)s - -+ D(L2y b3, ooy Litn)),
(F(ez,z3,...,ek+1),r(z2,43,...,ek“),...,r(zQ,es,.A.,ekH)))
=V(T(€1,£2, s 1), T (L2, £, oy Liy1), T (€2, L3, oy Ly 1))
k1 k2
Z (€, D€y, ), DLy, ) +m Z V(;,T(la, - los1), T2y lkyr)) + 11 Z V(li,T(ls, -+, lry2), L (ls, -
i=1 =2 =3
k+1 k42
+77sz (La, o k), £, D (e, )+772ZV (L, liy), £, Ty - oo lieyr) )+77sz (s, lita), €3, T (L, - -
=3
k+1 k42
+ngzv Ly, ), Ty, -~ ék)él,)+ngzv (ba, -+ log1), T(Cay -+ i)y +ms Y V(T (Lsy -+, loga), T(ls, -+, Liga) i)
= 1=3
k+1 k+2
+774ZV (G o)y lis ) +ma D V(T (Eay o lpa) i ) +ma V(Do lira), iy i)
=2 =3
k+1 k+2
+n5szi,rw1,--~ k), ) s Y V(8T (e b)) + 15 ) V(L (s, liga), i)
i=1 1=2 1=3
k k41 k+2
+ e Zv(zhé’ur‘(el» o 7£k)) + N Z V(Eiaeizr(€27 U 7€k+1)) + e Z V(£i7€i7r(€37 U 7Ek+2))
i=1 =2 =3

<[V ((lr, Loy ), DUy, Lo,y ooy £4), T(lr, Ly, ooy £)) + V ((€ay L3, ooy Ligr ), T (P2, sy oy byoin ), T (£, ls,y ooy L))
+ V((Us, €4y oy bii2), T(Us, sy ooy biin), T(Us, Ls, ooy Lii2))]
+ [V Ly, Loy ooy €1), (81, Loy oo €), T (€1, Loy ooy 1)) + V(T (L2, L3, ooy brgn), (€25 83, ooy € ), D82, sy ooy £ir))
+ V(T (s, €y oy brsn), (B3, Cay ooy bn), T (s, Lay ooy i)
+ 08 [V(T(lr, Loy ooy L)y T (s oy ey 1), (B1y Loy ooy £1)) 4+ V(T(U2, sy ooy bioi1), T (o, s,y ooy biin), (B2, Ly ooy iy n))
+ V(D (U3, €y ooy lrg2), D(ls, Lay oy bga), (s, as ooy Liy2))]
a[V (D, Loy ooy 08), (81, L2y ooy 1), (81, €y oo €)) + V(T (82, s,y ooy Cigr )y (B2 lay ooy €in)y (B2 lay vy L))
+ V(T (s, ay oo brorn)y (s, Lay ooy Lii2)s (B, Loy oy Ly 2))]
+ 05 [V (L1, Loy ooy £1), T(0r, oy ooy 1), (1, by ooy £3)) + V(s £,y ooy £y 1), D€y £,y ooy Lyn), (€2, £s,y ooy €ri1)
+ V(s lay ey brgn), D(ls, s oo lryn), (O3, Las ooy €ii2))]
+ 06V (L1, L2y oo ), (01, Loy ooy 1), T(lr s s ooy 1)) + V(s sy ooy £yn), (€ sy ooy U1 ), T (o s,y ooy 1)
+V (s, Lay ey brgn), (€3, Lay ooy brin), D(ls, La,y ooy b2))],

Now, according to Theorem we deduce that I' admits at least a fixed point which implies that there

exists o1, ..., 0, such that T'(gq, ...,0,) = 01 = ... = 0, that is, T’ possesses at least a Kannan-Presi¢ type fixed
point. O

4. APPLICATION

Let X = C([a,b],(—00,400)) be the set of real continuous functions defined on [a, b]. Consider the following
Fredholm integral Equation:

b
_ / M(t, s, 6(s))ds + g(¢), (4.1)

for all s,t € [a, b], where M : [a,b]? x (=00, +00) — (—0o0, +00) and g : [a,b] — (—oc, +00). Let
d(€,0") = max |€(t) — '(t)[P.
t€la,b]

Define V : X3 — R by:
V(00" = (d(e, 0"+ d', £"))
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for all £,¢',¢" € X where p > 1. Now, if we define the mappings a, 8,7 : X x X x X — [1,00) by

all(t), £'(t), 0" (1)) = BE), £'(1), £7 (1)) = v(€(t), £ (1), £" (1))
— o,

then (X, V) is a tripled controlled V-Metric Space. Now, we consider the following assumption:
For all £,¢' € X, assume that the following condition holds:

|M(8,t,€(8)) - M(Sat’gl(s)”

"6 ’ ’ ! /
< g (] MO, 00 9(0) )] 1 [ M5, €0 90~ ().

Theorem 4.1. Suppose that above assumptions hold. Then the integral equation has a unique solution in
X.

Proof. We defineI' : X — X by
b
() (1) = / M(t,s,0())ds + g(t), Vec X and Vs, t € [a,b].

For every £,¢,¢" € X, we have
D(E) ~ T(E)P + D) ~ ()P
|/ (t,s,0(s)) — M(t,s,0( ds|1’+|/ (t,s,0'(s)) — M(t,s,0"(s))]ds|?
/ |M(t,s,0(s)) — M(t,s,0'(s))|ds]? / M (t,s,0(s)) — M(t,s,0"(s))|ds]?
= MW)KMHW%WMWP

= ri(p— )l

B [ [ 165 =T (s) |+ 167(5) = T (5) s

* 22p+1(h — a)1+

<7mﬁHﬂW)f@Hw)M(%ﬂ/@é

220+1(h — a)’!

+ sl 1) D 16) T astip

= WH /E 2= 11d(¢,T¢) + d(¢',T¢)|ds] 7 | /E ds]i P
WH /E 2= 1[d(¢'\ T¢) + d(¢",T¢"))ds]7 | /E ds] 5]
m[[ /E 2P d(6,T¢) + d(¢', T )]ds] > / ds]s

"6 p—1 / / 1" 1" 5% S%p
+W[[/E2 (d(¢',T¢) + d(¢", T¢")]ds) [/Ed] ]

77—6[[
T2 (h—a) 't

W“/E 27 d(, 1) + d(¢', D) + d(¢", T¢")ds] /E ds] i

M?ﬁ)w[[/ WLV (0,0, T0) + V(0 T+ V(£ ¢ T ds%/ds%
P —a E

/ 2=1[d(0,T0) + d(¢',T¢) + +d(¢",T¢"))ds]¥ | / ds]]P
E E

MH/ UV (0,0, T) + V(' 0, T0)+ V(" 0" T0")]ds] /ds%
P —a q E

"6 D1 2 TR "ot it
< 22P+1(b—a)1+§2 (b a) V(LT + V(T + V(" " 1e").
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So,
2PFH[|D(€) = D(€) [P+ [D(¢) = T(€")[P]
<M oWy )RV (0, 6,T0) + V(£ 0, D) + V(£ 0", T0")]
220+1(h — )t
= [V (0, 6,T0) + V(€' 0/, T0) + V(" 0", T0")].

Therefore, it is the mapping I" satisfies all the conditions of Theorem [2.13] Hence, I" has a unique fixed
point, that is, the Fredholm integral Equation has a unique solution. O
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