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ON COEFFICIENTS PROBLEMS FOR CERTAIN CLASSES OF
ANALYTIC FUNCTIONS

AFIS SALIU, KHALIDA INAYAT NOOR

ABSTRACT. In this present investigation, we introduce a new subclass of ana-
lytic functions initiated by both Sadlagean differential and two-parameters Ko-
matu integral operators. Furthermore, the Fekete Szego inequality and upper
bound of the third Hankel determinant for such defined functions are obtained.
For the validity of our results, relevant connections with those in earlier work
are pointed out.

1. INTRODUCTION

Let A be the class of analytic functions f(z) given by

f(2) :z—i—Zakzk. (1.1)
k=2

Denoted by ST and CV are subclasses of A, consisting of functions that map an
open unit disk E onto a star-shaped and convex domains respectively.
Salagean [22] introduced the operator D™ defined by

D"f(z) =2 [D" "' f(2)]", neNU{0} and D°f((2) = f(2) (1.2)
:z+2k’”akzk (13)
k=2

and used it to generalized the concept of starlike and convex functions in E. The
two parameters family K g‘: A — A of integral operator defined by

£
B 0o 5 A ) L
_Z+kZ=2(5+k—1) axs (1.4

was first introduced by Komatu [10]. This operator satisfies the identity
2 (KM (2) = 687 f(2) = (6 = DK f(2)

A 5 o2 A\
K(Sf(Z):W/o 3 <log<>) fd¢, (z€ E, §>0,A>0, feA),
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14 A. SALIU, K. I. NOOR

and unifies several linear operators introduced by many researchers. For example:

(i) Klf( A[f](2) is the Alexander operator [IJ.
(i) Kif(z ) L[f](z) is the Liberal operator [12].
(iii) K +1f(z) B[f](z) is the Bernadi operator [4].
(iv) K2 f(z) =7J|[f](2) is the one parameter Jung- Kim- Srivastava integral op-
erator [g].

In order to disprove the Littlewood and Parley conjecture of 1932, that the
coefficients of odd univalent functions are bounded by 1, Fekete and Szeg6 proved
that for normalized univalent functions given by (1.1)) in F,

9 —2u
’ag—an‘Sl—i—Qel*u, 0<u<l.

Problems of this kind are known as Fekete Szegd problems. The functional |az—pa3|
has been receiving attention, particularly in several subclasses of the family of
univalent functions (see [16] 211, 23 (24 25 26, 27, 28] 29] [30]).

Noonan and Thomas [20] define for ¢ > 1,n > 1, the ¢qth Hankel determinant of
f(z) € H as follows:

QA Ap+1 . Gn4q—1
Anp+1 Ap+2 .. Gn4q
Ho(m)=| A AR (1.5)
An4g—1 Qn+tq --- Ont2g-2

This determinant has been studied by many researchers. In particular Babalola [3]
obtained the sharp bounds of H3(1) for the classes ST and CV. Also, the bound
of Hz(1) for a subclass of A defined by Komatu integral operator was obtained by
Mohapatra and Panigrahi in [I§].

Let f,g € A. We say f(z) is subordinate to g(z) (written as f(z) < g(z)) if
there exists an analytic function w(z) € E with w(0) = 0 and |w(2)| < 1, z € E
such that f(z) = g(w(z)). Further, f(z) is said to be quasi-subordinate to g(z) in
E if there exist analytic functions h(z) € E with |h(z)| < 1 and w(z) € E with
w(0) = 0 and |w(z)| < 1 such that f(z) = h(z)g(w(z)), written as

<g(z) or f(z) <4 9(2).
If we set w(z) = z, we say f(z) is majorized by g(z) written as

f(z) < g(2).

Motivated by the work in [2} [7, 1], we define the operator B} ;: A — A as
follows:

Definition 1.1. Let f € A. The operator B} 5 is defined as:
B 5f(2) =D" (K3 f(2))

0o B 5 A
k=2

We note that Bf)\’(;f(z) = K f(2), B{f,éf(z) = D" f(z) and Bgﬁf(z) = f(2).
Let ¢(z) be analytic in E with ¢(0) = 1 and ¢’(0) > 0. Then using the operator
B 5, we define the following class of analytic functions:
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Definition 1.2. Let f€ A,be C\ {0}, >0, 0< 38 <1. Then
fe Mf\ly’f (a, B, h, @) if it satisfies the quasi-subordination

1 BY§'Fs(2)  BYE?Fs(2)
{(1 —a) BA,(SFB( 3 OéB;fgng(z) - 1} <q 0(2) — 1, (1.7)

where
Fs(2) = (1= B)f(2) + Bzf'(2). (1.8)
For certain values of the parameters, h(z) and ¢(z), we obtain the well-known
subclasses of analytic functions studied in [2, Bl [7, 15, 17] and the subclass of A
for which n = 0,b = 1,a = 0, h(z) = 1, and ¢(z) = £ is denoted by M;\(B)
[18]. We also obtain some new subclasses of A by specializing certain parameters
as follows: (i) For @ = 0, we have the class ST;’;(B, h, ¢) defined as:

1(BYS'F
ST;’;(ﬂ7h,¢) = {f e A: b(%‘:((j _ 1) <y (,ZS(Z) o 1}

(ii) For o = 1, we have the class CV)\”;SI’([?, h, ¢) defined as:

nb By*F, (Z)
A0

(iii) For b = (1 — p)e ™ cosh, 0 < p < 1, _7” < 0 < %, we have the class
M”§(5 , &) defined as:
B,L+1FB(Z) B,L+2FB(Z)
(1—0&)Bn F()J’_ Bw+1F ) @
n z (2) (pcos@ + isin6)
M2 (B, h, ) = A ’ - -1
x5 (8,7, 0) fe e~ (1 — p)cosf (1 —p)cosf ~q #2)

(iv) For a = 0, b= (1 —ple ¥ cosf, 0<p<1l, FL<O<3
ST\§(B,h, ¢) defined as:

5, we have the class

Bn+1FB() _(pc059+iSiH9)> < ¢(z)—1}~

B} 5E5(2)

()Fora—l b= (1-plePcosh, 0<p<1, £ <6< Z, we have the class

(B, h,¢) defined as:
_(Pcose—i—isine)) <, qb(z)—l}.

) cos 6

ai (B, hs0) = {fEA (1—p)cosh

¢ [BrER()

Bn+lFﬁ( )

p)cosb

CVyd (B h, ¢) = {fEA: <(1 (1 —p)cosb

The following lemmas are required to establish our main results.

2. A SET OF LEMMAS
Let P be the class of functions p(z) of positive real part of the form
p(2) =141z + o2 +c32° + ¢4z --- € E. (2.1)

Lemma 2.1. [9] Let w be the analytic function in E, with w(0) = 0, |w(z)| < 1
and w(z) = w1z +wz? + ..., Then
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|wg — Tw%| < max{1,|7|},

(i)

| < 1, n=1
1_|w1|27 77/22,

where 7 € C. The results are sharp for the functions w(z) = z and

w(z) = 22.

Lemma 2.2. [19] Let h(z) be the analytic function in E, with |h(z)] <1 and
h(z) = ho + h1z + haz? + ..., Then

1, n=20
|hn| < )
1-— |h0| , n>0.
Lemma 2.3. [6] Let p € P. Then |c,| < 2, and the inequality is sharp.
Lemma 2.4. [13| 4] Let p(z) € P be of the form (2.1). Then
2 = +2(4—cl) (2.2)
and
dez =3 +2(4— e — (4 —cDer? +2(4 — (1 — |z]?)z, (2.3)
for some x,z with |z| <1 and |z| < 1.
Unless otherwise stated, we suppose throughout this work that
h(2) = ho+hiz+he2?+... w(2) = wiz+we2?+..., ¢(2) = 1+byz+be2%+..., by >
0,6 >0,a>0,5€][0,1], be C\ {0},n e NU{0},
A>0.

3. MAIN RESULTS

Theorem 3.1. If f € M;f”;(a, B, h, &), then for u € C,

22 (25) " (B+1)*(Ba+1)=3" u(2B+1) (4a+2) |3 o })

o] (bl +max {bl’ b2+ 22 (125 ) (A1) (ot 1)2

|az—paj| < by
3 (335) @8+1)(4a+2)

(3.1)
The result is sharp.
Proof. Let f € M:\L"’é’(a, B, h, ¢) Then by Deﬁnition

1{( o) By 'Fa(z)  By5Fs(2)

} — h(@)(bw(z) - 1),  (32)

= o
b By sFs(z) B Fa(e)
for some analytic funtions h(z) and w(z) € E and
(d)(w(z)) — 1) = brhowiz + [b1h1w1 + hobiwsy + hobg’w%] 22 + ... (33)
From (3.2)) and (3.3)), we obtain
A bbu (hawn 4w + (12 4 Dhat0 ) 2)
az = ;a3 =

2 (1) (14 8)(1 +a) 3 (525) (1 +28)(2 + 4a)



ON COEFFICIENTS PROBLEMS FOR CERTAIN CLASSES OF ANALYTIC FUNCTIONS 17

and for p € C

hy 2" (525) " (148)*(1430) 3" (26+1) (dat-2)ps —b
Phrho {howl et ({ 2 (25 ) (142 (Lt a)? b

s — a3 =

3n (5%2)A (26 + 1)(da +2)

22" (525)* (148)2 (14+30) —3" (26+1) (4a+2)u AW
wao + (|: 22"($)A(1+5)2(1+a)2 blhl by wl

|bb1| {|h1w1| + [hol
<

|

by
3n (ﬁ) (26 + 1)(4a +2)
(3.4)
In view of Lemma and we obtain (3.1) and the result is sharp for the
function defined by
- )BffélFB(Z) an§2FB(Z)
B sFs(z)  BYE'Fs(z)

b } = h(z)(p(wi(2)) = 1), i=1,2, (3.5)
where w1 (2) = 2%, wa(2) = 2. 0

For a = 0 and @ = 1 in Theorem [3.1] we obtain the following:

Corollary 3.2. If f € ST{(B.h,¢), then

‘22"(1i5)A(B+1)2_3n“(4ﬁ+2)’bflb})

| ) |b‘ <b1 +max{b1, |bQ| + an(%)k(ﬁ.;_l)?

laz — pa3 —
3n (m) (48 + 2)

The result is sharp.

Corollary 3.3. If f ¢ CV;;;b(ﬂ, h, @), then

2272 (85) (B+1)2 =37+ p(ap+2) |3 o
222 (25)” (6+1)°

5] (b1 + max {bl, |ba| +

lag — pa3| < <
gn+1 (%) (48 +2)

The result is sharp.
Setting b= (1 — p)e " cosf, 0 <p<1, || < Z in Theorem we obtain

Corollary 3.4. If f € M)"’f(«, 8, h, $), then

277 (255) N (B41)2 (3a+1) —3" u(2841) (4a+2) [b2 (1—p) cos 6
(5~ o (b a2 00

220 (S \N(B41)2(at1)2
IE e

X
3n (%) (28 + 1) (4 + 2)
The result is sharp.

Putting a =0, a =1, b= (1 — p)e " cos§ in Theorem we get
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Corollary 3.5. If f € ST (8,h,¢), then

227 (25) (B+1)? =8 u(45+2) |63 (1—p) cos 0 })

(1—p)cos9(b1+max{b17b2+ o () (50

|az—paj| <

X
37 (535) (48+2)
The result is sharp.

Corollary 3.6. If f € CV'{(B,h, $), then

2202 (1 85) (B+1)2 3" u(4B+2) b3 (1-p) cos 0 })

(1—p)cosb (b1 + max {b17 |ba| + o (L ()

\a3—ﬂa§‘ < A
gn+1 (%) (48 + 2)

The result is sharp.

Theorem 3.7. If f(z) € A satisfies the majorization condition

1 BVt Fs(2 B 2Fs(2
1 ( —a) /\7,16 5( ) o ;\zﬁl B( ) <<(b(z)—1,
b B,\,aFﬁ(z) By Fp(2)
then
" (b bl |22"(1g5)*(5+1)2(3a+1)3"M(2ﬁ+1)(4a+2)|b§b|)
2 P 227 (55) (B +1)* (a4 1)?
laz — paz| <

X
3n (5%) (28 + 1) (4 + 2)
The result is sharp.

Proof. Put w(z) = z in the proof of Theorem [3.1 O

Theorem 3.8. If f € M3 (B), then

3(6 +2)* 4(6 + 3)A 5(8 +4)*
R N M T

and

A
Ry + Ry + 101 )O0A0) \/6‘17*1 , 5
[Ha(1)] S{ Rl N e AT )

A
where
_— [(5+1)<5+2>(5+3)]* 3 p. _ 100+ 42Qi(0.), )
' 5% 1+8)1+28)(1+33) 7 A1+4p)
(3.8)
and

[+ +a (642 N+ 3N+ B)(1+28)
A6 P) = 20221+ B)(1 +2B)’ ©(6.2.5) = 20(1+268) 1T 30+ )62 (1438)

(3.9)
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Proof. Let f € M3(53). Then there exists a function p(z) = 1+ 12 + c22? +¢323 +
csz* -+ € P such that

(5201 (2)) + (1= BKRS (=)

= p(2). (3.10)
B(E3 () + (1 - B)E; f(2)
By coefficients comparison of (3.10}), it follows that
a a0+ 1) e (8 +2)*(c2 + ca) s — (8 +3)*(2c3 + 3ciea + 3)
2T+ P 2001428 0t 657 (1 + 38) ’
(64 4)*(8eres + 6ctea + cf + 3¢ + 6c4)
- 2457 (1 + 48) '
On using Lemma [2.3] we obtain (3.6]). Next,
3 3 2
lasas — ag) = c] +cico i+ 3+ 23 (3.11)

2(2) () 4 ma+28) o() a+39)]

Substituting for ¢z, c¢3 from Lemma in (3.11)) and by careful simplification, and
applying triangular inequality with ¢; = ¢ (0 < ¢ <2), |z| =p (0 < p < 1), we get

lazas — aq] gM{(B —6q)c® + (5g — 1)(4 — ¢*)ep + qe(4 — ) p* + 2q(4 — ) (1 — p2)}
=F(c,p), (3.12)

where Q(6, A, 8), ¢ are given by (8.9) and ¢ € [3,4] for 0< 8 <1 and X = 0.

8F(§;, ) = Q(d’;’ﬂ) {(5g—1)(4 = *)c+2q(c—2)(4—c*)p} >0 for ce[1,2].

This means that F(c, p) is an increasing function of p on the interval [0, 1]. Thus

F(c,p) < F(c,1).

Therefore,

M {(4—129)c® + 4(6g — 1)c}

asasz — as| <

=G(c)

where

G'(c) = Q(5,\, B) {3(2—6q)c* +2(6¢g — 1)} and G"(c) =3Q(5,\,8)(4—12¢)c <0, since q€ B, ;] .

For ¢ € [1,2], it follows that G(c) attains maximum at ¢ = 3(63‘111__11). Thus

| < 4Q(5, A, 8) it g =1,
asa3 — Q@ — ]
2007 M= 460 - QN 0[5 et

Using Lemma [2.4] and performing some simplifications, we have that

3, A\,
lag — a§| = M |—(2q1 - 3)0% +ax(4-— C%)| ,

(3.13)
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where Q1(0, A, ), is given by (3.9) and

2541020429 _[3,
(A YR I YR A D
for 0 < 8 <1and A =0. Therefore,

where c=c¢; (0<c¢<1)and p=|z| (0<p<1). But
OD(c.p) _ Qu(3.).5)
dp 2
shows that D(c, p) is an increasing function of p on [0, 1]. Hence
D(c, p) <D(e, 1)
=Q1(0, A, 8) {01 — 2)c* + 2}
=V (c).

las — a3| <

(4—c*) >0

Since ¢; € [3,2], then V(c) is a decreasing function of ¢ on [0,2]. Hence, V(c) <
V(0), which in turn implies that

lag — a3] < 20Q1(6,\, B). (3.14)

From the definition of Hankel determinant given by (|1.5)) and triangular inequality,
we have

[Ha(1)| < |ag|lazas — @3] + |aa||azaz — aa| + |as||az — @3- (3.15)
It is known in [I8] that if f € M3(3), then
(5+1)(5+3)}/\ 1
52 (1+B8)(1+38)
Using this result together with , and in , we obtain [
For A\=0, 5=0and A =0, 5 =1, we obtain the following corollaries:
Corollary 3.9. [3] If f € ST, then
Ha(1)] < 16.
Corollary 3.10. [3] If f € CV, then

lagas — a3| < [ (3.16)

32 +33v3
Ha(1)| < 22V
[Hs(1)| < 23

4. CONCLUSION

By making use of both Salagean differential and two-parameters Komatu integral
operators, a class of analytic functions in the open unit disk F was introduced. We
have successfully obtained the bound of the Fekete Szeg6 functional for this class
and for a particular case, the upper bound of the third Hankel determinant was
obtained. These general results are motivated essentially by their several special
cases and consequences, some of which were pointed out in this presentation.
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