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THE ITERATIONS OF STRONGLY QUASI ¢-NONEXPANSIVE
MAPPINGS IN BANACH SPACES

RASOUL JAHED, HAMID VAEZI AND HOSSEIN PIRI

ABSTRACT. In this paper, we study the iterations of strongly (asymptotic)
quasi ¢-nonexpansive mappings in Banach spaces. First, we prove weak con-
vergence of the generated sequence to a common fixed point of an infinite
family of strongly asymptotic quasi ¢-nonexpansive mappings. Next we prove
strong convergence of the generated sequence by an additional assumption.
In the sequel, invoke of Halpern regularization method, we prove strong con-
vergence of the generated sequence to a common fixed point of the family of
mappings without any extra conditions. Finally, we give some applications of
our main results in convex minimization and equilibrium problems and present
numerical examples to illustrate and support them.

1. INTRODUCTION

We denote the dual of a real Banach space E with E*, its norm with ||.|| and the
value of v € E* at « € E by (z,v). The mapping J : £ — 2" defined by

Jr={veE": (z,v) = ||z]* = [[v[|*}

for all x € F, is called the duality mapping.

A Banach space E for which ||%£2| < 1 for any z,y € E with |z|| = [jy| = 1
and = # y, is called strictly convex. Also, it is called uniformly convex if for any
e € (0,2], there exists § > 0 such that [|[Z¥| < 1 -4, for any z,y € E with
lzll = lly|l = 1 and ||z — y|| > . We know that a uniformly convex Banach space
is reflexive and strictly convex. A Banach space E is called smooth if the limit

e+ iyl o W
t—0 t

exists for all z,y € U = {z € E : ||z]| = 1}. If for all x,y € U, the limit

is attained uniformly, then E is called the uniformly smooth Banach space. For a

smooth Banach space F, we will use the following function

S, y) = lll* = 2(z, Jy) + |yl (1.2)
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for any x,y € E which was used in [I] by Alber, in [§] by Kamimura and Takahashi
and in [I5] by Reich. By the definition of the function ¢, we have

0< (=l = llyl)? < ¢z, y). (1.3)
If E is a Hilbert space, then ¢(z,y) = ||z — y||?, because the duality mapping is the
identity operator in Hilbert spaces.

Proposition 1.1. [8] Suppose that {x} and {yr} are two sequences in a uniformly
convex and smooth Banach space E. If ¢(xk,yr) tends to zero, as k — oo, and
either {x} or {yr} is bounded, then limy_, o ||z — Y| = 0.

Proposition 1.2. [§] Let C' be a nonempty, closed and conver subset of a reflexive,
strictly convex and smooth Banach space E and x € E. Then we can find a unique
element g € C, such that

d(xg, x) = inf{p(z,z) : z € C}.

Regarding Proposition we denote the unique element zo € C by Po(z),
where the mapping Pc is called the generalized projection from E onto C. It is
well known that the generalized projection mapping Pc is coincident with the metric
projection from E onto C' in Hilbert spaces. We need the following proposition to
prove the strong convergence in Section 3.

Proposition 1.3. [§] Let C be a convex subset of a smooth Banach space E, x € E
and xg € C. Then
d(xo,x) = inf{d(z,2) : z € C}
if and only if
(z — xo, Jo — Jxg) <0, VzeCl.

Throughout this paper, the strong convergence of a sequence {z;} in Ftoz € F
is denoted by = — x and its weak convergence by xp — z. Let C be a closed and
convex subset of a Banach space E. We denote the set of all fixed points of a
mapping T : C — C by F(T),ie. F(T)={zx € C:Tx = x}.

Definition 1.4. A mapping T : C — C is called nonexpansive, if and only if for
any x,y € C,

ITw —Ty| < 1z — g
and T is called quasi-nonexpansive, whenever F(T) # & and for any (¢,x) €
F(T) x C,

[Tz —ql| < [lz—q|.

Regarding the definitions of nonexpansive and quasi-nonexpansive mappings, we
define ¢-nonexpansive and quasi ¢-nonexpansive mappings in Banach spaces.
Definition 1.5. A mapping T : C — C' is said to be ¢p-nonexpansive if and only if

(T, Ty) < $(z,y),  Vao,yel
and T is said to be quasi p-nonexpansive, whenever F(T) # & and
¢(¢,Tx) < d(q,x),  V(g,2) € F(T) x C.

Definition 1.6. The sequence {Ty} of quasi ¢g-nonexpansive mappings is called a
strongly quast ¢g-nonexpansive sequence if and only if (), F(Tk) # @ and ¢(Tixy, k)
tends to zero, whenever {xy} is a bounded sequence in C and ¢(q,xi)—(q, Tpxr) —
0, forq € N, F(Tk). WhenTy, =T, T is called strongly quasi ¢p-nonexpansive map-
ping.
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Definition 1.7. The sequence {T}} is called asymptotically quasi p-nonexpansive
mappings if and only if (N, F'(Ty) # @ and there exists a nonnegative sequence {juy }
with Y poy s < 00 such that for all k € N,

o(q, Tix) < (14 pk)d(g, x), V(q,x) € F(Ty) x C.

Definition 1.8. The sequence {Tx} of asymptotically quasi ¢p-nonexpansive map-
pings is called a strongly asymptotic quasi ¢-nonexpansive sequence if and only if
&(Trzr, xr) — 0 for any bounded sequence {xy} in C and q € (), F(Tk) where
¢(Q7xk) - (b(qukxk) —0.

(Asymptotically) quasi ¢-nonexpansive mappings and some related topics have
been studied in recent years for example in [0} 12} [T4]. A-convergece of the iterations
for a sequence of strongly quasi-nonexpansive mappings to a common fixed point of
the mappings has been studied in Hadamard spaces by Khatibzadeh and Mohebbi
in [9). They also used the Halpern regularization method to prove the strong
convergence of the generated sequence. A new iterative method for solving split
feasibility problems and also approximating common fixed points by a new faster
iteration process has been studied by Garodia and Uddin, respectively in [2] and
[3]. Convergence theorems for a hybrid pair of generalized nonexpansive mappings
in Banach spaces have been investigated by Uddin, Imdad and Ali in [20]. For
the iteration scheme of a family of multivalued mappings in CAT(0) spaces and
A-convergence and strong convergence theorems, we refer the readers to [19].

In this paper, we investigate the iterations of strongly (asymptotic) quasi ¢-
nonexpansive mappings in Banach spaces. In Section 2, we consider the iterations
of a sequence of strongly asymptotic quasi ¢-nonexpansive mappings and prove
weak convergence of their iterations to a common fixed point of the sequence. Then
we prove strong convergence of the generated sequence by an additional assump-
tion. To achieve strong convergence without any additional assumption, we use the
Halpern regularization method which was used by Xu [21] in Hilbert spaces. In Sec-
tion 3, we will use the Halpern regularization method and prove strong convergence
of their iterations to a common fixed point of the sequence. Finally in Section 4, we
give some applications of the main results in convex minimization and equilibrium
problems and present numerical examples to illustrate and support them.

2. WEAK AND STRONG CONVERGENCE

In this section, we first study the weak convergence of the sequence generated
by . Next we prove the strong convergence of the generated sequence by an
additional assumption. In order to study the convergence analysis of the gener-
ated sequence, we need the definition of demiclosedness for a sequence of quasi
¢-nonexpansive mappings. Nonexpansive mappings are demiclosed, but for quasi
¢-nonexpansive mappings, we have to assume this property even in Hilbert spaces.

Definition 2.1. A sequence {T}} of quasi ¢-nonexpansive mappings is said to be
demiclosed, whenever for each subsequence {xy, } of {xx} and {Ty,} of {Tk};

if zp, = p and Um ||Tj, zx, — 2k, || =0, then pe ﬂF(Tk). (2.1)
n—oo
k

In the following, we give an example of a sequence of quasi ¢-nonexpansive map-
pings which is demiclosed.
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Example 1. Assume that E is a uniformly smooth and uniformly convex Banach
space and B(0,7) denotes the closed ball of radius r centered at 0. We define a
sequence {T}} from E to itself by Ty (z) = PB(O’% |z (%) where P is the generalized

projection on B(0, £tL||z|)). It is easy to see that

(g, Trx) < ¢(q, ),

for all (¢,z) € F(T)) x E and for all k € N. Therefore {T}} is a sequence of quasi
¢-nonexpansive mappings. Now, we show that {T}} is demiclosed. Suppose that
xg, — p and limy, o0 [| Tk, Tk, — T, || = 0. This implies that

A0 1P 0, ket s, 1) () = @] = 0

Therefore we obtain that x;,, — 0, that is p = 0. It is easy to see that p € (", F(T%),
i.e. {T}} is demiclosed.

Throughout this paper, we assume that F is a uniformly smooth and uniformly
convex Banach space. Let T : C'— C be a sequence of strongly asymptotic quasi
¢-nonexpansive mappings. In the following theorem, we show the weak convergence
of the sequence {zj} generated by

T+1 = Tk:ck (22)

to an element of (), F(T}) # @. In order to prove uniqueness of the weak limit
point of the generated sequence in the following theorem, we need the following
condition on the Banach space E:

If {yr} and {zx} are sequences in C' that converge weakly to y and z respectively
and y # z, then

liminf |(y — z, Jyr — Jzx)| > 0. (2.3)

k—

For example, it is known that £, spaces for 1 < p < oo satisfy the above condition
(see [7]). Tt is also valuable to mention that when we prove the strong convergence
theorems in this paper we do not need the above condition.

Theorem 2.2. Suppose that C is a nonempty, closed and convex subset of a uni-
formly smooth and uniformly convex Banach space E, and Ty : C — C is a demi-
closed sequence of strongly asymptotic quasi p-nonexpansive mappings and x1 € C.
Let x41 = T ---Tiwr. Then the sequence {1} converges weakly to a point of

N F(Th).

Proof. Take z* € (), F(T}). Since the sequence {T}} is a sequence of asymptoti-
cally quasi ¢-nonexpansive mappings, there is a sequence {pux} with
> he Mk < 0o such that
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p(x*,opr1) = o™, Thay) < (1+ pr)o(x", zx)
< (T pe) (X + p—1) (2™, 25 -1)
i=k
< <ot @) [T+ p)
< as(x*,xn)H(lw»
< Bt ay ez (2.4)

We take limsup in (2.4]) as & — oo and then we take liminf as n — oo, since

limsup ¢(x*, z1) < liminf ¢(z*, xx),
k— o0 k—o0

limy 00 ¢(2*, 1) exists for each a* € ), F(T). In addition, {z}} is bounded by
(1.3). Therefore, there exist {xy, } of {x;} and p € C such that z, — p € C. On
the other hand, since the sequence {7} } is strongly asymptotic quasi ¢-nonexpansive
and limy_, o ¢(2*, x1,) exists for all 2* € (), F(T}), we get limy_ o0 &(Tk, 2k, , Tk, ) =
0. Then we have lim,, o || T, Tx, — 2, || = 0 by Proposition[I.1} Now, shows
that p € (N, F(Tx).

In the sequel, we show that there exists only one weak limit point of {x;}. If ¢
is an other weak limit point of {z}}, then there exists a subsequence {zy;} such
that zx, — ¢. Similar to the above argument, we can prove that ¢ is an element of
Mg F(Tk), also limg_,o0 ¢(p, x) and limg_,o0 ¢(g, 1) exist. Note that

2(p — q, Jay, — Jxg,) = 2(p, Jay,) — 2(q, Jxr,) — 2(p, Jai,) + 2(q, Jz;)
= _¢(pa xkn) + ¢(q’xkn,) + ¢(p7 xkj) - ¢(Qa'rkj) (25)

Taking limit from (2.5) when n — oo and then when j — oo, we obtain p = ¢ by
(2.3). Therefore, {x}} converges weakly to a point of (), F(T}). O

Theorem 2.3. Suppose that the assumptions of Theorem[2.3 hold. If the interior of
N F(T%) is nonempty, then the sequence {x}} is strongly convergent to an element

of My F(T5)-

Proof. Note that {z;} is bounded by Theorem [2.2] Since int((), F(Tx)) # 0, there
exist r > 0 and 2* € int(), F(T})) such that B,(z*) C int(, F(Tx)). It is
known that since E is smooth, the duality mapping J is single-valued and since
E is uniformly convex, J is one to one and also FE is reflexive. In addition, J is
surjective because E is reflexive (see [I1], [12]). Hence, if ||J = (Jxpi1 — Jag)|| # 0

J (Jzkg1—Jak -

T%, we have Tk € nk F(Tk) and
@k Tot1) = ¢(@h, Toww) < (1 + pui) (@, ).

We define M = sup,en{@(<k, 2x), ¢(a*, 1) }. Therefore we have

A(Th, Tpg1) < A(Th, wx) + Mg

by letting =, = ™ —

or equivalently
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J_I(J.Z‘k 1 — Jxk)
(T Thot1) Il (@ T Tags — Jan)’ o) el
) J N (Jxpr — Jxp)
< |ZR|l? = 2(z* —r JT
< Nl =20 = g e T
+ Nl + M. >

Since,

2r
[J= 1 (Jzp1 — Jag)||
therefore implies that

27”||J1‘k+1 — Jka = <J_1(Jxk+1 — J.%'k), JﬁEk+1 — Jl'k>,

2r||Jepsr — Jxp| + l|l2*)1? = 202", Jzpn) + 2|
< (1P = 202, Jag) + llagl® + M.
Using (|1.2)), we can write the above inequality as

|| g1 — Jok|| < pla™, zk) — da™, xpg1) + M pg. (2.7)
It is clear that if ||J~}(Jzgsr1 — Jag)|| = 0, then using (2.4), again (2.7) holds.
Summing up (2.7) from k =1 to k = n, we obtain
203 [ — Tl € 0" 0) — 60" m) + MY
k=1 k=1
Now, if n — 400, we get

+oo

Z lzkr1 — Jag|| < +oo. (2.8)

k=1
It follows that {Jxx} converges strongly to an element in E*. Since E is uniformly
convex, E* is uniformly smooth and so, the duality mapping J ! is uniformly norm
to norm continuous on each bounded subset of E*. Therefore, {x;} converges
strongly to an element of C'. On the other hand by Theorem since {z1} has a
weakly convergence subsequence to an element of (), F/(T}), we get {x}} converges
strongly to an element of (1), F(T}). O

3. HALPERN REGULARIZATION METHOD

In this section, we study the Halpern type regularization of (2.2)). Consider the
sequence {z} given by the following process

Tpp1 = J HagJu+ (1 — ag) JTyay), (3.1)

where u,z1 € E, {ax} C (0,1) such that limj ) = 0 and Y ;o ax = oo.
We show that the strong convergence of the sequence generated by to the
generalized projection of w on [, F(T}). Let E be a strictly convex, smooth and
reflexive Banach space and J : E — E* be the duality mapping. Then J~! is
single-valued, one-to-one and surjective and it is the duality mapping from E* into
E. We make use of the following mapping V' studied by Alber in [I]
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V(z,v) = zl* = 2(z,v) + [|lv]® (3-2)

for all z € E and v € E* . In other words, V(x,v) = ¢(x, J tv) for all z € E and
v € E*. In order to prove the main theorem of this section, we need the following
two lemmas.

Lemma 3.1. [11] Suppose that E is a strictly convez, smooth and reflexive Banach
space and V is as defined in (3.2). Then

V(z,v) < V(z,v+w)—2(J v) —z,w) (3.3)
forallx € E and v,w € E*.

Lemma 3.2. [18] Suppose that {si} is a sequence of nonnegative real numbers,
{ar} € (0,1) where Y 72 | ar, = 00 and {tx} C R. Let

skt < (1 — ag)sk + axty, Vk>1

If limsup,,_, o tk,, <0 for each subsequence {sy, } of {si} satisfying
liminf,, oo (Sk,, +1 — Sk,,) > 0, then limy_,o0sK = 0.

Theorem 3.3. Assume that E is a uniformly convex and uniformly smooth Banach
space. Let Ty : C'— C be a sequence of strongly quasi ¢-nonexpansive mappings and
{T1.} be demiclosed. Then the sequence {xy} defined by (3.1 (-) is strongly convergent
to Pﬂk F(T,)U-

Proof. Since (), F'(T}) is nonempty, closed and convex, we set =* 1= Pn p(1,)u-
Note that

o(x*, T HagJu + (1 — ag) JThay))

V(z*, agJu+ (1 — ag) JTrrr) < oV (x*, Ju) + (1 — o)V (z*, JTkxr)
app(a”,u) + (1 — )@, Thaw) < ard(a”,u) + (1 — ar)p(z”, zp)
max{p(a", u), p(a”, x)} < - - < max{p(z®, u), p(z", 21)},

which follows {¢(z*,zy)} is bounded. Thus, by (L.3), {z;} is bounded. On the
other hand, by Lemma we have

¢(z", 2 41)

IN A

@ zp) = V(5 apJu+ (1 — ap)JTexy)

V(z*, apJu+ (1 — ag) JTrxy — ap(Ju — Jx¥))

-2 (J YapJu+ (1 — ap)JTeay) — o, —ag(Ju — Jx*))

= V(z*, (1 —ag)JTrag + arpJz™) + 2{zp11 — 2, ap(Ju — Jz*))

IN

< (1 —ap)V(e™, JTpzr) + iV (z*, Jz*) + 204 (xp41 — ¥, Ju — J*)
= (1—ag)p(a™, Trag) + 204 (x4 — 2%, Ju — Ja*)
< (1 —ap)p(z™, zr) + 200 (xp41 — 2™, Ju — Jz™).

We want to prove ¢(z*,z;) — 0. By Lemma it is enough to show that
limsup,,, oo (@, +1 — 2%, Ju — Jz*) < 0 for each subsequence {¢(x*,zy, )} of
{d(x*,xr)} satisfying liminf,,_, o (@p(z*, 2k, +1) — ¢(z*, zk,, )) > 0. Suppose that
{¢(z*,xr,, )} is a subsequence of {¢(z*,zr)} such that
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liminf,, o0 (d(z*, 2k, +1) — G(x*, 2,,)) > 0. Then

0 < liminf(o(z", 2k, 41) — (2", 2,,))
= l})ﬁriigof(V(x ag,, Ju+ (1 —ay, )JTk, xr, ) — d(x*, zx,,))
< l;ggof(a V(z*, Ju)+ (1 — ag, )V (z*, JTk,, ©k,, ) — d(z", xk,,))
= liminf(ag, (2" u) + (1 — ax, )o(2", Ty, vk,,) — Oz, 2k,,))

= liminf(ay,, (6(z%,u) = ¢(¢", T, 21,,)) + &z, Tk, 2k, ) — S(2", 2,,))

< limsupay,, (¢(z*,u) — ¢(a*, T, k,,)) + liminf(o(z*, Tk, 71, ) — ¢(2*, 24, ))
m—00 m— 00

= liminf(¢(a", Ty, 1, ) — ¢(27, 2%,,))

< limsup(o(z*, Tk, 2k, ) — ¢(a*, zk,,)) < 0.

m—o0
So, we have
lim (¢(a7, Tk, xk,,) — ¢(z", z%,,)) = 0. (3.4)

m—r 00

Hence, by the definition of strongly quasi ¢-nonexpansive sequence,

m—o0

In the sequel, by Proposition we have

lim HTkmka — LL‘ka =0. (36)
m—00
Note that
O(ThThs Thpt1) = V(T T, ok, Ju+ (1= ag,, )Tk, T, )
< o, V(T @y, Ju) + (1= o, )V (T, s I T Tk,)
= 0k, O(Th,, Tk, 1)
Taking the limit we get,
Jim (T, 2y, Tk 1) = 0.
Then Proposition [T.1] implies that
im |[Tk,, @, — Tk, 41/l = 0. (3.7)
m— o0
Now, (3.6) and (3.7) implies that
[, a1l = . (53

On the other hand, there exists a subsequence {z, } of {z,} and p € E such
that xy,,, — pand

lim sup(zg,, —2*, Ju—Jx*) = lim (xj
m—o00 t—o0

—z*, Ju—Jz*) = (p—z*, Ju—Jz"). (3.9)

my

(2.1) implies that p € (", F'(Tk) because zy,,,, — p and lim; o ||Tk,,, Tk,,, —Tk,,, | =
0 by (3.6). Now, since N F(Tk) is closed and convex and z* = Pn, F(r)u, by
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Proposition we have (p — z*, Ju — Jz*) < 0. From (3.8) and (3.9)), we have

limsup(zg, +1 — 2, Ju — Ja*) = limsup{xy, +1 — Tk, + Tk, — 2", Ju — Jz*)

m— 00 m—» 00
< limsup(zk,, +1 — Tk,,, Ju — Ja*) + limsup(zy, , — 2™, Ju — Jz*)
m—r oo m—» 00

=0+ (p—2*, Ju—Jx*) <0.

Now, Lemma implies that ¢(x*,x,) — 0 and so, by Proposition we get
T — = Pnk F(Ty)W- [l

4. APPLICATIONS

In this section, we apply our main results to approximate a minimizer of a convex
function and a solution of an equilibrium problem. We also present some numerical
examples.

4.1. Application in convex minimization problems. Assume that F is a uni-
formly convex and uniformly smooth Banach space. Let f : E — (—o0,00] be a
function, the domain of f is denoted by D(f) :={z € E: f(z) < co}. f is said to
be (weakly) lower semicontinuous at x € D(f) whenever

f(z) < liminf f(ay)

for each sequence z — x (zx — x). In addition, f is called convex whenever
flz+ 1=ty <tf(z)+ (1 -1t)f(y), Ve,ye E,0<¢t<1.

It is known that lower semicontinuity together with convexity imply weak lower

semicontinuity. We denote the set of all minimizers of f by Argminf. It is well

known that if f is convex and lsc, then Argminf is closed and convex. We denote

the resolvent of f of order A > 0 at z € E by

. 1 1
Jw = Argminge o {f(y) + 5y IlyI1° = 5 (v J2)}- (4.1)
By Rockafellar’s theorem [16] [I7], the subdifferential operator is maximal mono-
tone. Hence for each x € F, J /{ x exists (see [II]). The proximal point method to

approximate a minimum point of f is obtained by the iterations of J /]\c on a given
point « € E. In other words, for a given 2y € E and a sequence {\;}, we have

Tig1 = JY, T (4.2)
This algorithm was first introduced by Martinet [I3]. He studied the weak con-
vergence of generated sequence to a minimixer of f( see also []). Xu [21I] proved
the strong convergence of the proximal point algorithm by the Halpern regular-
ization method [B] in Hilbert spaces. Kohsaka and Takahashi [I1] showed strong
convergence of the proximal point method

. 1 1
yr = Argmingc g {f(y) + ﬁny”? - )\7(% Jg)} (4.3)
Tk+1 = Jﬁl(akJu + (1 — Oék)Jyk),
to a minimizer of f where u,2; € E and {ax} C (0,1) such that limy_,oc ax = 0
and Y po, o = 0o. (see Theorem 4.1 in [I1]). In the sequel, we show that the
above result can be obtained as a consequence of Theorem 3.3
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Lemma 4.1. Let E be a uniformly conver and uniformly smooth Banach space
and f: E — (—00,00] is a convez, proper and lsc function. If Argminf # &, then
J)Jf 18 a strongly quasi ¢-nonexpansive mapping.

Proof. Since J ic x solves the minimization problem in 1} we have:
. 1 1
Hr € Avgmine g {£() + o Il — 5 (v, J2).
Therefore
0 € DO+ ol - 2~ + (o)} ()
2\ P AT
Thus, there exist w € (’“)f(J{m) such that

1 1
0:w+XﬂH@_X”' (4.4)
On the other hand, we have
(y — Jz,w) < fly) — F(I]2). (4.5)
By (I4) and (L3), we get
1
L= I Jr = J () < fy) = F(T2). (4.6)

Now, take p € Argminf and set y = p in . Thus we have
0.< F({w) ~ F) < 5 (o~ T, ()~ J). (4.7)

In other words,

0 < 20p— S, J(J{x) = Ja) = 6(p.x) = 6(p, J{xw) = o(S{z.z),  (48)
which implies that J )Jf is a strongly quasi ¢-nonexpansive mapping. O
Remark 1. If z € F(J { ), i.e. x is a fixed point of the strongly quasi ¢-nonexpansive
mapping J{, then x € Argminf by . Also, if z € Argminf, then by taking
y=ain 7 we have

(x — J{x, Jx — J(Jffx)} <0.

This implies that z = Jf\cx, ie. z € F(J{) . Therefore Argminf = F(J{)

Lemma 4.2. Let E be a uniformly conver and uniformly smooth Banach space
and f : E — (—00,00] is a convezx, proper and lsc function. If liminfy .o A\g > 0,
then J){k is demiclosed.

Proof. Suppose that the sequence {x}} is arbitrary such that z; — p and
||Jf\ckxk — x| = 0. We will show that p € (), F(Jic ). Note that

%
¥ A . 1 9 1
J,\kxk € rgmlnyeE{f(y) + 72)% lyll* — )\*k@v Jap)}.

Therefore 1 1
0€d{f()+ ol - 1> = —(, Jen) }(JL z1).
20k &

Thus, there exist wy, € ﬁf(J{k:ck) such that

1 1
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On the other hand,

(y = J{ @ wi) < f(y) = FOI{ ). (4.10)
By (4.9) and (4.10)), we have
1
r}q(y - J,]\c,cl’k’ Jp — J(J,J\thk» < fly) - f(Jickl“k)- (4.11)
Thus,
1
f(J£k$k) - )\*kHiU - J§k$k||||t71’k - J(Jic,cl‘k)ﬂ < f(y) (4.12)

Note that zr — p and ||J)J;Jik — || = 0 imply that Jﬁ;ﬂﬁk — p. On the other hand,
since F is uniformly smooth, the duality mapping J from E into E* is uniformly
norm-to-norm continuous on bounded sets. Therefore, ||J kak — x| — 0 implies
that ||Jzy — J(Jf\ckxk)ﬂ — 0. Note that liminfy_, Ay > 0 and f is weakly lower
semicontinuous. Taking liminf in implies that f(p) < f(y) for all y € F and
so, p € Argminf. Now, Remark 1 shows that p € N, F(J{k) O

Theorem 4.3. Suppose that E is a uniformly convex and uniformly smooth Banach
space and f : E — (—00,00] is a convezx, proper and lsc function.
If liminfg o0 A\, > 0 and Argminf # &, then the sequence {xy} generated by

Tpr1 = J N awJu+ (1 — ) J(J] zx)), (4.13)

is strongly convergent to Pargminfu, where u,xo € E and {ax} C (0,1) such that
limy_ o0 . = 0 and Yo ) o = 00.

Proof. Lemma implies that J{k satisfies 1) Also by Lemma J{k is a
strongly quasi ¢-nonexpansive sequence. Now, Theorem and Remark 1 imply
that {1} converges strongly to Pargminfu- ]

Now, we give a numerical example to illustrate an application of Theorem

Example 2. We define the function f : R® — R by f(z) = zAx" + 2B where
the matrix A is square matrix of order n such that A is positive semidefinite, the
matrix B is a matrix of order n x 1 and z! denotes the transpose of the matrix
x. Note that f is a convex function, because A is positive semidefinite. Also, f is
proper and continuous and Argminf # &.

Now, in order to illustrate the application of Theorem for this example, we

take n =3, A\, = 3’2%11, ap = k%rl, u=(1,-2,3) € R? and x9 = (0,0,0) € R3. We
also consider
4 3 0 -2
A=| -3 2 1 B = 5
0o -1 3 3

If {1} is the sequence generated by ({.13)), then Theorem [4.3] ensures that {z}
converges to Pargminfu. We performed our numerical experiment for this example.
Our stopping criterion is ||z_1 — 21| < 107°. The numerical results are displayed
in the following table:
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The sequence xj =

(

x,(C ),m,(c ), ac,(f )) generated by (4.13])

o0

e
L

P

[N

3

10
100
200
1911

0.666252888824739
0.555500379244165
0.480221068854458
0.368013214249387
0.287864300369334
0.254982343281192
0.250628911992376

-1.697935942128588
-1.599541316472595
-1.519447232569119
-1.412394122092918
-1.323884045982726
-1.256991666280909
-1.251180446088091

1.496124330268674
0.999354063570689
0.637470086251568
0.122318208755844
-0.268430483081751
-0.474423108989319
-0.496413241298491

As we can see the sequence {x}} converges to the point (0.25,

—1.25,-0.5) which

is the unique minimizer of the function f. Also, all tests for this problem corre-
sponding to each starting point were successful, meaning that the sequence {x}
converges to (0.25, —1.25, —0.5), which is the unique solution of the problem.

This problem was solved by the Optimization Toolbox in Matlab R2020a and per-
formed on a Laptop with Intel(R) Core(TM) i3-4005U CPU @ 1.70 GHz, 1700 Mhz,
2 Core(s), 4 Logical Processor(s), Ram 4.00 GB.

4.2. Application in equilibrium problems. Let K be a nonempty, closed and
convex subset of the Banach space E. Suppose that f : K x K — R is a bifunction.
An equilibrium problem for f and K (shortly EP(f; K)) is to find z* € K such
that

f(x*,y) >0,

1s called an equilibrium point. We denote the set of all equilibrium points
for 4.14) by S(f;K). We now recall the definition of the monotone bifunction,
I K X K —Ris called monotone, whenever f(z,y) + f(y,z) <0, Vz,ye€ K.
In [7], has been shown that if f satisfies in the following conditions;

1): f(z,z) =0forall z € K,

2): f(z,-) is lower semi-continuous (Isc) and convex for all = € K,

3): f(-,y) is upper semi-continuous for all y € K,

4): f is monotone,

hen for a given x € E and A > 0, there is a unique point Jf\cx in K such that

vy € K. (4.14)

*

FIH e y) + Ny — Jla, J(J{z) — Jz) >0, VyekK.

J/J\c:v is said to be the resolvent of f of order A at € E (see also [10]). In 1) it
is easy to see that F(J){) C S(f,K) and since f is a monotone bifunction, we have
S(f.K) € F(J).

Consider {A\;} C (0, @], for some o > 0 and ¢ € E. The prox1mal point method
to approximate a solution of the problem is defined by zjy1 = J/\ka We will
prove weak convergence of the sequence generated by the algorithm to a solution
of the problem.

(4.15)

Lemma 4.4. Suppose that f : K x K — R satisfies P1-P4. If S(f,
J/J\ck is a strongly quasi ¢-nonexrpansive sequence.

Proof. Take p € S(f, K) and set y = p in (4.15). Then
FUL w,p) + Nelp — JY, 20, J(T] i) —

K) # @, then

JCL’k> > 0.
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Since p € S(f, K) and f is monotone, we have f(J/’\Ckxk,p) < 0. Hence we get
(p — J{ @, J(J{, 21) — Jps) > 0,
which implies that
S w, 2i) < d(p,x1) — d(p, J{, 1)
Therefore, J f\ck is strongly quasi ¢-nonexpansive. ([l

Lemma 4.5. Suppose that f : K x K — R satisfies P1-P4, and f(-,y) is weakly
upper semicontinuous for ally € K. If S(f,K) # &, then J/J\ck s demiclosed.

Proof. Take y € K. Assume that the sequence {z}} is arbitrary such that xp — p
and ||Jf\ckxk — xy|| = 0. We will prove p € N, F(Jf\ck) We know that

0 < F(I 2, y) + Mely — J{ @, J(JY, 21) — T

< SO wwy) + Melly = Tl (I, ) = .

Note that limy_, ||J(J/(tk1:k) — Jzi|| = 0 and the sequences {z} and {A} are
bounded. Taking liminf, we have

0 < lim inf f(J{ zx,y), Vy€K. (4.16)
—00

On the other hand, since limy,_ o ||J>];a?k — x| =0, we get J/{kxk — p. Now, since
f(-,y) is weakly upper semicontinuous for every y € K, we have

0 < liminf f(J{, a,y) < limsup f(J{ 22,y) < [(p.v).

k—o0

for every y € K. Therefore, p € S(f, K) and since f is monotone, p € (), F(J{k)
(Il

Theorem 4.6. Suppose that f : K x K — R satisfies P1-P4, and f(-,y) is weakly
upper semicontinuous for all y € K. If S(f,K) # &, then the sequence {xy}
generated by is weakly convergent to an element of S(f, K).

Proof. Tt follows from Lemmas [£.4] [I.5] and Theorem [2.2] O

Suppose that {A\r} C (0,a] for some oo > 0 and zg € E. The Halpern regular-
ization method for the equilibrium problem EP(f, K) is defined by

FUL @ y) + Moy — T n, T 21) — Jai) >0, Wy € K,

Tpr1 = J N awJu+ (1 — o) J(J] k), (4.17)
where u € F and {ay} C (0,1) such that limg_oo cp = 0 and Yo | a = oo (see
[10]). In the following theorem, we prove the strong convergence of the sequence
{1} generated by (4.17) to a solution of EP(f, K). In fact, we prove x — a* =
Ps(f’K)u.

Theorem 4.7. Suppose that f : K x K — R satisfies P1-P4, and f(-,y) is weakly
upper semicontinuous for all y € K. If S(f,K) # &, then the sequence {xy}
generated by is strongly convergent to Pg(y ryu.

Proof. Tt follows from Lemmas and Theorem O
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Remark 2. Suppose that ¢ : E — (—00, 0] is a convex, proper and lsc function. If
we define f(z,y) = ¥ (y)—¢(x) and K = E, then it is obvious that each equilibrium
point of f coincides with a minimizer of ¢ and vice versa. Also, Theorem is a
consequence of Theorem [£.7}

In the following example, we illustrate an application of Theorem [£.7]

Example 3. Consider K = [—10, 10]x[—10, 10]x[—10, 10] and define the bifunction
f:KxK—=Rby

flz,y) = y% — 4y + 4y§ + 12y5 + y§ + 2y3 — (x% —4x + 495% + 1225 + m§ + 2x3).

It is easy to see that the conditions B1-B4 are satisfied and S(f, K) # &. Now,
in order to illustrate the application of Theorem [4.7] for this example, we take
A = ,;“T’fl, ar = mp, u = (2,5,-3) and x = (0,0,0). If {x}} is the sequence
generated by (4.17), then Theorem [4.7] ensures that {z}} converges to an element
of S(f,K). We performed our numerical experiment for this example. Our stop-
ping criterion is ||zx_; — xx|| < 1075. The numerical results are displayed in the

following table:

The sequence zj = (a:,(cl),ng), x,(f')) generated by (4.17)

k x,(vl) m,f a:,(f)

1 1.983867940406904 1.842430813155550 -2.050808110550836
2 1.994622561587510 1.112324059072868 -2.016936040457454
3 1.997695352885247 0.614810768998420 -1.935829709932863
10 1.998742889206285 -0.384757654195337 -1.692270714833297
100 1.999197008151127 -1.090580904077409 -1.462006175733657
1000 || 1.999843209005453 -1.486155358408404 -1.096048403571341
2604 || 1.999873160521294 -1.493532995035196 -1.037381383434542

Note that the sequence {z\} converges to the point (2, —1.5, —1) which is the unique
equilibrium point of the bifunction f. Also, all tests for this problem corresponding
to each starting point were successful, meaning that the sequence {x} converges
to (2,—1.5,—1), which is the unique solution of the problem.

This problem was solved by the Optimization Toolbox in Matlab R2020a and per-
formed on a Laptop with Intel(R) Core(TM) i3-4005U CPU @ 1.70 GHz, 1700 Mhz,
2 Core(s), 4 Logical Processor(s), Ram 4.00 GB.
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