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THE ANALYTIC SOLUTION OF SEQUENTIAL SPACE-TIME
FRACTIONAL DIFFUSION EQUATION INCLUDING PERIODIC
BOUNDARY CONDITIONS

SULEYMAN CETINKAYA, ALI DEMIR AND HULYA KODAL SEVINDIR

ABSTRACT. In this paper, the analytic solution of sequential space-time frac-
tional differential equation with periodic boundary conditions in one dimension
is established. It is constructed in the form of a Fourier series by taking the
eigenfunctions of Sturm-Liouville problem with fractional derivative in Caputo
sense into account.

1. INTRODUCTION

As partial differential equations (PDEs) of fractional order plays an important
role in modelling for the numerous processes and systems in various scientifc re-
search areas such as applied mathematics, physics chemistry etc., the interest of
this topic is increasing enourmously. Since the fractional derivative is non-local,
the model with fractional derivative for physical problems turns out to be the best
choice to analyze the behaviour of the complex non linear processes. That is why
it attracts increasing number of researchers. The derivative in the sense of Caputo
is one of the most common one since mathematical models with Caputo deriva-
tives gives better results compare to the analysis of ones including other fractional
derivatives. In literature increasing number of studies can be found supporting this
conclusion [1,[2], 3], El, 5], [61], [7], [8], [9], [10], (1], [12], [13], [15], [16], (7], [18],
[19], [22], [23]. Moreover the Caputo derivative of constant is zero which is not hold
by many fractional derivatives. The solutions of fractional PDEs and ordinary dif-
ferential equations (ODEs) are determined in terms of Mittag-Leffler function. The
diffusion problem including fractional derivative in Caputo sense has been studied
by Sevindir and Demir [2I]. This study can be regarded as an extension of it.

2. PRELIMINARY RESULTS

In this section, we recall fundamental definition and well known results about
fractional derivative in Caputo sense.

Definition 1. The ¢*" order fractional derivative of u(t) in Caputo sense is defined
as
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1 ! S
Dy (t 27/ t— )" M (s)ds, t € [ty to +T 2.1
0 =55 | =9 (st € lto,to+T]  (21)
where u(™ (t) = Z:—i‘, n —1 < g < n. Note that Caputo fractional derivative

is equal to integer order derivative when the order of the derivative is integer [14],
[20].

Definition 2. The ¢ order Caputo fractional derivative for 0 < ¢ < 1 is defined
in the following form [14], [20]:

! ) / (t —s) 9/ (s)ds,t € [to, to + T (2.2)

D) = pp

The Mittag—Leffler function with two-parameters which is taken into account in
eigenvalue problem, is given by

) ok
Eap (Mt —t0)*) =) %

k=0
including constant A. Especially, for tg = 0, @« = 8 = g we have

,a,3>0 (2.3)

o o] ()\tq)k
Eop (A7) = k; Flahra?” 0. (2.4)

Mittag-Leffler function coincides with exponential function i.e., Eq 1 (At) = e
for ¢ = 1. For details see [14], [20].

The following significant functions are defined in terms of the Mittag—Lefller
function with two parameters as

2k+1
sing (ut?) = Baa (80l _QzE e :001“( 12k J(rufqu ++1) (2.5)
and
By (1t) + By (—ipt) S (<1 (un)™
cosq (ut?) = 2 - kz_o T (2kqg+1) (29)

Note that for ¢ = 1 these functions are usual trigonometric functions sin(ut)
and cos(ut) .

The main goal of this study is to establish the analytic solution of following
sequential space-time fractional differential equations with periodic boundary and
initial condition.

Diu(,t) = v2D%u (z,1), 27)
u(=0t)=u(l,t)

{ Dbu(—1,t) = DSu(l,t) (2.8)
u(w,0) = f(x) (2.9)

where 0 <a <1, 1<268<2,—-1<zxz<[,0<t<T,yeR.
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2.1. Inner Product. Let the vector space V be defined as span of the functions
sing (u(ﬁ)% and cosg (u(ﬁ)ﬁ) for fixed § where 0 < 8 <1, p € R on

the interval I = [a,b], ie., V = span{sing <“(bf7a)ﬁ) , COSg (N(bfia)ﬁ) 1. As a

result the linear transformation 7' : V' —  span{sin %) ,cos(#%) } becomes

one-to-one and onto. Hence its inverse transformation 7! exists. The mapping
<eo o>V xV — Ris defined as

<ul(x;B), v(z; ) > = T_l(/ Tu (z; 8) .Tv (z; 8) dz)|b_, (2.10)
where Tu (z; 8) = u(z;1) and T (x; 8) = v(x; 1) [21].

3. MAIN RESULTS

By means of separation of variables method, The generalized solution of above
problem is constructed in analytical form. Thus a solution of problem (2.7))-(2.9)
have the following form:

u(z,t;a, B) = X(x; ) T(t; o, B) (3.1)
where -l <z <[, 0<t<T.
Plugging (3.1]) into (2.7 and arranging it, we have

o . 28 .
Dt (T.(t7a76)) :,YZDx (X(JJ,B)) — _)‘2(6) (32)

T (t;«,B) X (z;8)
Note that the value of A varies based on 5. Equation produces two fractional
differential equations with respect to time and space. The first fractional differential
equation is obtained by taking the equation on the right hand side of Eq. (3.2).

Hence with boundary conditions (2.8)), we have the following problem

D (X (2:8)) + A* (B) X (2:8) = 0 (3-3)

X (=) = X (1)
{ o)=Y (3.4)

The solution of eigenvalue problem (3.3)-(3.4)) is accomplished by making use of
the Mittag-Lefffer function of the following form:

X (2;8) = Ega(ra”) (3.5)

Hence the characteristic equation is computed in the following form:

2+ X2(B) =0 (3.6)

Case 1. If \(8) = 0, the characteristic equation have two coincident roots r; = 73,

leading to the general solution of the eigenvalue problem — having the
following form:

B
X (23 0) = kl% +ky (3.7)

DX (z,8) = kiT(B) (3.8)
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The first boundary condition yields

18 1%
which leads to the following solution
X (%;8) = k2 (3.10)

Similarly second boundary condition leads to

DPX (~1)=0=DIX(l) (3.11)

The representation of the solution is established as

Xo () = ko (3.12)

Case 2. If A(8) > 0, the Eq. (3.6) have two distinct real roots r1, 7o yielding
the general solution of the problem ([3.3)-(3.4) in the following form:

X (x;8) =c1Es1 (rlxﬂ) + czEﬁJ(rzzﬁ) (3.13)

By making use of the first boundary condition, we have

X (=) = 1 Eg (rl(—l)ﬁ) ter By (rz(—l)ﬁ) = 1By (nl?)+caBpa (ral®) = X(I)

—~

3.14)

c1 (E@l (rl(—l)5> —Ez1 (rllﬁ)) 4 (EBJ (Tg(—l)ﬁ) —E31 (rglﬁ)) =0 (3.15)

Since Fg 1 (rl(—l)ﬁ> —FEg1 (rllﬁ) and Eg 1 (rg(—l)ﬁ) —FEg1 (7‘2[’8) are linearly
independent the equation (3.15) is satisfied if and only if ¢; = 0 = ¢ which implies
that X (x; 8) = 0 which implies that there is not any solution for A (8) > 0.

Case 3. If A () < 0, the characteristic equation have two complex roots yielding
the general solution of the problem ([3.3)-(3.4) in the following form:

X (z;8) = crcosg (A (B) x'B) + casing(A(B)z”?) (3.16)

By making use of the first boundary condition we have

X (=1) = crcosg (A (B)1°) + casing(—A\(B)IP) = cicosg (A (B)17) + casing(A(B)IP)

(3.17)
which implies that
= 2casing (A (B)1°) =0=c2 =0 (3.18)
Hence the solution becomes
X (z;8) = cicospg (A (B) 27) (3.19)
DIX (w,8) = 1A (B) sing (A (B) 2”) (3.20)

Similarly last boundary condition leads to
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DEX (=1) = —c1 A (B) sing (=X (B)1?) = —c1 X (B) sing (A (8)1°) = DEX (1)

(3.21)
= 2c1\ (B) sing (A (B)1°) =0 (3.22)
which implies that
sing (A (B)1°) =0 (3.23)
which yields the following eigenvalues
W,
A (B) = lﬁ(ﬁ)’)\l (B) <X (B)<As(B) <... (3.24)
where w,, (8) satisfy the equation sing (w, (8)) = 0.
As a result the solution is obtained as follows:
x\ B
Xy, (z; 8) = cosg (wn (B) (7) ) ,n=1273, ... (3.25)

The second equation in (3.2)) for eigenvalue A, (5) yields the fractional differential
equation below:

Dy (T (t; o, B))

T(t' o 5) = _72)‘31 (/8) (3'26)
which yields the following solution
2
T, (t;a, ) = Eqn (—72 w’lg(f) t“) n=0,1,2,3,... (3.27)

The solution for every eigenvalue A, (/) is constructed as

2

U (2,80, 8) = X, (2 8) Ty, (t; 0, B) = B (—72 w?2(ﬂﬂ) tO“) cosg (wn (8) (:lc)ﬂ> ,n=0,1,2,3,...
(3.28)

which leads to the following general solution

u(z, t;a,8) = Ag + Z Ay cosg <wn (8) (7)ﬁ> Eqn (—WQWW) (3.29)
n=1

Note that it satifies boundary condition and fractional differential equation.
The coefficients of general solution are established by taking the following initial
condition into account:

X

u(z,0) = f(z) = Ag + i Apcoss (wn (8) (Z)ﬁ) (3.30)

The coefficients A,, for n = 0,1,2,3,... are determined by the help of inner

product (2.10) as follows:



22 S. CETINKAYA, A. DEMIR AND H. KODAL SEVINDIR

(60, o (i (2)°) Y= (s oms (9 (2)) )
3 (o (1 (2)) o (w9 () )

o (J o (00 s ) = (] s 027 o)

B ([ () o on )
o (o) )

z=—1

x=l

=A,T! (/ cos (lm) dz)
x=—1 ! rz=—1
> 1 NI krx
+nz::1AnT (/cos(l )cos( ;i ) dx)

=l

=l

r=—1

(3.33)
-1 < / f(x)dx) tl_l (3.34)
A, = ; </f cos< ) d:c) ::l_l (3.35)

4. TLLUSTRATIVE EXAMPLE
In this section, we first consider the following initial periodic boundary value
problem:
up(x,t) = Ugy(x,t)

u(—1,t) =u(l,t)
{ Uy (=1, 1) = uy, (1,1)

u(z,0) = cos(mzx) (4.1)
which has the solution in the following form:

u(z,t) = cos(mx) et (4.2)
where -1 <z <1,0<t<T.

Now let the following problem called fractional heat-like problem be taken into
consideration:

Diu (z,t) = D2%u (z,1) (4.3)
u(=1,t) =u(l,t)
{ DSu(—1t,t) = DBu(1,t) (4.4)

u(z,0) = cos(mzx) (4.5)
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where 0 <a <1, 1<28<2, -1<z<1, 0<t<T.
The separation of the variables method yields the following equations:

« . 28 .
Dt (T.(t’avﬁ)) — Dz (X((E,ﬁ)) :_)\2(5) (46)
T(taa7ﬁ) X($7B)

Note that the value of ) varies based on 5. Equation produces two fractional
differential equations with respect to time and space. The first fractional differential
equation is obtained by taking the equation on the right hand side of Eq. .
Hence with boundary conditions , we have the following problem

D2 (X (2:)) + A% (8) X (1 8) = 0 (4.7)
X (1) =X (1)
{ DEX (—1) = DEX (1) (4.8)

The representation of the solution for the eigenvalue problem (4.7)-(4.8]) is ob-
tained as

X, (3 8) = cosg (wn, (B)2°) ,n=0,1,2,3,... (4.9)

The second eqution in (4.6)) for every eigenvalue A, (8) yields the following equa-
tion:

DE(T (B0,B)
T (0. ) "

which has the following solution

(8) (4.10)

T, (o, B) = Eq 1 (—w2 (B)t*) n=0,1,2,3,... (4.11)

For each eigenvalue A, (8), we obtain the following solution:

Uy (2,80, B) = Eo 1 (—w? (B)t*) cosg (wy, (B) xﬂ) n=0,1,23,... (4.12)

and hence we have the following sum:

u(z,t;a,B) = Ag+ Y Ancos (wn (8)2”) Ean (—wy (8)t%) (4.13)

n=1

Note that the general solution (4.13)) satisfy both boundary conditions (4.4]) and
the fractional equation (4.3]). By making use of the inner product defined in (2.10]),

we determine the coefficients A,, in such a way that the general solution (4.13
satisfes the initial condition (4.5)). Plugging ¢ = 0 in to the general solution (4.13
and making equal to the initial condition (4.5) we have

oo
u(z,0) = Ao+ Y Ancosg (wy (8) ") (4.14)
n=1
The coefficients A,, for n =0,1,2,3,... are determined by the help of the inner
product as follows:
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Ay = %T‘l (/cos(mc) dw) :11 = %T‘l (;sin(ﬂ'x) ) :11 (4.15)
_ 1 sing (w1 (8) xﬂ) o=t
2 w1(B) e
= Gy im0 (8) = sini (=un (8))
=0
A, = T ( / cos(rz) cos (nm) da;) :ill (4.16)
Forn#1 A, =0dw. n =1 we get
A =T (/ cos?(mz) da:) Zil =71 </ @ + COS(Z”) )d ) iil (4.17)
o sing (wa (8) ) [
2 w4(3) —1
_1 ((—D‘f)
2 2
=1
Thus
u(z, t;a, B) = cosg (w1 (8) 1:5) Eqn (—w% (8) ta) (4.18)

It is important to note that plugging o = 8 = 1 in to the solution (4.18)) gives
the solution (4.2]) which confirm the accuracy of the method we apply.

5. CONCLUSION

In this research, the analytic solution of sequential space-time fractional differ-
ential equation with periodic boundary conditions in one dimension is constructed.
By making use of seperation of variables the solution is formed in the form of a
Fourier series with respect to the eigenfunctions of a corresponding Sturm-Liouville
eigenvalue problem including fractional derivative in Caputo sense.
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