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ITERATED ABSTRACT RIGHT SIDE FRACTIONAL LANDAU
INEQUALITIES

GEORGE A. ANASTASSIOU

ABSTRACT. We derive uniform and L, right Caputo-Bochner abstract iterated
fractional Landau inequalities over R_. These estimate the size of second and
third iterated right abstract fractional derivates of a Banach space valued

function over R_. We give an application when the basic fractional order is
1

3"

1. INTRODUCTION

Let p € [1,00], I =Ry or I =R and f : I — R is twice differentiable with
f,f" € L,(I), then f" € L, (I). Moreover, there exists a constant C, (I) > 0
independent of f, such that

1My < Co (DN AL N5 7 s (1)
where |||, ; is the p-norm on the interval I, see [I], [5].

The research on these inequalities started by E. Landau [I0] in 1913. For the
case of p = oo he proved that

Co (Ry) =2 and Cu (R) = V2, (2)

are the best constants in .
In 1932, G. H. Hardy and J. E. Littlewood [7] proved for p = 2, with the
best constants
Oy (Ry)=+v2 and Cy(R) =1. (3)
In 1935, G. H. Hardy, E. Landau and J. E. Littlewood [§] showed that the best
constants Cp (R4) in satisfies the estimate

Cyp(Ry) <2, for pe[1,00), (4)

which yields C, (R) < 2 for p € [1, 00).
In fact, in [6] and [9] was shown that C,, (R) < /2.
We need the following concept from abstract fractional calculus.

Our integral next is of Bochner type [11].
We need
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Definition 1.1. (H], p. 150) Let [a,b] C R, X be a Banach space, « > 0; m =
[a] € N, ([-] is the ceiling of the number), f : [a,b] — X. We assume that
fm e Ly (la,b],X). We call the Caputo-Bochner right fractional derivative of
order a:

=n™

(Dz?if) (x) := m

where T' is the gamma function.
If « = m € N, we observe that Dy f = (=1)™ f(™) the ordinary X -valued
derivative (defined similar to numerical one, see [12], p. 83), and also set DY _f :=

1.

b
/ (z—2)" " M (2)dz, Yaelab, (5)

By (H], p. 34), (Dy_f) (z) exists almost everywhere in & € [a,b] and Df_f €
Ly ([a,b], X).

If Hf(m)HLoo([a,b]’X) < 00, and o ¢ N, then by ([, p. 37), Dy_f € C([a,b],X),
hence || Dg_f|| € C ([a,b]).

We mention the important:

Corollary 1.2. ([, p. 157) Let f € C™ ([a,b] ,X), m = [a], a >0, z,z¢ € [a,b].
Then DY, f (x) is jointly continuous functions in (x, o) from [a,b]” into X, X is
a Banach space.

By convention we suppose that
Dg,_f(x) =0, for x> xo,

for all x,z9 € [a,b].

The author has already done an extensive body of work on fractional Landau
inequalities, see [3], and on abstract fractional Landau inequalities, see [4]. How-
ever there the proving methods came out of applications of fractional Ostrowski
inequalities ([2], []). Usually there the domains where [A4, +00) or (—oo, B], with
A, B € R and in one mixed case the domain was all of R.

In this work with less assumptions we establish uniform and L, type right
Caputo-Bochner abstract iterated fractional Landau inequalities over R_. The
method of proving is based on right Caputo-Bochner iterated fractional Taylor’s
formula with integral remainder, see [4], pp. 129.

We give also an application for o = % Regardless to say that we are also inspired
by 3], .

2. MAIN RESULTS

We consider (a > 0) the composition Dj* := D Dy ...Dj"  (n-times), n € N.
We mention the following right modified X-valued Taylor’s formula, (X, |-||) is
a Banach space.

Theorem 2.1. (M, p. 129) Let 0 < o < 1, n € N, f € C'([a,}],X). For
k =1,..,n, we assume that D¥*f € C' ([a,b],X) and DZETH)af € C([a,b],X).
Then

P =3 = (o) o)+ (©

b
ml (t — ;L')(n+1)a71 (Dl(:frl)af) (t) m
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V€ la,b].

When 0 < a < 1 and f € C* ([a,b],X), by [], p. 135, we get that (Dg_f) (b) =
0.

We present the following abstact right fractional Landau inequalities over R_.

Theorem 2.2. Let0 < a <1, fe€ C' (R_, X) with MM oo s M Moo m_ < o0
Fork = 1,2,3, we assume that DF* f € C' ((—00,b], X) and D f € C ((—o0,b], X),
VbeR_. We further assume that

K= || D2 f Ol e < 00, (7)
where (b,t) € R?.
Then
s [(D27) 0] < oo ¢ e W s K
and
. 42T (3a + 1) (T (4 + 1)) 77 (220 + 1) s N
su 3 b : 1,
sup [|(Dj2f) )] < A (1) % e K
(9)

That is sup ||(DE f) (b)
beR_

, sup H(Dgff) (b)H < 00.
bER_

Proof. We notice again here that (D?ff) L) =0,VbeR_.

We make use of Theorem for 0 < @ < 1 and n = 3, applied for any b € R_
and a = —oo0.

Momentarily we fix b € R_. Let x5 < x1 < b, then

— 2c — 3o
o) = £ 0) = s (DB 0+ (s (D) B+ (10
b
i L =) i) @)
and ,
flon) = ) = s (DB 0+ et (D) B+ (1)
1 b 4da—1 D4a d
i L) (D) @
That is .
(b= 2™ aa (0= 21)"" Dsa g
b
P =5 0= s [ =20 (D) ()t = 4
and
(b—x5)* (b—x3)*

e (D ) (b) = (13)
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We are solving the above system of two equations with two unknowns (D2 f) (b)

(D2 f) (b) -
The main determinant of system is
(b—w1)%™ (b—w1)3™
I'(2a+1) T'(3a+1)
D := =
(b—fEQ)za (b—:tg)?’a
T(2a+1) F(3a+1)

1
I'2a+1)T'Ba+1)

(b—21)** (b — x2)**

F'2a+1)TBa+1)

(b—21)°" (b — x2)>* — (b— 1) (b— 22)**| =

[(b — 1’2)a — (b — .’El)a] > 0.

ILe.
_ (b—$1)2a (b—xg)za a o
D_F(2a+1)1‘(3a+1)[(b_x2) —(b—m)"] > 0.

We obtain the unique solution

(b—m1)3"

A 1"(3041-&-1)

B (b—2)3*

o F(Batl

(D3ef) (b) = 5o

b )2

(1"(2a1-‘21) A

(b—$2)2a B

(Dgﬁf) (b) _ F(2a+11))

Therefore we have
(b—z9)%* 4 (b-=)3* p

(Dgff) (b) _ TBatD r T(3at1) ;
and

(b—w)?* 5 (b—w)?* 4

(Dg’ﬁf) (b) _ T(@atD - T(2a+1)

We have the following

1 b 4a—1 4
A1 = | (21 = 7 0) = s [ €= a0 (D) (| <
T (4a) /g, (Ds27)
11252 £ @] o =
2l + g O =)™
under the assumption ||| f[[[|  z_ < oo
That is K
%Y
IAl <20l f Moo r_ + Tat1) (b—a1)™",
and similarly,
K ey
1Bl <2[1flloz_ + Tat1) (b—mz2)™",
where by assumption
K= [[[|D2 f (O)|l]] e < 00,

with (b,t) € RZ.

(16)
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Consequently we have

1080 O < g5 |0~ 20" (M0 + e G- )™

+
(b xl)Sa (2 ||||f||||oo,R7 + ﬁ (b— 372)404):| 7 (21)
and
« 1 “ - )
22 1= gy [0 0% (AWl + gy 0=
+(b*$2)2a <2||||f||||oo,lR + 11(454{—&-1) (b$1)406>} . (22)

Set now x1 :=b— h, x9 := b — 2h, where h > 0, so that b — x1 = h, b — x5 = 2h.
Hence we get
22ah5a (2a _ 1)
D = 0. 23
T2at )l Batl) (23)

Therefore we derive (from (L6))

o I'Qa+1 o 3a K o
10227) Ol < sy (20 (2015 + ™)
le% K apac || __
+8% (2M M+ prmy2en® )] = (21)

I'(2a+1) K
22ap5e (20 — 1) T (4a+ 1)

_ ( I (20 +1) ) [2(23"‘ D) NI Moo 23 (20 4+ 1)

2 (2% 1) %+ @+ 2 7]

220 (20 — 1) h2o I'(da+1) Kh2°‘] ' (25)

That is I (et 1)
020 0 < omges)
254 1) [fllas. 2 (22 1 1)

p2o T (da+1)

Kh%] , (26)

VbeR_,Y h>0.
Le. it holds

o I'(2a+1)
sup (D f) @) < (22a(2a—1)>

22+ 1) Nflloor_ | 252 (2% 4 1)
h 2o T (4o +1)

KhQa] < o0, (27)

Vh>0,0<a<l.
Bywederive
F'Ba+1) K

(D2 f) B)]| < Pafme (20— 1) {hm <2 Moo m_ + F(4a+1)24ah4a)

K
2204 2a ) 4o —
#2222+ )]

I (30& + 1) 1) |:2 ”Hf””oq]R, (22(1 + 1) h2a + 24a 4 22(1) h6a:| (28)

22apsa (20 — 1) m(
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_ ( I (3a+1) ) [2(22““) Mo | 22 (22 +1) Kho‘]

220 (200 — 1) h3e I'da+1)
T Ba+1) (22 +1) [ 20l 2°K .,
220 (22 — 1) h3e I'(da + 1) '
That is
(D2 f) )] < I (3a+1) (22 +1)
— 22a 2a _ )
21LA 1M oo 22K
1] oo, o (20)
h3a I(da+1)
VbeR_,Vh>0.
Le. it holds
T(Ba+1) (22"‘ + 1)
su D
be]Rp_ ||( ) H — 22a (2a _ 1)
2117 Ml oo 220K
I — ha
l h3a TatD | =% (30)
Vh>0,0<a<l.
Call
=222+ 1) Il oo g s (31)
22+ 1)K (32)
- T(da+1)
both are greater than zero.
Set also p 1= 2a; 0 < p < 2. We consider the function
y(h) :=ph " +0L°, ¥ h>D0. (33)
We have
y (h) = —puh™ "~ 4+ poh?~! =0, (34)
then
oh*=t = ph—rt
and
Oh*’ = p,
with a unique solution
1
o (BN
hO - hcmt.no, (9) . (35)
We have that
y" (h)=p(p+ 1) puh™""> + p(p—1)6h"~2. (36)

We see that
y" (ho) =" ((g);ﬂ :p(p+1)u(g) N +p(p71)0(%)% -

p (Z); (2/)\/@) =2p°\/ b <Z>; >0
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1
Therefore y has a global minimum at hg = (%) ¢ which is

y<ho>:M(g)he(g)l—u(u)if—zr.

We have proved that (see (27)))

N I'(2a+1)
sup (D) O] < et a1y

93a+1 (230 4 1) (20 + 1)
\/ T (4a+1) Ao m K

Call
E=2|1fl o r_

W= 220K
T(4a+1)’

both are greater than zero.
We consider the function

v (h) := ELT3* 4+ 9ph®, ¥V h > 0.

We have
v (k) = =3a&h™**"! + ayph®! =0,
then
Yhot =3¢t
and

PR = 3¢,

1
3 da
hO = heritno. = (j)

7" (h) =3a (Ba+1) R "2 + a(a — 1) Yh* 2.

with unique solution

We have that

We see

v"<h0>=3a<3a+1>s(‘°’f)““+a<a—1>w(35)4“ _

G

a(i’f) & (da) —4a2w< >

Therefore v has a global minimum at hy = f) , which is

=c() 4o %)’
(1) (&)%)’

(4

/—\

+

Consequently,

(40)

(41)
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We have proved that (see (30))

AT (B +1) (22> +1
sup (D) )] < e DET Y
beR_ (V/3)" 220 (20 — 1)

1 20 ¢ b
@MAMes )’ (rians) =
WAL Bt DT ot DEE 4D sy (15)
oo,R_ :

(¥3)% 2% (20 — 1)
The theorem is proved.
We continue with abstract L, right fractional Landau inequalities over R_.

Theorem 2.3. Let p,qg > 1 : %+§ =1,0<a<1 Letf e C'(R_X)

O

with H||f||HOOJR77 ||||f’||||oo’R7 < co. For k = 1,2,3, we assume that DF®f €
Ct ((—00,b],X) and D{*f € C ((—o00,b], X), V b € R_. We further assume that
su D~ < 00. 46
(20 1122211, (o)
Then

1) underz—lp <a <1, we get

2T (20) (40— 1) ) <4a (1+ 2—3a)> (i%>

sup [[(Dj2f) ()] < ( 20 1

Q=

_1 p 223
( L2 s )(4 2 )

I'(4a) (q(da—1) + 1)

4o ! %
(s ool ) e )

2) under % <a<1, we get

I' (3a) (4a — %) )

sup |[(D32 1) (8] < ( 2 1

beR
( 1+22a—% ) da—=
T (da) (q (4o — 1) + 1)7

(s ozl ) <o (o

That is sup || (D3 f) (b)]|, sup [[(D}f) ()] < co.
beR_ beR_

a—1
v

( l)
P

do—
LA o e
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Proof. As in the proof of Theorem [2:2] we have that

b
141 @ @) — ) — =~ / (t—a0)" " (Do) (1) dt

() J,, :

1 ’ o yda-1 da
2 s+ gy | (€= a0 (D) ()] e <

] (b (g(4a—1)+1)
— X a a (b—z1=:h>0)
21 M- + 7 : <sup ||||Dz*fHHp,R> =

4ar) (q(4a —1) + 1)% bER_
1 p(4a=3) N
(s 22211, )

I'(40) (¢ (40— 1) + 1)

201 Moo e +

Q=

: 1
with p<a< 1.
That is

h4o¢—%
Al <2 D4a ;
41 <210+ s (;55 I b_f|H|,,7R>

Q=

where ﬁ <a<l.
We also have

b
1B |f(x2)—f(b)—1/ (t — @)™ (D2 f) (¢) dt

<
I' (4a) /o, -

(b )(4(404*1)+1) ( )
T2 4 Ao b—xo=:2h
20l f + sup ||{| Dy f =
H” ”Hoo,]R, F(4 )(q (4 1) 1)% (be]R_ |H b ||Hp,R>

24@—%},/4(1-%
s + wamwwﬂ).

T (4a) (g (4o — 1)+ 1)7 \beR_
That is
240{—%h4a—% N
1Bl < 201l ooz + | sup D52 f (g )
I'(4a) (g (4o — 1) + 1)a \beR- ’

where ﬁ <a<l.
We have assumed that

M = (ﬁ@p ||||D§3f||||p,n@> < oo

For convenience we call

Q=

c:=T{a)(qg(da—1)+1)7 > 0.
So we have )
da— =
A< 211 £l o + "M,
and

24(1—%}L4a—%
1Bl <20l - + =———M,

1
where p <a< 1.
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Next we estimate the ([16)-quantities and we have:

1PN O < prEats
R3T (2a0+ 1)

I'2a+1)
220 (20 — 1) b2

@1 3a o (23)
[2%n5 4]l + b3 | B B

.
(2|l + 11B]] <

3a+1 23ah404*%
2o + M+

1 1
24(17; h4o¢7;

21 Moo + ————M| =
3a da—1
F(2a+ 1) a (2 +2 T’) 4a—1
%0 (20 — 1) h2o @+ 2) Ml o + Mh="e
I 93a+1 4 9 (230‘ —+ 24(17%)
re+1) |( +2) Moo N Apza—t
920 (20 — 1) h2o c
- o
2T o+ 1) [20427) Ml | (142790,
2o — 1) 2o c

That is
[(Dp2f) )| <

_1
(21 t1) 2427 e | (LH2)M

20 — 1 h2e c ’

VbeR_,Vh>0.

I.e. it holds
(20 + 1)>

% 2¢T
sw (o) 0] < (22
2(+275%) 1l (1+207%) M

200—1
h2a c P

Vh>0,under<a<1.
Again from we get

[0320) 6l < 5575 |

h2°T (3 + 1)
22ah5a (2a _ 1)

2 |[B| + 2R || All] =

[1B]l+2*1A]] <

24a7%h4a7%
20 oo+ M+

2a+1 22ah40‘*%
22 |+ M| =

47

(57)

(58)
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(2

'Ba+1) 9 da_ 1
I St eV 9 4 92a+1 Mh** »
(22a (2(171) h3a> ( + )HHfHHoo,R_ +
- 2c 40&—%
PEarn) [ e, (2 42778) T
22(1 (2(1 _ 1) h3a c -
—2a 20‘_%
Fga+n) [200272) Wl (142°7F)
(2> —1) h3« c
That is
2a—1
Doty (20022 fifllas | (L12°7F)
3o >
i @ < (“pr=r?) s e
(62)
VbeR_,Vh>0.
Le. it holds ( )
o T'Ba+1
sup [|(025) 0] < (Tt )
beER_ 2 1
1
21427 s (142°7F)
hSa + c Mha P (63)
Y h>0, ﬁ <a<l.
Call
pe=214+272) 1 f o s
a1 (64)
(1+2 P)M
0= ——r,
both are greater than zero.
We consider the function
y(h) = ph ™2 + 0h°*" 5, ¥ h > 0. (65)
We have
1
y (h) = —2auh™271 4+ <2a - > or2 1 = 0, (66)
p
then
1
<2a - ) oR2e— 51 = 2apuh~271,
p
i.e.
1
(2a — ) Ohio s = 20,
p
with a unique solution
P
2 P
hO = hcrit.no‘ = a (67)

(assuming ﬁ <a<l).
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" —2a—2 1 1 200—1 -2
y" (h) =2a (2a+ 1) ph +l200—=| (20— =—1)O0n"* 7=, (68)
p p
We see that
;2(i12
2 P
y" (ho) = 20 (20 + 1) pr | — T

2.17%72
T%*
1 1 2
(za_) (2@——1)9 O
P P (

1
200 — 5) 0
2(a+1)
o) )
=2 | ~—24— <4a — > > 0. (69)
2o P
Therefore y has a global minimum at
2 4@7%
«
ho = | —22H 7
(2a — 1) 0
P
which is
2a—1
—2« P
9 40-1 20[# 40-1
e
y (ho) = p . +6 1 = (1)
(204—1)9 (2@—;)9
—2a+1 1
1

That is

Therefore we derive (see (59))

5)
s Nt = (F20) (527 ()
(=221)
(1425t (127

T LA
I (4a) (¢ (4o —1)+1)%

(s 112k )

2a—1

D

40-—1
P

oo,R_

1
where 5y << 1.
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Call
§=2(14272) |l o -

. <1+22°"%) o

c )
both are greater than zero.
We consider the function

v (h) = Eh™3 4 ph®"F, Y h > 0.

We have
1
v (h) = =3ath™371 + (a — ) Yhr T =0,
p
then
1 )
p
and

(a - 1) 1/)h4a7% = 3at,
p

with unique solution

pr
ho = Nerit.no. = (7
(assuming % <a<l).
We have that
7" (h) = 3a (3o + 1) L3272 +

‘We observe that

(
2" (ho) = 3 (3a + 1) ((‘J‘iof)‘/’) 4

Therefore y has a global minimum at

B 3aé 40{17%
((a—;)w> |

_3a ozf%i _3a 4047% .
7 (ho) = Ehy®* +¥hy ¥ = hg? (&who )

which is
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—3a
4a—1
P

3ag 3ag
E+¢
G o=
e[ 3o (=) <4a - ;)
o)

That is

beR _

v (S5 (2)

3a 1
40-1 a—
P 2
4a-1

AN oo "

(2 (1+2_2“))<L_;’é> (1+22af;)

where % <a<l.
The theorem is proved. O

We give an application when a =

— l\?\)—'

Corollary 2.4. Let f € C'(R_, X) with M Moor_s M Mlor. < oo, where
(X, |IIl) s a Banach space. Fork =1,2,3, we assume that Df_%f € O ((—o0,b], X)
and D;l_%f € C((—o00,b],X), VbeR_. We further assume that

o [fpitr o, < &
where (b,t) € R2.

Then

o[ o < (VS ks (oitro]] L) <
; (83)
an

z (7)o <

N : 3
(ol ik (ool ) < o
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That is sup H (Dﬁ f) (b)

GEORGE A. ANASTASSIOU

, Sup H (Dg%f) (b)H < 0.

beR_ beER_

Proof. By Theorem [2.2] O

Remark. All of the above results are also true for any half line (—oo, A], A € R,
instead of only R_, just replace all R_ by (—o0, A].
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