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FIXED POINTS FOR CYCLICALLY SET-VALUED MAPPINGS
AND APPLICATIONS FOR VARIATIONAL RELATIONS
PROBLEMS

REZA AHMADI , ASADOLLAH NIKNAM , MAJID DERAFSHPOUR

ABSTRACT. Fixed point theorems for cyclic maps were investigated with dif-
ferent conditions on space and the contraction of mappings. In this paper,
we shall give some results above the fixed point theorem for cyclic set val-
ued mappings. Also we applied our results to prove the existence solution for
variational relations problems.

1. INTRODUCTION AND PRELIMINARIES

In past five decades, issues related to fixed point theory increasingly occupied a
central role in the study of nonlinear phenomena. In fact, one of the most im-
portant reasons to expanding of this theory is its wide-ranging applications in
physics([6],[39]), game theory([36],[38]), equilibrium point in the economic model
of supply and demand([26],[34]), optimization([I3],[14]), control theory([]],[28]),
biology([4],[12]), medical science([17]) and computer science([1],[3]). It is well known
that a fundamental result of this theory is the Banach contraction principle ([I1]).
A number of generalizations of that theorem have appeared in [18], [23], [42], [43].

Nadler [35] proved an extension of Banach fixed point theorem for set-valued con-
traction map. Further Smithson [44] proved a fixed point theorem for set-valued
contractive map. A number of generalizations of that theorem have appeared in
[15], [20], 210, [33], [37], [41] , [45]. To familiarize the applications of the fixed point
theorems for set-valued mappings we note that the several classes of problems like
variational Inclusion Problem ([25]), equilibrium problems([5]), optimization prob-
lems ([32]) and differential inclusions ([7]), can be gather under the more general
model of variational relations problems(VRP). This approach was proposed by Luc
[32], and it was continued in numerous papers(see [9], [10],[27],[31],[29]). Inoan
[27] proved existence of solution for (VRP) by some classical set-valued fixed point
theorems.

The key feature of Bannach’s fixed point and its generalizations is the mapping’s
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contraction. That is, in the many of articles, for the generalizations of Banach’s
fixed point theorem (in the case of sel-maps and set-valued mappings) it has always
been attempted to develope the contraction property. For example in [30] authors
introduced the mappings of the type f : A; = A;11,1=1,2,,p+1, with A, ; = A4,
and generalized Banach fixed point theorem and contractive fixed point theorems
for those mappings. Later some authors ([I9]) named those mappings cyclic maps.
In the cyclic mappings case, contraction or contractive assumptions are restricted
to pairs (z,y) € A; X A;+1. Then these mappings are extension of Banach fixed
point theorem. Some other fixed point theorems for cyclic self mappings are proved
in [2],[16],[19] , [40]. The most important feature in this type of generalization is
that the contraction property is confined to subsets of space rather than the entire
space.

In this paper we extend some fixed point theorem of cyclic mappings to set-
valued mappings that we called them cyclic set-valued maps. As an application of
our results, we study the existence of solutions for a general variational problem by
using the fixed point results that proved in this paper.

1.1. Some basic notations and definitions. Here are some basic topics for the
study of this article. Let (X, d) be a metric space and A C X .We denote the family
of all nonempty closed and bounded subsets of A by CB(A). For B and C, two
nonempty closed subsets of X, Hausdorff metric is defined as following:

H(B,C) = max{sup d(z, B),sup d(y,C)}
zeC yeEB

An orbit ([44]) of the set-valued map T : X — 2% at the point € X is a sequence
{z,, € Txy_1}nen where g = . we shall use O(z) as a sequence and as a set as
the situation demands. An orbit O(z) is called a regular iff

d(Tpy1, Tnra) < d(Tn, Totr)
and
d(@nt1, Tny2) < H(Twp, T2ng1)

Let {A4;}Y_, be nonempty subsets of X. T : U’ | A; — UY_  A; said to be is a
cyclic ([30]) if for each x € A; (1 < i <p) Tz € Aiy1(Apt1 = A1). A cyclic map
T:UY | A; — UP_| A; said to be is a cyclic contraction if there exists k € [0, 1) such
that for each x € A; and y € A;41(1 <i <p, Apy1 = A1) we have

d(Tz, Ty) < kd(z,y).

Also a cyclic map T : UY_; A; — UY_| A; said to be is a cyclic contractive ([30]) if
for each x € A; and y € A; 41 with  # y(1 <i <p, Apy1 = A1) we have

d(Tz, Ty) < d(x,y).

Definition 1. Let {A;}Y_, be nonempty subsets of X. We call T : UP_|A; —
U?_ CB(A;) to be cyclic set-valued map, if for each v € A;(1 < i < p) we have
Tx g Ai+1 (Ap+1 = Al)
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Definition 2. Let {A;}Y_; be nonempty subsets of X. We call a cyclic set-valued
map T : \JY_; Ai = UY_; CB(4;) to be cyclic set-valued contraction, if there exists
k € [0,1) such that for each x € A;y1 andy € A;(1 <i<p, App1 =A4A)

H(Tz,Ty) < kd(z,y).
Definition 3. Let {A;}? be nonempty subsets of X. We call a cyclic set-valued

map T = \J_, Ai — UL_, CB(A;) to be cyclic set-valued contractive, if for each
ze€A andy€ Ay andr #y(1<i<p, Apy1=41)

H(Tz,Ty) < d(z,y).

Let Y € X and T : Y — 2Y be set-valued map with nonempty values and
R(z,y) is a relation linking x,y € Y. Variational relation problem (VRP) is de-
fined as following:

"Find z € Y such that z € T(z) and R(Z,y) holds for every y € T(z).”

which is a particular case of the one formulated in [32]. Now for every z € Y,
consider the set valued mappings I' : Y — 2 as following

INz)={z€Tx | R(z,w) holds for every w € Tx}.
If Z is a fixed point of set-valued mapping I' (Z € I'Z) then Z is a solution of (VRP).

2. FIXED POINTS OF CYCLIC SET-VALUED MAPPINGS

Lemma 2.1. Let (X,d) is the complete metric space and B,C C X. Then for
€ >0 and x € B there exists y € C such that d(z,y) < H(B,C) + .

Proof. Let x € B. Using the definition of the Hausdorff metric, we have:
d(z,C) < supd(z,C) < H(B,C).
z€EB

By using the definition of the infimum for € > 0, there exists y € C such that
d(z,y) < H(B,C) +e.

Theorem 2.2. Let (X,d) is the complete metric space and

(i) {A;}_, are nonempty subsets of X that at least one of which is closed;

(i) T - \U_, Ay = UL, CB(A;) is cyclic set-valued contraction;

Then T has at least a fized point.

Proof. Let A; is closed and xg € A;. There exist x1 € T'zg such that

d(z1,Tz1) < HTxo,Tx1).

Using the lemma [2.1] for e = k, we may select 2o € T'zy such that:
d(z1,29) < H(Txo,Tx1) + k.

Similarly, for € = k2, we may select 23 € T'zy such that:
d(xy,x3) < H(Txy, Tas) + k2.

Repeating this process, for each r € N and ¢ = k", we may select a z,11 € Tz,
such that:
d(xr, xpr1) < HTxpoq,Ta,) + k"
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Then we have;
d(xr, xpr1) < HTxp—1, Tx,.) + k"
< kd(zy_1,dz,) + k"
< KH(Txp—o, Tz, q) + k" 4+ K.
< K*d(w,—a,xp_1) + 2k
<
< k"d(zg,z1) + rk".
Therefore

Zd(mr,wrﬂ) < d(mo,xl)(z k") + Zrk’“ < 0.
r=0 r=0 r=0

Hence {z,} is a cauchy sequence, so there exist € X such that lim, . 2, = z.
Assume that {pp1i} 52y = {zn} NA;(for 1 <@ <p). So for each 1 < i < p we have
limy s oo Tipti = x. Specially limg_,00 Tppt1 = . A is closed then x € A;. By (i4)
and definition of Hausdorff metric we get;

0 < d(zppys, Tz) < HTxpro, T2) < d(Tppio, ).
For k — oo we get d(z,Tx) = 0. Tx is closed then = € Tz. O

All assumptions of theorem satisfy in the example [T for A; = A, Ay = B
and p = 2.
Example 1. Let A =[0,1] and B = (—1,0]. For every x € A define Tx = [—5,0]
and for every y € B define Ty = [0, —%]. For each x € A and y € B we have

H(Tz,Ty) = H([—gO], [0, —y]) = max{ sup d(z,Ty), sup d(z,Tz)}
2 2 z€Tx z€Ty

=max{ sup d(z, [0,—%]), sup d(z, [—2,0])}.

z€[—%,0] z€[0,— %]
T,y T Y T oy 1
= — — < — -\ == — | == -
max{| ], (21} < 151+ 1211 =15 ~ Y1 = e - vl
Hence T : AUB — CB(A)UCB(B) is cyclic set-valued contraction.

Theorem 2.3. Let (X, d) is the complete metric space and
(i) {A:i}Y_, are nonempty closed subsets of X, at least one of which is compact;
(ii) T : \U_, Ay — UY_, CB(A;) is cyclic set-valued contractive;
Then T has at least a fized point.
Proof. Let A; is compact and
d=dist(A1,A,) =inf{d(z,y) 1z € A1,y € Ap}.

By compactness there exist 21 € A; and a sequence {u,, } C A4, such that lim,,_, o d(z1,un) =
d. Assume d > 0. Then for each n € N

H(Tx1,Tuy) < d(x1,un).
For each n € N, assume that =5, € Tx; C Ay and
d(xon, Tuy) < H(Tx1, Tuy) < d(z1,Un).
Hence there exist u,,; € Tu,, € A; such that
d(za,n, un,1) < d(z1, uy).
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Similarly for every n € N we may select {u, ; }'7 | {iy1.,}") such that
A(Tpt2,m, Un,pt1) < A(Tpt1ns Unp) < < A(T2n,Un1) < d(T1,Un). (2.1)

Since {un p11}02, C Az so there exist convergence subsequence {vy, }52; of {un pr1}024
and z € A; such that v, — z. By (2.1), for each n € N, we have

0 < d(zpiom,tnpt1) < d(x1,Up). (2.2)

Since d(x1,u,) is convergence then it is bounded. Thus we may deduce that the
nonnegative real sequence {d(Zp+2,n,Vn) 52 C {d(Zpt2,n, Unpt+1) 52, is bounded
and so it has a convergence subsequence {d(Zp+2,m, Vm)}oo—;. By and triangle
inequality for each m € N we get:

d(xptom, 2) < d(Vm, 2) + A(Tpt2,ms Vm) < d(Vm, 2) + d(z1, V).
Hence {d(xp42,m,2)}o_; is convergence and since v, — 2, d(z1,v,) — d we get

< 1
0< n}gnoo d(zpio,m, 2) < d.

We have {2pi2.m}ro_; C Az. So we may select t € Ay such that
0<d(t,z) <d.
Since z € A; and t € Ay we have
H(Tt,Tz) < d(t, z).

However this implies

d(tpfl, prl) < d,
since zp—1 € Ay, tp—1 € A1 we get a contradiction. Then we have d = 0 and
AiNA,#0. If x € Ay N A, we have Te C Ay and Tx C Ay. Thus A; N Ay # 0.
Now we consider sets

A= AN Ag Ay = Ay N Ag,--- AL = A, N A,

In view of cyclic property these sets are all nonempty (and closed) and A} is com-
pact. Thus the assumptions (i) — (i¢) of the theorem is satisfy for family {A}}Y_,
and T. By repeating the argument just given we conclude that

AL NALF#D.
This is turn implies A; N A2 N A3z # (). Continuing step-by-step we conclude that
A= ﬂzp:lAi 75 @

If 2 € A then for 1 <i < pand x € A; we have Tx C A;. Hence T : A — CB(A)
is contractive set-valued map. Let yo € A and there exists y; € Ty such that

d(y1, Ty1) < H(Tyo, Ty1) < d(yo, y1)-
Thus there exists yo € T'y; such that
d(y1,y2) < d(yo, y1).

and
d(y1,y2) < H(Tyo, Ty1)
By repeating the argument just given we may select y,+1 € Ty, such that

d(yn+1a yn+2) < d(yn7 yn+1)7
d(Yn+1,Ynr2) < H(TYn, Tyni1)
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Thus O(y) = {yn 52, is regular orbit and O(y) C A. Since A is compact, {y,}>2
has a convergence subsequence and by the theorem (1) of [44] T has a fixed point.

(]
Example 2. Let (R?, H [) is Euclidean metric space and
1
A ={(0, ' )|n €N}, Ay ={(0, m”” € N} U{(0,0)},
Bi={(oH—Dlne N} Ba={(;,—)ln e N}U{(0,0)}
1= n 2 = 7’7,7 n ’ .

Set A= A1 U A, ,B—31U32 and define T : AUB — AU B such that :
1 1, -1 -1 1 1 1 —1

T(Q%):i(%a%)? T(07 2n+1):§(2n+172n+1)3 T(0,0):(0,0)
and
T =) = (0,50), T —) = (0, 5——), T(0,0) = (0,0)

It is easy to seen that T is cyclic map. Now we prove that, T : AUB — AU B is
contractive cyclic map.
For any x € A; and y € By we have:

70, ) T Tl = (o4 (4

10, )~ (=2 =4 (o + e
Hence 1 1 -1 1 1 -1

70, 52) = T O < 10, 5-) = (o
i

e e

Last inequality satisfies for each m,n € N. For any x € A; and y € By such that
y # (0,0) we have:

lT(O’;)_T(;’;N:\/(;l)Q (ﬁ 2m1+1)2’
10— (2 = by s 4 2
Hence . - ) o
70, 32) = T, Dl <110, 5~ (s )
iff

Vol + (et g </ e (v Ly

Last inequality satisfies for each m,n € N. For any x € As such that x # (0,0) and
y € By we have:

““anil)‘T<;’njm“¢9xmi%ny**2@;+1y+£ﬁyy
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10,52~ L Th = b e g+

2n+1 m m 2n+1 m
Hence 1 1 -1 1 1 -1
T(0 (= = 0 — V(= =
170, 5 ) T HI1 < 10, ) — ()
ilf
1 n 1 n 1 n 1 <
42n+1)2  4(2n+1)2  4m?2  2m(2n+1)
1 1 1 1

w2 T enr 0 T T menr )

Last inequality satisfies for each m,n € N. For any x € Ay and y € Bs such that
x,y # (0,0) we have:

1 1 — 1 1 1 2
W@%H>%nﬂ'¢@mu”%wwn+m+ﬁ’

1 1 -1 1 1 1

Bl Y 2 22
110, 2n+1) (I \/(m) +(2n+1 + )%

Hence 1 1 1 1 1 1

T(0 _T(= = 0 e
| (,2n+1) (m,m)|\<\l(,2n+1) (sl

iff
1 1 1 1 1 1 1 2

- <=+

4(2n + 1)2+4(2n T Cmrl?  @mi D@t D) mE (@t 1)2+ﬁ+m(2n +1)
Last inequality satisfies for each m,n € N. For any x € A; and (0,0) € By we

have: Y

1 2 1 1

) — T = — —) — = —.

)= TO.01= Y2 0. )~ 0y =
1
T0,—)—1T(0,0 0, —) —(0,0)|.

IT(0, 1) = TO.0)]] < 10, 1) - (0.0)
Last inequality satisfies for each n € N. For any x € As(x # (0,0)) and (0,0) € By
we have:

IT°(0

Hence

1 1 V2 1 1
TO0,———)-T =—-— — = .
(0, 5) = TO.0)] = 355, 110, 5—) = (0,0 = 53—

Hence
1 1 V2 1
T0,———)-T = .
70, 5= = TO.Ol < 110, 5—) = 00| & 53 < 57—
Last inequality satisfies for each n € N. For any y € B and (0,0) € Ay we have:
-1 -1 1 -1 -1 V2
T(—,—)-=T(0,0)|| = — —,—)—(0,0)|| = —.
(=) =TO,0l = 5 () = (0,0 = ¥
Hence
-1 -1 -1 -1 V2

L ) =10 < I )~ 0,0)] & 5 < Y2

Last inequality satisfies for each m € N. For anyy € Ba(y # (0,0)) and (0,0) € A,
we have:

—_

—_

) - 0,0 = 2.

m m

[17( ) = T(0,0)]| =

I(

1
om+1’ m’

1
m’ m
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Hence

I 2t <1 2 - 0o e ot < V2

<
2m +1 m
Last inequality satisfies for each m € N. So for any x € A,y € B(x # y) we have

1Tz = Tyl| < |z —yll-

Hence T : AUB — AU B is contractive cyclic map. But T is not contractive
map. To prove this, let n € N. We have:

1 1 1 1 1
T0,—)—T(0 = —1/(=— 2 — )2
I17( 7Qn) ©, 2n+1)|| \/(2n+2n+1) (2n 2n+1) ’
1 1 1
il — - 2
10, 55) = 05—l =/ G — 5
Hence . ) . .
T0,—)-T(0, —— —) —
IT(0,5) = TO, 5 > 110, 50) = 0,5
iff
E(L_F 1 + 1 _~_i_~_ 1 _ 1 )>
4'4n?2  (2n+1)2  n2n+1) 4n?2  (2n+1)2 n(2n+1)
1 1 1

e (2n+1)2 n@2n+1)

By multiplying both sides of the last inequality to 2n?(2n + 1)? we have:
8n(2n + 1) > (2n + 1)% 4 4n?

Last inequality satisfies for each n € N.

Corollary 2.4. It is easy to check that the map T : AUB — CB(A) UCB(B),
such that A and B is the sets defined in exzample[d and

1 1 -1 -1 1 -1

0.5 =gy )b TOg 7)) = {2(2n+1 1)
700.0) = {(0.0),
T(Co =) = {05 )h T —) = {0, T(0,0) = {(0,0)}

is cyclic set-valued contractive map but it is not contractive set-valued map.

3. EXISTENCE RESULTS FOR VARIATIONAL RELATIONS PROBLEMS

Theorem 3.1. Let (X,d) is the complete metric space and

(C1) {A;}_, are nonempty subsets of X, at least one of which is closed;

(C2) for every x € UY_| A;, Tx is nonempty,

(C3) There exists q € (0,1] such that for every x1 € A;,xo € Ajy1 if 21 € Txy then
there exists zo € I'xo such that

d(zlﬂ 22) < qH(T’I’,Ty),

(C4) The Relation R is closed in the first variable; that is, for anyy € UY_, A; fized,
if {zn} C UY_ | A; is a sequence with z, — z and R(z,,y) holds for any n € N, then
R(z,y) holds too,

(C5) T :UY_| A, — UY_ CB(A;) be cyclic set-valued contraction.

Then the variational relation problem (VRP) has at least a solution.
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Proof. By (C5) , (C2) and (C4) we can follows that for each fixed x € X, Tz is
nonempty and closed and T : UY_; A; — UY_  CB(4;) is cyclic set-valued mappings.
Let ©1 € A;,x9 € Ajy1 and z; € T'zy. Then according (C3) there exists zo € I'zo
such that:

d(z1,22) < qH(Tx1, Txo).
In the same way, starting from any zo € I'zy there exists z; € 'z for which the
previous inequality holds. Since T is set-valued contraction, It follow that:

H(Txy,Tas) < qH(Txy,Txs) < gkd(x1, 22).

Hence I' is cyclic set-valued contraction. Thus I' satisfies in theorem and admits
a fixed point. Therefore the (VRP) admits a solution. O

Example 3. Let A = [0,1] and B = (—1,0]. For any x € A define Tx = [—35,0]

and for any y € B define Ty = [0, —%]. By e:cample it follows that T : AUB —

CB(A)UCB(B) is cyclic set-valued contraction. Now consider the problem:
"Find T such that T € TZ and 3ly| < 4|Z| for any y € TZ. (1)”

For any x € [0,1) and y € (—1,0], we have 'z = [—3z, —22] and Ty = 2|y, $|yl].

Then if x € [0,1) and y € (—1,0] we get

1 3 1
H(Tz,Ty) = max{glx—yh g\w —yl} = slz =yl

Hencel': AUB — CB(A)UCB(B) is cyclic set-valued contraction. Also relation
R(z,w) <= 3lw| < 4|z| satisfy (C4) of theorem [3.1 Thus (VRP) (1) admits a
solution.

4. CONCLUSION

The results in this paper,
1. extend the work of Eldered and Veeramani ([I9]) from a single valued maps to
set-valued maps.
1. extend the work of Kirk, Srinivasan and Veeramani ([30]) from a single valued
maps to set-valued maps.
3. show that the category of cyclic contractive mappings is not equal to the category
of contractive mappings by example [2]

Remark. One of the closest development to our results is the investigation of the
fized point theorem to cyclic -contractions(|2]) in the case of set-valued mappings.
Other useful development is the investigation of the best proximity point theorem
for cyclic contraction and contractive set-valued mappings. Furthermore it seems
that, it is interesting question that, ”is the category of cyclic contractive mappings
is not equal to the category of contractive mappings in the metric like spaces same
as the generalized metric space([3]) or G—metric space([22])”?
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