JOURNAL OF MATHEMATICAL ANALYSIS
ISSN: 2217-3412, URL: WWW.ILIRIAS.COM/JMA
VOLUME 11 ISSUE 2 (2020), PAGEs 123-131.

SOME NEW REFINEMENTS OF HARDY-TYPE INEQUALITIES

JAMES ADEDAYO OGUNTUASE, OLANREWAJU OLABIYI FABELURIN, LARS-ERIK
PERSSON, EMMANUEL OYEYEMI ADELEKE

ABSTRACT. We obtain some further refinements of Hardy-type inequalities
via superqudraticity technique. Our results both unify and further generalize
several results on refinements of Hardy-type inequalities in the literature.

1. INTRODUCTION

The classical Hardy integral inequality states: if p > 1 and f is a nonnegative
integrable function on (0, c0), then

/OOO (i /Ow f(t)dt>pdx < <pf1>p/0°° f2()de. an

Inequality (1.1) was announced in a note published in 1920 by Hardy [2] (see also
[B]) and later proved in 1925 by Hardy in his famous paper [3]. In 1928, Hardy
himself (see [4]) obtained the the first weighted generalization of (|1.1)) as follows:

/0ij (/Of f(ﬂdt)px_kd:c < <kpl)p /000 fP(x)aP~ da, (1.2)

for p > 1,k > 1 and f € L,(0,00). After that it has an almost unbelievable
development of these inequalities to what today is called Hardy-type inequalities.
See e.g. the books [7] and [8] and the references cited therein.

For example, in 1971 Shum [12] obtained the first refinement of (1.2)). Furthermore,
Imoru [6] generalized Shum’s results via a convexity argument. In 2008, Persson et
al. [11I] generalized Shum’s result by presenting an elementary proof using another
convexity approach. In 2008, Oguntuase et al. [J] using mainly the concept of
superquadratic or subquadratic functions (introduced by Abramovich et al. [I)
and the corresponding Jensen type inequality, proved some results that showed
that it is possible to include another refinement term to the left hand side of the
inequality completely different from that of the Shum result. In particular, in
this case the crucial ”breaking point” was p = 2 (and not p = 1 as in the classical
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case). Specifically, the following inequality was obtained:
/Ob xlk (/wf( )dt)pda:
1-kod x
S (DG 0 f o
: (&) [ =Gy rtomess
(1.3)

where 1 < k < p—1,p > 2 and 0 < b < oco. In a recent paper, Oguntuase et

al. [10] proved the following refined Hardy-type inequality: Let g(z) > 0, 0 <

r < 00,0 < a <1 and let the function f be a non-negative measurable function

such that f € LP(0,00). If p > 2, ¢ > p—alp—1) is non-increasing and
= [y f(t)dt, then

/OOOZ((E))"”” 1
0o oo P pta—
- [ (l(ﬁ)() *%/of ) gy ot

) (2f@)7)

~ [la=1)(p —1)+q—1](1—a)p 1/0 (fff)
(1.4)

If ﬁ is non-decreasing and 1 < p < 2, then 1) holds in the reversed direction.
Moreover, the authors pointed out that the following inequality:

/O Tt ([ o)
S (G )(;yvm_;/;w
§<k1)/0 Plg(a)] ™+ (o)
(1.5)

is a special case of and that the inequalities and coincide when
b=o0in and g(z) =z, x € (0,00) in . However, finding a corresponding
generalization of is still an open problem, since cannot be regarded as
such a generalization.

In this paper, we obtain some new refinements of Hardy-type inequalities via su-
perquadraticity. In particular, our results both generalize and unify several results
concerning refined Hardy-type inequalities in the literature including to .

g(x)

In Section 2, we give some preliminaries including some basic results on su-
perquadraticity. In Section 3, we derive and prove the announced new refined
Hardy-type inequalities, which in particular, both unify and generalize the recent
results of Oguntuase et al. [I0] and the inequalities and (see Theorem

and Theorem [3.5)).
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2. DEFINITION INCLUDING SOME BASIC RESULTS ON SUPERQUADRATICITY

We present here the Definition and some basic results on superquadraticity
needed to understand and prove our main results in the next Section.

Definition 2.1 ([I]). A function ¢ : [0,00) — R is said to be superquadratic
provided for each x > 0 there exists a constant C, € R such that
p(y) —o(x) = Caly —x) —(ly —2[) 2 0 (2.1)
for all y € [0,00). ¢ is subquadratic if —y is superquadratic.
Lemma 2.2 ([1]). Let p(z) be a superquadratic function with Cy, as in Definition
27 Then
(1) ¢(0) <0.
(2) If ¢(0) =
(3) If p(z) =
The next result gives a refined Jensen’s inequality for superquadratic and sub-
quadratic functions.

©'(0) =0, then C, = ¢'(x) whenever ¢ is differentiable at z > 0.
0 for z € [0,00), then ¢ is convezr and p(0) = ¢’'(0) = 0.

Theorem 2.3 ([1). Let (2,3, 1) be a probability measure space.
Then the inequality

o ([ i) < [ o (f(w))szJ(‘f(x) [ s6anw|)] aue) - 22

holds for all probability measures p and all non-negative integrable functions f if
and only if ¢ : [0,00) = R is superquadratic. Moreover, holds in the reversed
direction if and only if ¢ is subquadratic.

Remark. By setting ¢(u) = u?,p > 2, in Theorem[2.3, we obtain

(/Q f(x)dﬂ(w)>p +/Q (’f(x) - /Q f(2)du(z) >pd,u,(x) < /pr(x)du(x), (2.3)
while the sign of inequality is reversed if 1 < p < 2.

3. MAIN RESULTS
The following lemma will be needed in the proof of our main results.

Lemma 3.1 ([10]). Let p > 1,0 < a < 1 and f > 0 be a measurable function.
Then, for p > 2 and [ > 0,

( /0 l f(t)dt)p
Fa—ae [ ( () (D) s 3 [ sa
Jr-1) (1)

l
e mn— LIV
< fmap J, 10
If 1 < p <2, then the sign of s reversed.

) dt (3.1)

Before we state our main results in this section, first we state and prove the
following useful Lemma, which will be needed in the proof of Theorem [3.5] and also
of independent interest.
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Lemma 3.2. Letp > 1,a > 1, and f > 0 be a measurable function. Then, forp > 2
and 0 <1 <b< o0,

b p

</l f(t)dt)

+% "y L_’l)_l Eaf(t)—l bf(ﬂdf
(1—(%) ) : b o

-1
[(p—1)(1—a) A b
h N a(p—1) ¢p
S(a—l)P‘1 ! <b) /z ! f7 (t)dt

If 1 < p < 2, then the inequality holds in the reversed direction.

) dt (3.2)

Proof. Let p > 2 and assume that b < oco. Define the probability measure du on
({,b) by

-1 tfalafl
P ) Sy

1ye—1
1-(3)
Then by using Theorem [2.3] (c.f. Remark [2)) we obtain that

_1yae-l
( / b f(t)dt> / b ll‘ata(lcf_b)l)fu)du
1ol P p
_ lp(l—a) (1 (b) ) </lb taf(t)d/i>

P p

(a—1)P

NGO
< p-a) ( @ b1)z>1>

b ) b b p
x [ | wsora= [ (e[ f(t)du> du]

(3.3)
1ye—1 p—1

< (p=D(1-a) (1 _ (g)

(a—1)pt

b b a—1 b
« a1 (g — | ga [ o (@ DT
Vlt fP(t)dt /lt (t f(t) /lf(t)dt

a—1
1= (3)
l

a—1\P
1— (L
< ((p—H(1-a) ( () ) /b =1 ¢ (1) dt

K
@-or1

a—1 p
(a—1)le—1+p /b L1 =() £\ 1/”
_—_— T | —( - t) — — t)dt dt.
(o S (5) o1 [ o
The proof of the case 1 < p < 2 is similar to the proof above except that the
inequalities signs are reversed. O

Remark. By setting b = oo in Lemma[3.9, we obtain Lemma 3.6 in [10].
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Our first main result is the following generalization of (1.4]):

Theorem 3.3. (a). Let f(z) > 0 be a measurable function, g(z) > 0,0 < z <
b <oo,0<a<l,p>2andqg>p—alp—1). Ifﬁ s non-increasing and
= [, f(t)dt, then

b
Fp
/ (l‘)dm
0 x
P a—1+p
) z dat=%dt

L) - ol 5

b (zf(x))? N\ a—1+(a—1(p—1))
= [(a—1)(p—1)+q—1](1—a)r! /0 99(z) [1 - (*) LZ:)

b
(b). If ﬁ is non-decreasing and 1 < p < 2, then holds in the reversed
direction.

Remark. In particular, Theorem. shows that (.) holds also if fooo and ftoo

are replaced by fo and ft , respectively, for any b, 0 < b < co. However, in
thzs case, it can be replaced by the strictly better inequality (-)

Proof. (a) By using Lemma with [ = x and Fubini’s theorem we find that

prJ? b B T P
() da:z/o g (x) </0 f(t)dt) dx

b (p—1)(1-a)
é/ g7 (x)> / t* P~V £P(t)dtdx
0

1—a)p 1 0

[ e (|() () 0 - L [ o)
(1_2)1“/ eI /tb (=01 g=4(2) dudt

By (TR
<m/ ) 4 e
TP (Y -2 o
- ETeTr T ¢ fl (Z)q_lﬂa_l)(p_l)]dt
(- / / v (‘(111) (i) s -1 [ e )dt)pxm_ldm—adt_

94(z)

(b) The proof of (b) is similar to the proof of (a) except that the signs of the
inequalities are reversed. (I
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Example 3.4. Assume thatp > 2,q =k,a=1— % and 1 <k <p—1. Then,
for 0 < b < oo inequality yields

/Ob g(x)~k (/Ox f(t)dt)p dx
L () Q) 2 s

k—

< () [ worirw]i-(5) 7] an
(3.6)

Remark. By setting g(x) = = in inequality @, then our result coincide with

inequality . Hence, Theorem gz’ves a generalization of inequality ,

which is a refinement of inequality .

Pkl

P k—1

L dat' lat
9" (@)

Remark. Observe that inequality (@) coincides with inequality (3.3) obtained by
Oguntuase et al. in [10], when b = cc.

Finally, we consider the case a > 1.

Theorem 3.5. (a) Let 0 <z <b<o0,a>1,p>2 and f(x) >0 be a measurable
function, g(z) > 0 and ¢ < p—a(p —1). If % is non-decreasing and Fy(x) =
L5 f(t)dt, then

/ob Sf&) e
+<a_1>/0b/ot (1_(_*’)1) (i)af(t) - i/:f(t)dt p
e (3.7)
o (- ()7 e
= [—¢+1+(p— 1)21 —a)](a—1)r-1 /ob (mg{l((?))p -

(b) If ﬁ is non-increasing and 1 < p < 2, then holds in the reversed direc-
tion.

Proof. (a) Let p > 2. By using Proposition with [ = z and Fubini’s theorem,
we get
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Ob 1;5((;:)) dx = /Obg“’(x) (/:f(t)dt>pdx
< /Ob g_q(x)gm (1 _ (ﬁ)(ll)p_l /: (=) () dt

ppta—-1

_(a—l)/o gi(z )(17(£)a71>

[ (‘ (1<>1) (1) s0-1 [ s
= (a—1)\" p/b gale=1) gp (4 )/Ot 2= =D g=a(z) (1 _ (”Z)al)p_l dadt
L) -t o)

gpta—1
X daxt™ %t .= 1.

g (1-(5)"")

Moreover, the simple fact that both

<9EE@>q and <1 _ (z)a—l>101

are non-increasing on (0, b) yields that

[<(a—1)'" /t“pl)fp ( >q/0 (1—a)(—1)—a g
a_l//(( )(;)“f )L [ s

Iera 1
dxt™dt

X @) (1_ (%)a—l)
a—llp b(
T -n0-a) +1—q/o gq

([ “>)<> 03[ o

ppta—-1
X dat™dt.

g()(l—(*)a 1)

By combining (3.8) and (3.9)), the desired result follows.
(b) The proof of (b) is similar to the proof of (a) except that the signs of the
inequalities are reversed. (I

) dtdx (3.8)

>p

| v\&
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Example 3.6. Suppose that b = co. Then, inequality yields

[
+(a—1)/000 /Ot (‘(a;) <i>af(t)—;/:of(t)dt‘)p%dﬂ—adt

1 > (@f(@)”
=g+ 1D - a1t /0 97(x) o

(3.10)

Remark. The inequality above coincides with the inequality obtained in
Theorem 8.7 in [10]. Hence, Theorem provides a further generalization and
unification of the results obtained by Oguntuase et al. in [10].

Acknowledgments. We thank the careful referees for some comments and sug-
gestions, which have improve the final version of this paper.

REFERENCES

[1] S. Abramovich, G. Jameson and G. Sinnamon, Refining Jensen’s inequality, Bull. Math. Sci.
Math. Roumanie (N. S.) 47 (95)(2004), no. 1-2, 3-14.

[2] G.H. Hardy, Notes on a theorem of Hilbert, Math. Z. 6 (1920), 314-317.

[3] G. H. Hardy, Notes on some points in the integral calculus, LX. An inequalities between
integrals, Messenger Math. 54(1925), 150-156.

[4] G. H. Hardy, Notes on some points in the integral calculus, LXIV. An inequalities between
integrals, Messenger Math. 57(1928), 12-16.

[5] G. H. Hardy, and Littlewood, J. E. and Pdlya, G.Inequalities, Cambridge University Press,
Cambridge, 1959.

[6] C.O. Imoru, On some integral inequalities related to Hardy’s. Canad, Math. Bull. 20, no. 3,
(1977) 307-312.

[7] A. Kufner, L. Maligranda and L.-E. Persson. The Hardy Inequality. About its History and
Some Related Results, Vydavatelsky Servis Publishing House, Pilsen, 2007.

[8] A. Kufner, L.-E. Persson and N. Samko. Weighted Inequalities of Hardy type, Second Edition,
World Scientific Publishing Co. Inc., River Edge, New Jersey, 2017.

[9] J. A. Oguntuase and L.-E.Persson, Refinements of Hardy’s inequalities via superquadratic
and subquadratic functions, J. Math. Anal. Appl. 339 (2008),1305-1312.

[10] J. A. Oguntuase, L-E. Persson and O. O. Fabelurin, Refinements of Hardy-type inequalities
via superquadraticity, Publ. Math. Debrecen 7416, 88 (2016), no. 3-4, 467-476.

[11] L.-E.Persson and J. A. Oguntuase, Refinement of Hardy’s inequalities for all p, Proc. 2nd
Inter. Symposium on Banach and Function Spaces II (ISBFS 2006)Kitakyushu, Japan,
September 14-12; 2006, Yokohama, 129-144, Published by Yokohama Publishers, Yokohama,
Japan, 2008.

[12] D. T. Shum, On integral inequalities related to Hardy’s, Canad. Math. Bull. 14 (1971), no.
2, 225-230.

JAMES ADEDAYO OGUNTUASE
DEPARTMENT OF MATHEMATICS, FEDERAL UNIVERSITY OF AGRICULTURE, P.M.B. 2240, ABEOKUTA,
OGUN STATE, NIGERIA

E-mail address: oguntuase@yahoo.com

OLUBIYI OLANREWAJU FABELURIN
DEPARTMENT OF MATHEMATICS, OBAFEMI AWOLOWO UNIVERSITY, ILE-IFE, OSUN STATE, NIGERIA
E-mail address: fabepeytire@gmail.com



HARDY-TYPE INEQUALITIES 131

LARS-ERIK PERSSON
UIT, THE ARTIC UNIVERSITY OF NORWAY CAMPUS NARVIK, LODVE LANGES GATE 2, 8514 NARVIK,
NORWAY.
KARLSTAD UNIVERSITY, 65188 KARLSTAD, SWEDEN

E-mail address: larserik6pers@gmail.com

EMMANUEL OYEYEMI ADELEKE
DEPARTMENT OF MATHEMATICS, FEDERAL UNIVERSITY OF AGRICULTURE, P.M.B. 2240, ABEOKUTA,
OGUN STATE, NIGERIA

E-mail address: yemi376@yahoo.com



