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FIXED POINTS FOR CYCLICALLY SET-VALUED MAPPINGS

AND APPLICATIONS FOR VARIATIONAL RELATIONS

PROBLEMS

REZA AHMADI , ASADOLLAH NIKNAM , MAJID DERAFSHPOUR

Abstract. Fixed point theorems for cyclic maps were investigated with dif-

ferent conditions on space and the contraction of mappings. In this paper,

we shall give some results above the fixed point theorem for cyclic set val-
ued mappings. Also we applied our results to prove the existence solution for

variational relations problems.

1. Introduction and preliminaries

In past five decades, issues related to fixed point theory increasingly occupied a
central role in the study of nonlinear phenomena. In fact, one of the most im-
portant reasons to expanding of this theory is its wide-ranging applications in
physics([6],[39]), game theory([36],[38]), equilibrium point in the economic model
of supply and demand([26],[34]), optimization([13],[14]), control theory([8],[28]),
biology([4],[12]), medical science([17]) and computer science([1],[3]). It is well known
that a fundamental result of this theory is the Banach contraction principle ([11]).
A number of generalizations of that theorem have appeared in [18], [23], [42], [43].

Nadler [35] proved an extension of Banach fixed point theorem for set-valued con-
traction map. Further Smithson [44] proved a fixed point theorem for set-valued
contractive map. A number of generalizations of that theorem have appeared in
[15], [20], [21], [33], [37], [41] , [45]. To familiarize the applications of the fixed point
theorems for set-valued mappings we note that the several classes of problems like
variational Inclusion Problem ([25]), equilibrium problems([5]), optimization prob-
lems ([32]) and differential inclusions ([7]), can be gather under the more general
model of variational relations problems(VRP). This approach was proposed by Luc
[32], and it was continued in numerous papers(see [9], [10],[27],[31],[29]). Inoan
[27] proved existence of solution for (VRP) by some classical set-valued fixed point
theorems.

The key feature of Bannach’s fixed point and its generalizations is the mapping’s
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contraction. That is, in the many of articles, for the generalizations of Banach’s
fixed point theorem (in the case of sel-maps and set-valued mappings) it has always
been attempted to develope the contraction property. For example in [30] authors
introduced the mappings of the type f : Ai → Ai+1, i = 1, 2, , p+1, with Ap+1 = Ap

and generalized Banach fixed point theorem and contractive fixed point theorems
for those mappings. Later some authors ([19]) named those mappings cyclic maps.
In the cyclic mappings case, contraction or contractive assumptions are restricted
to pairs (x, y) ∈ Ai × Ai+1. Then these mappings are extension of Banach fixed
point theorem. Some other fixed point theorems for cyclic self mappings are proved
in [2],[16],[19] , [40]. The most important feature in this type of generalization is
that the contraction property is confined to subsets of space rather than the entire
space.

In this paper we extend some fixed point theorem of cyclic mappings to set-
valued mappings that we called them cyclic set-valued maps. As an application of
our results, we study the existence of solutions for a general variational problem by
using the fixed point results that proved in this paper.

1.1. Some basic notations and definitions. Here are some basic topics for the
study of this article. Let (X, d) be a metric space and A ⊆ X .We denote the family
of all nonempty closed and bounded subsets of A by CB(A). For B and C, two
nonempty closed subsets of X, Hausdorff metric is defined as following:

H(B,C) = max{sup
x∈C

d(x,B), sup
y∈B

d(y, C)}

An orbit ([44]) of the set-valued map T : X → 2X at the point x ∈ X is a sequence
{xn ∈ Txn−1}n∈N where x0 = x. we shall use O(x) as a sequence and as a set as
the situation demands. An orbit O(x) is called a regular iff

d(xn+1, xn+2) ≤ d(xn, xn+1)

and

d(xn+1, xn+2) ≤ H(Txn, Txn+1)

Let {Ai}pi=1 be nonempty subsets of X. T : ∪pi=1Ai → ∪pi=1Ai said to be is a
cyclic ([30]) if for each x ∈ Ai (1 ≤ i ≤ p) Tx ∈ Ai+1(Ap+1 = A1). A cyclic map
T : ∪pi=1Ai → ∪pi=1Ai said to be is a cyclic contraction if there exists k ∈ [0, 1) such
that for each x ∈ Ai and y ∈ Ai+1(1 ≤ i ≤ p, Ap+1 = A1) we have

d(Tx, Ty) ≤ kd(x, y).

Also a cyclic map T : ∪pi=1Ai → ∪pi=1Ai said to be is a cyclic contractive ([30]) if
for each x ∈ Ai and y ∈ Ai+1 with x 6= y(1 ≤ i ≤ p, Ap+1 = A1) we have

d(Tx, Ty) < d(x, y).

Definition 1. Let {Ai}pi=1 be nonempty subsets of X. We call T : ∪pi=1Ai →
∪pi=1CB(Ai) to be cyclic set-valued map, if for each x ∈ Ai(1 ≤ i ≤ p) we have
Tx ⊆ Ai+1(Ap+1 = A1).
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Definition 2. Let {Ai}pi=1 be nonempty subsets of X. We call a cyclic set-valued
map T :

⋃p
i=1Ai →

⋃p
i=1 CB(Ai) to be cyclic set-valued contraction, if there exists

k ∈ [0, 1) such that for each x ∈ Ai+1 and y ∈ Ai(1 ≤ i ≤ p, Ap+1 = A1)

H(Tx, Ty) ≤ kd(x, y).

Definition 3. Let {Ai}pi be nonempty subsets of X. We call a cyclic set-valued
map T :

⋃p
i=1Ai →

⋃p
i=1 CB(Ai) to be cyclic set-valued contractive, if for each

x ∈ Ai and y ∈ Ai+1 and x 6= y(1 ≤ i ≤ p, Ap+1 = A1)

H(Tx, Ty) < d(x, y).

Let Y ⊆ X and T : Y → 2Y be set-valued map with nonempty values and
R(x, y) is a relation linking x, y ∈ Y . Variational relation problem (VRP) is de-
fined as following:

”Find x̄ ∈ Y such that x̄ ∈ T (x̄) and R(x̄, y) holds for every y ∈ T (x̄).”

which is a particular case of the one formulated in [32]. Now for every x ∈ Y ,
consider the set valued mappings Γ : Y → 2Y as following

Γ(x) = {z ∈ Tx | R(z, w) holds for every w ∈ Tx}.
If x̄ is a fixed point of set-valued mapping Γ (x̄ ∈ Γx̄) then x̄ is a solution of (VRP).

2. Fixed Points of Cyclic Set-Valued Mappings

Lemma 2.1. Let (X, d) is the complete metric space and B,C ⊆ X. Then for
ε > 0 and x ∈ B there exists y ∈ C such that d(x, y) ≤ H(B,C) + ε.

Proof. Let x ∈ B. Using the definition of the Hausdorff metric, we have:

d(x,C) ≤ sup
z∈B

d(z, C) ≤ H(B,C).

By using the definition of the infimum for ε > 0, there exists y ∈ C such that

d(x, y) ≤ H(B,C) + ε.

�

Theorem 2.2. Let (X, d) is the complete metric space and
(i) {Ai}pi=1 are nonempty subsets of X that at least one of which is closed;
(ii) T :

⋃p
i=1Ai →

⋃p
i=1 CB(Ai) is cyclic set-valued contraction;

Then T has at least a fixed point.

Proof. Let A1 is closed and x0 ∈ A1. There exist x1 ∈ Tx0 such that

d(x1, Tx1) ≤ H(Tx0, Tx1).

Using the lemma 2.1, for ε = k, we may select x2 ∈ Tx1 such that:

d(x1, x2) ≤ H(Tx0, Tx1) + k.

Similarly, for ε = k2, we may select x3 ∈ Tx2 such that:

d(x2, x3) ≤ H(Tx1, Tx2) + k2.

Repeating this process, for each r ∈ N and ε = kr, we may select a xr+1 ∈ Txr
such that:

d(xr, xr+1) ≤ H(Txr−1, Txr) + kr.
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Then we have;

d(xr, xr+1) ≤ H(Txr−1, Txr) + kr.

≤ kd(xr−1, dxr) + kr

≤ k[H(Txr−2, Txr−1) + kr−1] + kr.

≤ k2d(xr−2, xr−1) + 2kr

≤ · · ·
≤ krd(x0, x1) + rkr.

Therefore
∞∑
r=0

d(xr, xr+1) ≤ d(x0, x1)(

∞∑
r=0

kr) +

∞∑
r=0

rkr <∞.

Hence {xn} is a cauchy sequence, so there exist x ∈ X such that limn→∞ xn = x.
Assume that {xkp+i}∞k=0 = {xn}∩Ai(for 1 ≤ i ≤ p). So for each 1 ≤ i ≤ p we have
limk→∞ xkp+i = x. Specially limk→∞ xkp+1 = x. A1 is closed then x ∈ A1. By (ii)
and definition of Hausdorff metric we get;

0 ≤ d(xkp+3, Tx) ≤ H(Txkp+2, Tx) ≤ d(xkp+2, x).

For k →∞ we get d(x, Tx) = 0. Tx is closed then x ∈ Tx. �

All assumptions of theorem 2.2 satisfy in the example 1 for A1 = A, A2 = B
and p = 2.

Example 1. Let A = [0, 1] and B = (−1, 0]. For every x ∈ A define Tx = [−x
2 , 0]

and for every y ∈ B define Ty = [0,−y
2 ]. For each x ∈ A and y ∈ B we have

H(Tx, Ty) = H([−x
2
, 0], [0,−y

2
]) = max{ sup

z∈Tx
d(z, Ty), sup

z∈Ty
d(z, Tx)}

= max{ sup
z∈[− x

2 ,0]

d(z, [0,−y
2

]), sup
z∈[0,− y

2 ]

d(z, [−x
2
, 0])}.

= max{|x
2
|, |y

2
|} ≤ ||x

2
|+ |y

2
|| = |x

2
− y

2
| = 1

2
|x− y|

Hence T : A ∪B −→ CB(A) ∪ CB(B) is cyclic set-valued contraction.

Theorem 2.3. Let (X, d) is the complete metric space and
(i) {Ai}pi=1 are nonempty closed subsets of X, at least one of which is compact;
(ii) T :

⋃p
i=1Ai →

⋃p
i=1 CB(Ai) is cyclic set-valued contractive;

Then T has at least a fixed point.

Proof. Let A1 is compact and

d = dist(A1, Ap) := inf{d(x, y) : x ∈ A1, y ∈ Ap}.
By compactness there exist x1 ∈ A1 and a sequence {un} ⊆ Ap such that limn→∞ d(x1, un) =
d. Assume d > 0. Then for each n ∈ N

H(Tx1, Tun) < d(x1, un).

For each n ∈ N, assume that x2,n ∈ Tx1 ⊆ A2 and

d(x2,n, Tun) ≤ H(Tx1, Tun) < d(x1, un).

Hence there exist un,1 ∈ Tun ⊆ A1 such that

d(x2,n, un,1) < d(x1, un).
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Similarly for every n ∈ N we may select {un,i}p+1
i=1 , {xi+1,n}p+1

i=1 such that

d(xp+2,n, un,p+1) < d(xp+1,n, un,p) < · · · < d(x2,n, un,1) < d(x1, un). (2.1)

Since {un,p+1}∞n=1 ⊂ A1 so there exist convergence subsequence {vn}∞n=1 of {un,p+1}∞n=1

and z ∈ A1 such that vn → z. By (2.1), for each n ∈ N, we have

0 ≤ d(xp+2,n, un,p+1) < d(x1, un). (2.2)

Since d(x1, un) is convergence then it is bounded. Thus we may deduce that the
nonnegative real sequence {d(xp+2,n, vn)}∞n=1 ⊆ {d(xp+2,n, un,p+1)}∞n=1 is bounded
and so it has a convergence subsequence {d(xp+2,m, vm)}∞m=1. By (2.2) and triangle
inequality for each m ∈ N we get:

d(xp+2,m, z) ≤ d(vm, z) + d(xp+2,m, vm) < d(vm, z) + d(x1, vm).

Hence {d(xp+2,m, z)}∞m=1 is convergence and since vn → z, d(x1, vn)→ d we get

0 ≤ lim
m→∞

d(xp+2,m, z) ≤ d.

We have {xp+2,m}∞m=1 ⊂ A2. So we may select t ∈ A2 such that

0 ≤ d(t, z) ≤ d.
Since z ∈ A1 and t ∈ A2 we have

H(Tt, Tz) < d(t, z).

However this implies

d(tp−1, zp−1) < d,

since zp−1 ∈ Ap, tp−1 ∈ A1 we get a contradiction. Then we have d = 0 and
A1 ∩ Ap 6= ∅. If x ∈ A1 ∩ Ap we have Tx ⊆ A1 and Tx ⊆ A2. Thus A1 ∩ A2 6= ∅.
Now we consider sets

A′1 = A1 ∩A2, A
′
2 = A2 ∩A3, · · · , A′p = Ap ∩A1.

In view of cyclic property these sets are all nonempty (and closed) and A′1 is com-
pact. Thus the assumptions (i) − (ii) of the theorem is satisfy for family {A′i}

p
i=1

and T . By repeating the argument just given we conclude that

A′1 ∩A′p 6= ∅.

This is turn implies A1 ∩A2 ∩A3 6= ∅. Continuing step-by-step we conclude that

A := ∩pi=1Ai 6= ∅.
If x ∈ A then for 1 ≤ i ≤ p and x ∈ Ai we have Tx ⊆ Ai. Hence T : A → CB(A)
is contractive set-valued map. Let y0 ∈ A and there exists y1 ∈ Ty0 such that

d(y1, Ty1) ≤ H(Ty0, Ty1) < d(y0, y1).

Thus there exists y2 ∈ Ty1 such that

d(y1, y2) < d(y0, y1).

and

d(y1, y2) < H(Ty0, T y1)

By repeating the argument just given we may select yn+1 ∈ Tyn such that

d(yn+1, yn+2) < d(yn, yn+1),

d(yn+1, yn+2) < H(Tyn, T yn+1)
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Thus O(y) = {yn}∞n=1 is regular orbit and O(y) ⊆ A. Since A is compact, {yn}∞n=1

has a convergence subsequence and by the theorem (1) of [44] T has a fixed point.
�

Example 2. Let (R2, ||.||) is Euclidean metric space and

A1 = {(0, 1

2n
)|n ∈ N}, A2 = {(0, 1

2n+ 1
)|n ∈ N} ∪ {(0, 0)},

B1 = {(−1

n
,
−1

n
)|n ∈ N}, B2 = {( 1

n
,
−1

n
)|n ∈ N} ∪ {(0, 0)}.

Set A = A1 ∪A2 , B = B1 ∪B2 and define T : A ∪B −→ A ∪B such that :

T (0,
1

2n
) =

1

2
(
−1

2n
,
−1

2n
), T (0,

1

2n+ 1
) =

1

2
(

1

2n+ 1
,
−1

2n+ 1
), T (0, 0) = (0, 0)

and

T (
−1

m
,
−1

m
) = (0,

1

2m
), T (

1

m
,
−1

m
) = (0,

1

2m+ 1
), T (0, 0) = (0, 0).

It is easy to seen that T is cyclic map. Now we prove that, T : A ∪B −→ A ∪B is
contractive cyclic map.
For any x ∈ A1 and y ∈ B1 we have:

||T (0,
1

2n
)− T (

−1

m
,
−1

m
)|| =

√
(

1

4n
)2 + (

1

4n
+

1

2m
)2,

||(0, 1

2n
)− (

−1

m
,
−1

m
)|| =

√
(

1

m
)2 + (

1

2n
+

1

m
)2.

Hence

||T (0,
1

2n
)− T (

−1

m
,
−1

m
)|| < ||(0, 1

2n
)− (

−1

m
,
−1

m
)||

iff √
(

1

4n
)2 + (

1

4n
+

1

2m
)2 <

√
(

1

m
)2 + (

1

2n
+

1

m
)2.

Last inequality satisfies for each m,n ∈ N. For any x ∈ A1 and y ∈ B2 such that
y 6= (0, 0) we have:

||T (0,
1

2n
)− T (

1

m
,
−1

m
)|| =

√
(

1

4n
)2 + (

1

4n
+

1

2m+ 1
)2,

||(0, 1

2n
)− (

1

m
,
−1

m
)|| =

√
(

1

m
)2 + (

1

2n
+

1

m
)2.

Hence

||T (0,
1

2n
)− T (

1

m
,
−1

m
)|| < ||(0, 1

2n
)− (

1

m
,
−1

m
)||

iff √
(

1

4n
)2 + (

1

4n
+

1

2m+ 1
)2 <

√
(

1

m
)2 + (

1

2n
+

1

m
)2.

Last inequality satisfies for each m,n ∈ N. For any x ∈ A2 such that x 6= (0, 0) and
y ∈ B1 we have:

||T (0,
1

2n+ 1
)− T (

−1

m
,
−1

m
)|| =

√
(

1

2(2n+ 1)
)2 + (

1

2(2n+ 1)
+

1

2m
)2,
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||(0, 1

2n+ 1
)− (

−1

m
,
−1

m
)|| =

√
(

1

m
)2 + (

1

2n+ 1
+

1

m
)2.

Hence

||T (0,
1

2n+ 1
)− T (

−1

m
,
−1

m
)|| < ||(0, 1

2n+ 1
)− (

−1

m
,
−1

m
)||

iff
1

4(2n+ 1)2
+

1

4(2n+ 1)2
+

1

4m2
+

1

2m(2n+ 1)
<

1

m2
+

1

(2n+ 1)2
+

1

m2
+

1

m(2n+ 1)
.

Last inequality satisfies for each m,n ∈ N. For any x ∈ A2 and y ∈ B2 such that
x, y 6= (0, 0) we have:

||T (0,
1

2n+ 1
)− T (

1

m
,
−1

m
)|| =

√
1

4(2n+ 1)2
+ (

1

2(2n+ 1)
+

1

2m+ 1
)2,

||(0, 1

2n+ 1
)− (

1

m
,
−1

m
)|| =

√
(

1

m
)2 + (

1

2n+ 1
+

1

m
)2.

Hence

||T (0,
1

2n+ 1
)− T (

1

m
,
−1

m
)|| < ||(0, 1

2n+ 1
)− (

1

m
,
−1

m
)||

iff

1

4(2n+ 1)2
+

1

4(2n+ 1)2
+

1

(2m+ 1)2
+

1

(2m+ 1)(2n+ 1)
<

1

m2
+

1

(2n+ 1)2
+

1

m2
+

2

m(2n+ 1)
.

Last inequality satisfies for each m,n ∈ N. For any x ∈ A1 and (0, 0) ∈ B2 we
have:

||T (0,
1

2n
)− T (0, 0)|| =

√
2

4n
, ||(0, 1

2n
)− (0, 0)|| = 1

2n
.

Hence

||T (0,
1

2n
)− T (0, 0)|| < ||(0, 1

2n
)− (0, 0)||.

Last inequality satisfies for each n ∈ N. For any x ∈ A2(x 6= (0, 0)) and (0, 0) ∈ B2

we have:

||T (0,
1

2n+ 1
)− T (0, 0)|| = 1

2

√
2

2n+ 1
, ||(0, 1

2n+ 1
)− (0, 0)|| = 1

2n+ 1
.

Hence

||T (0,
1

2n+ 1
)− T (0, 0)|| < ||(0, 1

2n+ 1
)− (0, 0)|| ⇔ 1

2

√
2

2n+ 1
<

1

2n+ 1
.

Last inequality satisfies for each n ∈ N. For any y ∈ B and (0, 0) ∈ A2 we have:

||T (
−1

m
,
−1

m
)− T (0, 0)|| = 1

2m
, ||(−1

m
,
−1

m
)− (0, 0)|| =

√
2

m
.

Hence

||T (
−1

m
,
−1

m
)− T (0, 0)|| < ||(−1

m
,
−1

m
)− (0, 0)|| ⇔ 1

2m
<

√
2

m
.

Last inequality satisfies for each m ∈ N. For any y ∈ B2(y 6= (0, 0)) and (0, 0) ∈ A2

we have:

||T (
1

m
,
−1

m
)− T (0, 0)|| = 1

2m+ 1
, ||( 1

m
,
−1

m
)− (0, 0)|| =

√
2

m
.
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Hence

||T (
1

m
,
−1

m
)− T (0, 0)|| < ||( 1

m
,
−1

m
)− (0, 0)|| ⇔ 1

2m+ 1
<

√
2

m

Last inequality satisfies for each m ∈ N. So for any x ∈ A, y ∈ B(x 6= y) we have

||Tx− Ty|| < ||x− y||.
Hence T : A ∪ B −→ A ∪ B is contractive cyclic map. But T is not contractive
map. To prove this, let n ∈ N. We have:

||T (0,
1

2n
)− T (0,

1

2n+ 1
)|| = 1

2

√
(

1

2n
+

1

2n+ 1
)2 + (

1

2n
− 1

2n+ 1
)2,

||(0, 1

2n
)− (0,

1

2n+ 1
)|| =

√
(

1

2n
− 1

2n+ 1
)2.

Hence

||T (0,
1

2n
)− T (0,

1

2n+ 1
)|| > ||(0, 1

2n
)− (0,

1

2n+ 1
)||

iff
1

4
(

1

4n2
+

1

(2n+ 1)2
+

1

n(2n+ 1)
+

1

4n2
+

1

(2n+ 1)2
− 1

n(2n+ 1)
) >

1

4n2
+

1

(2n+ 1)2
− 1

n(2n+ 1)
.

By multiplying both sides of the last inequality to 2n2(2n+ 1)2 we have:

8n(2n+ 1) > (2n+ 1)2 + 4n2

Last inequality satisfies for each n ∈ N.

Corollary 2.4. It is easy to check that the map T : A ∪ B −→ CB(A) ∪ CB(B),
such that A and B is the sets defined in example 2 and

T (0,
1

2n
) = {1

2
(
−1

2n
,
−1

2n
)}, T (0,

1

2n+ 1
) = {1

2
(

1

2n+ 1
,
−1

2n+ 1
)},

T (0, 0) = {(0, 0)},

T (
−1

m
,
−1

m
) = {(0, 1

2m
)}, T (

1

m
,
−1

m
) = {(0, 1

2m+ 1
)}, T (0, 0) = {(0, 0)}.

is cyclic set-valued contractive map but it is not contractive set-valued map.

3. Existence results for variational relations problems

Theorem 3.1. Let (X, d) is the complete metric space and
(C1) {Ai}pi=1 are nonempty subsets of X, at least one of which is closed;
(C2) for every x ∈ ∪pi=1Ai, Γx is nonempty,
(C3) There exists q ∈ (0, 1] such that for every x1 ∈ Ai, x2 ∈ Ai+1 if z1 ∈ Γx1 then
there exists z2 ∈ Γx2 such that

d(z1, z2) ≤ qH(Tx, Ty),

(C4) The Relation R is closed in the first variable; that is, for any y ∈ ∪pi=1Ai fixed,
if {zn} ⊂ ∪pi=1Ai is a sequence with zn → z and R(zn, y) holds for any n ∈ N, then
R(z, y) holds too,
(C5) T : ∪pi=1Ai → ∪pi=1CB(Ai) be cyclic set-valued contraction.
Then the variational relation problem (VRP) has at least a solution.
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Proof. By (C5) , (C2) and (C4) we can follows that for each fixed x ∈ X, Γx is
nonempty and closed and Γ : ∪pi=1Ai → ∪pi=1CB(Ai) is cyclic set-valued mappings.
Let x1 ∈ Ai, x2 ∈ Ai+1 and z1 ∈ Γx1. Then according (C3) there exists z2 ∈ Γx2
such that:

d(z1, z2) ≤ qH(Tx1, Tx2).

In the same way, starting from any z2 ∈ Γx2 there exists z1 ∈ Γx1 for which the
previous inequality holds. Since T is set-valued contraction, It follow that:

H(Γx1,Γx2) ≤ qH(Tx1, Tx2) ≤ qkd(x1, x2).

Hence Γ is cyclic set-valued contraction. Thus Γ satisfies in theorem 2.2 and admits
a fixed point. Therefore the (VRP) admits a solution. �

Example 3. Let A = [0, 1] and B = (−1, 0]. For any x ∈ A define Tx = [−x
2 , 0]

and for any y ∈ B define Ty = [0,−y
2 ]. By example 1 it follows that T : A∪B −→

CB(A) ∪ CB(B) is cyclic set-valued contraction. Now consider the problem:
”Find x̄ such that x̄ ∈ T x̄ and 3|y| ≤ 4|x̄| for any y ∈ T x̄. (1)”

For any x ∈ [0, 1) and y ∈ (−1, 0], we have Γx = [− 1
2x,−

3
8x] and Γy = [ 38 |y|,

1
2 |y|].

Then if x ∈ [0, 1) and y ∈ (−1, 0] we get

H(Γx,Γy) = max{1

2
|x− y|, 3

8
|x− y|} =

1

2
|x− y|.

Hence Γ : A∪B −→ CB(A)∪CB(B) is cyclic set-valued contraction. Also relation
R(z, w) ⇐⇒ 3|w| ≤ 4|z| satisfy (C4) of theorem 3.1. Thus (VRP) (1) admits a
solution.

4. Conclusion

The results in this paper,
1. extend the work of Eldered and Veeramani ([19]) from a single valued maps to
set-valued maps.
1. extend the work of Kirk, Srinivasan and Veeramani ([30]) from a single valued
maps to set-valued maps.
3. show that the category of cyclic contractive mappings is not equal to the category
of contractive mappings by example 2.

Remark. One of the closest development to our results is the investigation of the
fixed point theorem to cyclic ϕ-contractions([2]) in the case of set-valued mappings.
Other useful development is the investigation of the best proximity point theorem
for cyclic contraction and contractive set-valued mappings. Furthermore it seems
that, it is interesting question that, ”is the category of cyclic contractive mappings
is not equal to the category of contractive mappings in the metric like spaces same
as the generalized metric space([3]) or G−metric space([22])”?

References

[1] J. Ahmad, A. E. Al-Mazrooei, T. M. Rassias, Common Fixed Point Theorems with Ap-
plications to Theoretical Computer Science, Int. J. Nonlinear Anal. Appl. doi: 10.22075/ij-

naa.2019.3674, (2019).
[2] M. A. Al-Thagafi, N. Shahzad, Convergence and existence for best proximity points, Nonlinear

Analysis. 70 (2009) 3665–3671.
[3] M. A. Alghamdi1, N. Shahzad, O. Valero, Fixed point theorems in generalized metric spaces

with applications to computer science, Fixed Point Theory and Applications. 2013:118

(2013).



36 R. AHMADI , A. NIKNAM , M. DERAFSHPOUR

[4] A. B. Amar, A. Jeribi, M. Mnif, Some Fixed Point Theorems and Application to Biological

Model, Numer. Func. Anal. Optimiz. 29(1-2) (2008), 1–23.

[5] A.H. Ansari, J. C. Yao, An existence result for the generalized vector equilibrium problem,
Appl. Math. Lett. 12 (1999), 53–56.

[6] I. K. Argyros, On a class of nonlinear integral equations arising in neutron transport,

Aequationes Mathematicae. 36(1), (1988), 99–111.
[7] J. P. Aubin, , A. Celina, Differential Inclusions, Springer-Verlag, Berlin (1984).

[8] K. Balachandran, J. P. Dauer, Controllability of nonlinear systems via fixed-point theorems,

J. Optim. Theory Appl. 53(3)(1987), 345–352.
[9] M. Balaj, L. J. Lin, Generalized variational relation problems with applications, J. Optim.

Theory Appl. 148(1)(2011), 1–13.

[10] M. Balaj, D. T. Luc, On mixed variational relation problems, Comput. Math. Appl. 60
(2010), 2712–2722.

[11] S. Banach, Sur les operations dans les ensembles abstraits et leur applications aux equations
integrals. Fund. Math. 3 (1922), 133–181.

[12] M. Borogovac, Two applications of Brouwer’s fixed point theorem: in insurance and in biology

models. J. Differ. Equ. Appl. 22 (2016), 727–744.
[13] K .Chwastek, The applications of fixed-point theorem in optimisation problems, Arch. Electr.

Eng. 61(2) (2012) 189–198.

[14] H. W. Corley, Some hybrid fixed point theorems related to optimization, J. Math. Anal. Appl.
120(2) (1986) 528–532.

[15] P. Z. Daffer, H. Kaneko, Fixed points of generalized contractive multi-valued mappings, J.

Math. Anal. Appl. 192(2) (1995) 655–666.
[16] M. Derafshpour, Sh. Rezapour, N. Shahzad, Best proximity points of cyclic φ-contractions

in ordered metric spaces, Topological Methods in Nonlinear Analysis. 37(2011). 193–202.

[17] P. Dhawan, J. Kaur, V. Gupta, Novel results on a fixed function and their application based on
the best approximation of the treatment plan for tumour patients getting intensity modulated

radiation therapy(IMRT), Proceedings of the Estonian Academy of Sciences. 68(3) (2019)
223–234.

[18] M. Edelstein, On fixed and periodic points under contractive mappings, J. London Math.

Soc. 37 (1962) 74–79.
[19] A. A. Eldered, P. Veeramani, Existence and convergence of best proximity points, J. Math.

Anal. Appl. 323(2) (2006) 1001–1006.

[20] M. Fakhar, Z. Soltani and J. Zafarani, Existence of Best Proximity Points for Set-Valued
Cyclic Meir-Keeler Contractions, Fixed Point Theory. 19(1), (2018) 211–218.

[21] T. N. Fomenko, D. A. Podoprikhin, Fixed points and concidences of mappings of partially

ordered sets, J. Fixed Point Theory Theory Appl. 18 (2016), 823–842.
[22] Y. U. Gaba, Fixed point theorems in G-metric spaces, J. Math. Anal. Appl. 45(1) (2017),

528–537.

[23] M. A. Geraghty, On contractive mappings, Proc. Amer. Math. Soc. 40(1973), 604–608.
[24] A. Granas, J. Dugundji, Fixed point theory, Springer Monographs in Mathematics, Springer-

Verlag, New York(2003).
[25] N.X. Hai, P. Q. Khanh, The solution existence of general variational inclusion problems, J.

Math. Anal. Appl. 328(2) (2007) 1268-1277.

[26] S. A. R. Hosseiniun, M. Nabiei, Some Applications of Fixed Point Theorem in Economics and
Nonlinear Functional Analysis, International Mathematical Forum. 5(49) (2010) 2407-2414.

[27] D. Inoan, Variational relations problems via fixed points of contraction mappings, J. Fixed
Point Theory Appl. 19(2) (2016) 1571–1580.

[28] J. Klamka, Schauder’s fixed-point theorem in nonlinear controllability problems, Control and

Cybernetics. 29(1) (2000) 153–165.

[29] P. Q. Khanh, D. T. Luc, Stability of solutions in parametric variational relation problems,
Set Valued Var. Annal. 16(78) (2008) 1015–1035.

[30] W. A. Kirk, P. S. Srinavasan, P. Veeramani, Fixed points for mappings satisfying cyclical
contractive conditions, Fixed Point Theory. 4 (2003) 79–89.

[31] A. Latif, D. T. Luc, Variational relation problems: existence of soluations and fixed points

of contraction mappings, Fixed Point Theory Appl. 315 (2013), 1–10.

[32] D. T. Luc, An abstract problem in variational analysi, J. Optim. Theory Appl. 138 (2008),
65–76.



FIXED POINTS FOR CYCLICALLY SET-VALUED MAPPINGS 37

[33] B. Mohammadi, Sh. Rezapour, N. Shahzad, Some results on fixed points of α − ψ-ciric

genealized multifunctions, Fixed Point Theory and Applications. 24: 2013 (2013).

[34] Z. D. Mitroviç, An application of a generalized KKM principle on the existence of an equi-
librium point, Univ. Beograd. Publ. Elektrotehn. Fak. 12 (2001), 64–67.

[35] S. Nadler, Multivalued contraction mappings, Pacific J. Math. 30 (1969), 475–488.

[36] Y. Narahashi, Game theory, Indian Institute of Science, Bangalore, India(2012).
[37] E. Nazari, Best Proximity Points for Generalized Multivalued Contractions in Metric Spaces,

Miskolc Mathematical Notes. 16(2) (2015) 1055–1062.

[38] J. V. Neumann and O. Morgenstern, Theory of Game and Economic Behavior, Princeton
University Press(1953).

[39] H. Nishimori, G. Ortiz, Elements of Phase Transitions and Critical Phenomena, Oxford

University Press(2015).
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