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SOME REMARKS ON FUNCTIONS WITH NON-DECREASING
INCREMENTS

ASIF RAZA KHAN, FARAZ MEHMOOD

ABSTRACT. The main purpose of this work is to establish relationship of
functions with non-decreasing increments with other functions of high im-
portance. Especially, we pay attention to the role of representation and con-
nection among functions with non-decreasing increments and arithmetic inte-
gral mean, Wright convex functions, convex functions, V—convex functions,
Jensen m—connvex functions, m—convex functions, m — V—convex functions,
k—monotonic functions, absolutely monotonic functions, completely mono-
tonic functions, Laplace Transform and exponentially convex functions, by
using the method of finite difference operator as different cases of A7 f(y). We
also consider function with non-decreasing increments of order three and obtain
the generalisation of the Levinson’s-type inequality and Jensen-Mercer’s-type
inequality by using Jensen-Boas inequality and also deduce some results.

1. INTRODUCTION AND PRELIMINARIES

This distinct topic of function with non-decreasing increments (FWNDI) was in-
troduced by H. D. Brunk in 1964 (see [5]). Book [2I] discussed in detail about the
properties of FWNDI. In past few decades FWNDI has gained popularity in several
branches of Mathematics; that is a reason for increased interest in FWNDI by using
finite difference operator. There are interesting topics in Numerical Method, Dif-
ferential Equation, Physics, Biology and Engineering that play an important role
where we use finite difference operators (see [I7]). There are many applications
of these operators in the area like Networking, Probabilistic, Fractal and Random
Media, Fractionally Dependent Component, Applications to Mechanics, Controls
Theory, Transport Phenomena, Fractional Equations and Chaos, and Future ideas
as documented in the book [27]. Finally, these operators are naturally connected
to different inequalities; various general inequalities for FWNDI, see present con-
tribution in that field [10].

We can see the applications of functions with non-decreasing increments in the
ultramodular function which is the especial case of FWNDI but the only difference
is that the range of ultramodular function is [0, 1] while the range of FWNDI is

2010 Mathematics Subject Classification. 26A51, 39B62, 26D15, 26D20, 26D99.

Key words and phrases. convex, V—convex functions, functions with non-decreasing incre-
ments, integral mean, Levinsons inequality.

(©2020 llirias Research Institute, Prishtiné, Kosové.

Submitted December 21, 2018. Published November 18, 2019.

Communicated by Sofiya Ostrovska.



2 ASIF R. KHAN, FARAZ MEHMOOD

R. In Statistics, ultramodular functions play an important role in modelling sto-
chastic orders and positive dependence among random vectors and ultramodular
function also use in the field of economics. It is well known that the class of ab-
solutely monotonic function is subclass of completely monotonic function and this
is subclass of FWNDI if differentiability exists, further that absolutely monotonic
function is used in copulas and there are many applications of copulas in differ-
ent fields such as; Probability Theory, Quantitative Finance, Civil Engineering,
Reliability Engineering, Warranty Data Analysis, Medicine, Solar Irradiance Vari-
ability, Hydrology Research, Climate and Weather Research. All these applications
of FWNDI are extracted from [19].

Current article has an aim to collect the established facts about the FWNDI,
together with some other important functions and notions, that can help out for
finding whether a given funtion is FWNDI or not. In the second section, we would
like to establish the connection among functions with non-decreasing increments
and arithmetic integral mean, W —convex functions, convex functions, V—convex
functions, Jensen m—convex functions, m—convex functions, m — V—convex func-
tions, k—monotonic functions, absolutely monotonic functions, completely mono-
tonic functions, Laplace transform and exponentially convex functions, by using the
method of finite difference operator as different cases of A} f(y) with examples. In
third section, we would like to obtain the generalisation of the Levinson’s-type in-
equality and Jensen-Mercer’s-type inequality by using Jensen-Boas inequality for
function with non-decreasing increments of order three and also deduce some re-
sults.

Let us recall few important definitions and significant results extracted from
(M, [T2], [18], [25] and [28]). Throughout the article we would use the following
notations R = (—o00,00), R, = [0,00) and Ry = (0,00) and also I an interval in R,
I and [a, b] both are intervals in R¥.

H. D. Brunk introduced an interesting class of multivariate real valued functions
known as functions with non-decreasing increments. Let us introduce some nota-
tions to recall the definition of FWNDI as follows:

Let RF represent k—dimensional vector lattice of elements y = (y1,%2, Y3, - - -, Yx ), ¥i
be real, with partial ordering “ <” on R* is here stated as (y1,¥2,¥3,---,¥x) <
(21,22,23, .y 2k) <= Y1 < 21, Uk < 2k, that is y; < z; ;0 € {1,2,...,k}. We

begin with a fundamental definition of FWNDI as follow:

Definition 1.1. A function f : I — R, where I C R¥ and k is a fired positive
integer, is said to have non-decreasing increments if following inequality

f(b+h)— f(b) > f(a+h)— f(a),
holds, where 0 <h € R¥,a<b;a,b+h¢cl

Some especial examples and properties of FWNDI was given by Brunk in paper
[5] and also see [13] for more discussion.
Examples of FWNDI:

(7) The simplest example of a FWNDI is a constant function.

(44) Lines in the form of y = at + b, where (0,...,0) < a € R* b € R* whose
direction cosines are nonnegative also belong to the family of functions with
non-decreasing increments.

(#43) An important continuous function 9 : R? — R stated as J(y, z) = yz is a
function with non-decreasing increments.
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(iv) A continuous function v : [0,00)¥ — R stated as v(y) = Hle y; is another
useful function with non-decreasing increments.

(v) F(y +2z) = F(y) + F(z) is the Cauchy functional equation which is an
interesting and widely used example of such functions.

Properties of FWNDI:
FWNDI possesses the following properties:

(1) A FWNDI need not be continuous.

(74) If function f : I — R has 1st order partial derivatives Vy € I, then f has
non-decreasing increments if and only if every of those partial derivatives
is non-decreasing in every arguments.

(#9¢) If function f :I — R has 2nd order partial derivatives Vy € I, then f has
non-decreasing increments if and only if every of those partial derivatives
is non-negative.

(iv) A function v : [0,1] — R is convex, stated as v(t) = f(ta+b), if f FWNDI
is continnousin b<y <b+a;0<ac R-.

We define here a especial type of function which belongs to the class of FWNDI

and themselves connect/contain the class of other functions that are already pro-
vided in the starting of the recent heading of this article, by using several cases of

AP f(y).

Here we recall the definition of finite difference of the function of order m.

Definition 1.2. [25] The finite difference of the function of order m on
I =[a,b] € R, where m is non-negative integers, is defined by
Apf(y) = f(y)
AR fly) = AR~ fly+h) = AP f(y)
where h # 0 and y +ih € I fori € {0,1,--- ,m}. Then it can easy to write the

statement as

AP ) = 3 (-1 (") s+

i=0
Definition 1.3. The mth order divided difference of a function f: 1 — R, at
distinct elements Y, Yi+1, - -« Yitm € I = [a,b] C R, where i € N is stated as:
i fl = fly), jefiitl,....itm}
[yia---ayi—i-m;f] _ [yi+17"'ayi+m;.ﬂ7[yi7"'7yi+7n—l;.ﬂ'
Yi+m — Yi
Further can be written as
- fWi+k)

[yzaayz+maf}zz itm .

k=0 j:i,j;éiJrk(yi-Hc —Y;)
We present some remarks about the relationship among finite difference, divided
difference and derivative of the function.

Remark. Some important remarks are following:

(i) Let us denote [y, ..., Yiym; f] by Ay f(yi). The value [ys, ..., Yiym; f] is
independent of elements order y;, Yit1,-- - Yitm-
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(ii) We can extend this above definition by including case in which few elements
or all elements coincide by supposing that y; < -+ < Yiyrm (see [25]) and
letting

f(m) (yi)

Wir- e Yoo £ = T
m:

provided that f(™ (y;) exists.
(iii) The following identity is valid (see |25, [26] ):
AR fly) =mh™ A f(y)
provided that y; are equally spaced.
Using finite difference operator, we would like to state alternative form of func-
tions with non-decreasing increments as;
An,An,f(a) = 0 (L.1)
Since A, (A, f(a) = An,(f(a+ha) - f() =0
= fla+hz+hy)— f(a+hz)— fla+hi)+ f(a) 20
Setting h = h;, b = a + hy in above statement then
f(b+h)—f(b) - fla+h)+ f(a) >0
If taking h; = hy = h, then we can obtain especial case of
Anf(b) — Anf(a) 2 0
An(f(b) — f(a)) 2 0
A f(a) >0, where a <b
We know that Ay, f(y) = f(y + h1) — f(y) and further,
Apy Any - A, f(¥) = Any (An, - Ap,, f(y)) for m > 2
where y,y +hy +---+hy, € 1,0 <h; € RF fori € {1,2,...,m}.

Similarly we can extend this definition for mth order as

Definition 1.4. A function f: I — R is called function with non-decreasing
increments of order m if holds

AhlAhz e Ahmf(y) Z 0. (1.2)

whenever y,y +hy +---4+hy € L0 < h; € RF fori € {1,2,...,m}. Then the
especial case is given by

nfly)=0 (1.3)
where f is called FWNDI of order m with equally spaced h.

2. RELATIONSHIP AMONG FUNCTIONS WITH NON-DECREASING INCREMENTS
AND MANY OTHERS

We would like to use the above definition to establish relationship among func-
tions with non-decreasing increments and many other functions, the detailed list
of other functions already mention at initial in the introductory section. In the
current section we would like to recall some important definitions which are ex-
tracted from the articles [T} 2, 41 7, 6, || 0] [0, [T, (12} 18, 20, 21 22| 24 25, 28] and
these will relate to functions with non-decreasing increments, by using the finite



SOME REMARKS ON FUNCTIONS WITH NON-DECREASING INCREMENTS 5

difference operator as different cases of A}’ f(y) > 0. In this connection we will
use the relationships of finite difference, derivative and some other differences (see
[6 18, 251 26]).

2.1. Arithmetic integral mean vs FWNDI. Let us have A is an arithmetic

integral mean of a function f on an interval [0, a] (see in [10, [16]).

Definition 2.2. A function A (non-decreasing function) is said to be a Arithmetic
integral mean on an interval [0,al, such that

1 [t
A0 = [ 5wy
0
provided f : [0,a] = R,a > 0, is a non-negative and non-decreasing function.

Now, we will recall extension of above-mentioned result to functions with non-
decreasing increments of higher order, extracted from [I0].

Theorem 2.1. Let the function f : [a,b] — R be continuous and with non-
decreasing increments of order m. Then the function A, defined as

Aﬂw=<fkm—m0_i£5~[:fwmm

i=1
is a function with non-decreasing increments of order m on [a, b|, where v = (vy, ...
k) and dv = dvy -+ - duy.
The Alternative form of Arithmetic integral mean of order m on an
interval [a, b], using equation (1.2)) it is defined by
Apy Any - Ap,, A(t) >0, h; > 0.

Remark. If take hy = hy = --- = hy, in above inequality, then obtain especial
case as AJPA(t) > 0.

Example 2.3. Let a function f :[0,a] — Ry which is stated as

f) =

Since AP f(y) > 0, then from the above remark also holds A7*A(t) > 0 when h is
very small, therefore we can say that A is Arithmetic integral mean of order m on
the interval [0, a] for every a > 0,c € R.

Now first of all we would like to mention here the 1st dimensional case of function
with non-decreasing increments which is Wright—convex function and we will give
the equivalent form.

2.4. Wright—convex function vs FWNDI.

Definition 2.5. A function f : [a,b] — R is called Wright—convex function, if
following inequality is validV y < z;x > 0;y,2z + x € [a,b].
flz+a) = f(z) > fly+2) - f(y)
It can also be written as A2 f(y) >0 y<z y,z+x€la,b

This is computed same as function with non-decreasing increments, i.e.,

Ajf(y) =0 (2.1)
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If there exists f”, then f is Wright—convex function iff
Wt (y) > 0. (2.2)

And the equivalent form of (2.2)) on I C R, using equation it is also defined
by same (2.1)), when h is very small.

Example 2.6. Let a function f : [a,b] — R which is stated as
fy) =ylay —b)

Since h2f" (y) > 0, i.e. A2 f(y) > 0, therefore the function f is Wright—convex on
the interval [a,b] C R for every a > 0,b € R.

Remark. Wright-convex function is an especial case of FWNDI for k = 1.
Now we would like to state generalised convex function may be seen in [12] 25].
2.7. m—convex function vs FWNDI.

Definition 2.8. A function f: I — R, is known as m—convez , if the inequality
Ay f(y) > 0 holds ¥(m + 1) different points yo,y1,...,Ym € 1.

Especial case of convex function of order m, using equation and Remark
it is defined by

AR f(y)
>0 I,h > 0. 2.3
m 20, yelLh> (2.3)
If there exists f(™) then function is m—convex or mth order convex iff
(m)
f @)20. (2.4)
m!

And the equivalent form of (2.4) on I C R, using equation it is also defined
by same ([2.3)), when h is very small.

Example 2.9. Let a function f: I — R which is stated as

_y"
(m) Am
Since ™) >0, then M > 0, therefore the function f is m—convezr on the

Tml T mlh™
interval I for ¢ >0, m € {0,1,2,---}.

2.10. m—V —convex function vs FWNDI.

Definition 2.11. A function f : I — R, is known as m—V—convez, if V(m + 1)
different points yo,y1, ..., ym € I we have V) f(y) = (=1)" Ay f(y) > 0.
Especial case of V—convex funtion of order m, using equation and
Remark[T] it is defined by
(=D)™mAR ()
m!h™
If there exists (™) then function is m-V —convex iff
(=)™ (y)
m'

And the equivalent form of (2.6 on I C R, using equation it is also defined
by same ([2.5)), when h is very small.

>0, yel,h>D0. (2.5)

> 0. (2.6)



SOME REMARKS ON FUNCTIONS WITH NON-DECREASING INCREMENTS 7

Example 2.12. Let a function f : I — R which is stated as

e "

fy) =%

—1)m (m) —1)mA™
M >0, ie. % > 0, therefore the function f is

m-V—convex on the interval I C R, forr € R — {0}, m € {0,1,2,---}.

Since

Remark. Convez function and V—convex function are the especial cases of m—
convex function and m-V — convex respectively, if we put m = 2.

2.13. Jensen m—convex function vs FWNDI.

Definition 2.14. Any function f : I — R is known as Jensen m—convex or
J—convex of order m if holds

wfly) >0, Vh>0andy € I. (2.7

This is done by finite difference operator and if there exists f(™), then f is J—
convex of order m iff

R (y) > 0. (2.8)

And the equivalent form of (2.8)) on I C R, using equation it is also defined
by same (2.7)), when h is very small.

Example 2.15. Let a function f: I — R which is stated as
) =S
y =
qm.

Since K™ £ (y) > 0, then AT f(y) > 0, therefore the function f is J-convex of
order m on the interval I C R, for ¢ € R — {0}, m € {0,1,2,---}.

Remark. Jensen convex function is the especial case of Jensen m—convex function,
if we put m = 2.

Now we recall definitions of convex function and V—convex function and their
connection with FWNDI using equation (|1.3)).

2.16. Convex function vs FWNDI.

Definition 2.17. Any continuous function f: I — R is known as convez, if there
exists non-negative second order divided difference, such that

AQf(y)ZOa yEI

Especial case of convex function on I C R, using equation and Remark
it is defined by

A7 f(y)
o172 >0, yel h>0. (2.9)
If there exists f//, then f is convex iff
()
20 (2.10)

And the equivalent form of (2.10) on I C R, using equation it is also
defined by same (2.9), when h is very small.
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Example 2.18. Let a function f: I — R, which is stated as
fy) = my? +m®
f ) AR f(y)

20— 2!h2
interval I for m € {0,1,2,---}.

Since

0, e

> 0, therefore the function f is convex on the

Remark. If sets, “C” convex function, “W” Wright-convex function and “J”
Jensen convex function then C C W C J. Moreover, each inclusion is proper

(see “Kenyon, 1956 and Klee, 1956) (also see [21], 25] 7).
2.19. V—convex function vs FWNDI.

Definition 2.20. Any continuous function f: I — R is known as V—convez,
there is existence of V2 f(y) = (=1)2Aaf(y) and satisfy

Vif(y) >0, yel

Especial case of V—convex function on I C R, using equation and Remark
it is defined by
(—1)*A%f(y)

5172 >0, yel,h>0, (2.11)
If there exists f”, then f is V—convex iff
_1 2 1"
(Gl ) (2.12)

2!

And the equivalent form of (2.12) on I C R, using equation it is also
defined by same (2.11), when h is very small.

Example 2.21. Let a function f: Ry — R which is stated as

1
fly) =In~
) ;
—1)2f" —1)2A2
Since ()27{@) >0, i.e. % > 0, therefore the function f is V—conver

on the interval R
2.22. Completely monotonic function vs FWNDI.

Definition 2.23. A continuous function f is known as completely monotonic,
if there is existence of derivatives of all orders on I C R, and if satisfy

-1y =0, i€{0,1,..} ; yel
Equivalent form of completely monotonic function on I C R, using equation
it is defined by
—1)'Al
% >0, ic{0,1,...} ; yel,h>0.
when h is very small.

Example 2.24. Some examples of completely monotonic functions are following:

(i) f(y)nyL,a, 0<a<1l,y>0
.. 1
(ii) f(y):m; a>0,82>20,y>0

(i) f(y) =—-In(1-1/y), VyeRy
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(iv) f(y) =e'v, VyeR,

Completely monotonic function is generalised form of absolutely monotonic func-
tion and k—monotonic function, now we will give connection of absolutely monotonic
function and k—monotonic function with FWNDI using equation (1.3]).

2.25. Absolutely monotonic function vs FWNDI.

Definition 2.26. A continuous function f is known as absolutely monotonic,
if there is existence of derivatives of all orders on I C R, and if satisfy

fOw >0, ie{0,1,...} ; yel.
Equivalent form of absolutely monotonic function on I C R, using equation
it is defined by
AL f(y)
hi
when h is very small.

>0, i€{0,1,2,...} ; yel,h>0.

Example 2.27. Let a function f :[—1,1] — R which is stated as

fly) = sin™y

. Al
Since @ (y) > 0, then h}{Z(y) > 0, therefore the function f is absolutely mono-

tonic in the interval [0,1).
2.28. k—monotonic function vs FWNDI.

Definition 2.29. A function is known as k—monotonic on I C R, if all its
derivatives f@ (y) exist and satisfy

(—1)if(i)(y)207 i€{0,1,...,k} ,wherek is fivzed ; ye€lI.

Equivalent form of k—monotonic function on interval I C R, using equation
it is defined by
C1)iAG
VAL
ht -
when h is very small.

ie{0,1,...,k} ; yel,h>0.

Example 2.30. Let a function f: I — R which is stated as
fy)=y™"

Since (_l)if(i)(y) > 0, then M

monotonic on the interval I C R, for r > 0.

> 0, therefore the function f is k-

2.31. Laplace transform of f vs FWNDI.

Definition 2.32. Let f be a function that satisfies |f(y)| < Me®¥ and piecewise
continuous, where a and M are real constants. Then the Laplace transform of
fly) is stated as

Fo =L} = [ fwe s>
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Similarly, the Laplace transformation of Borel measure p(t) on R, is stated as

(oo}
L{p®) = [ e
0
At origin the Laplace transformation is continuous iff ¢ is finite.

Bernstein [4] proved that f on an interval R, is completely monotonic , iff there
is existence of increasing function ¢(¢) on R,.

fly) = / e vdg(t).

Remark. Equivalent form of above statement can also be present as a function f on

(-2 ()

where h is very small andy € I C R,,i € {0,1,...} iff there exists

f(y) = /0 T e vag(e),

the interval R, satisfied the condition >0 (completely monotonic)

where @(t) is an increasing function on R,.
2.33. Exponentially convex function vs FWNDI.

Definition 2.34. Any continuous function w : I — R on open interval I is called
exponentially convex, if

m
Z pipjw (yi + y5) = 0,
i,=1

VmeN andV p;,p; € R; such that y; +y; € I andi,j € {1,...,m}.

Theorem 2.2. The function w : I — R on an interval I is exponentially convex iff

o) = [ Temdg(r),  yel

—0o0

for some non-decreasing function ¢(t) : R — R

Proof. See [2], p. 211. O

Little less obvious examples can be deduced by applying above integral repre-
sentation and some results from Laplace transform are following.

Example 2.35. The folowing are examples of Exponentially convex functions as
well as Laplace transform of f through above theorem on R, include:

(i) fly) =y, Ya>0
(ii) f(y) =e VY,  Va>0
(iii) f(y)=e Y%, Vs>0
(iv) fly) =

iv y)=e Y, Vt>0

VB g (.

mpletely monotonic) by using equation in these examples when h is very
small.

Remark. The above functions are also satisfying condition
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3. FUNCTIONS WITH NON-DECREASING INCREMENTS OF ORDER THREE

Before we give the generalisation of the Levinson’s-type inequality and Jensen-
Mercer’s-type inequality by using Jensen-Boas inequality for function with non-
decreasing increments of order three, we must present following proposition about
the inequality of Jensen-Steffensen-type for a FWNDI which is extracted from [23].
Here in current section, bounded variation stands for bv.

Proposition 3.1. Let Y : [a,b] — I be a non-decreasing continuous map and let
B € bu[a,b] such that

B(a) < B(y) < B(b), B(a) < B(b).
If f:1— R is a continuous function with non-decreasing increments, then
b b
J, Y(t)dB(t) J. f(Y(#) dB(t)
f b = b
. dB(1) Ja dB()
holds, where [*Y dB = ( PvidB, ..., [* Vi dB).

We also give generalised form of above proposition using Jensen-Boas inequality
for function with non-decreasing increments, extracted from [I5] as follows.

Theorem 3.2. Let Y : [a,b] — I be a continuous and monotonic (either non-
increasing or non-decreasing) map in each of the 1 intervals (b;—1,b;). Let B :
[a,b] = R is continuous or of bounded variation satisfying

B(a) < B(a1) < B(b1) < Blag) < -++ < B(bi-1) < B(a) < B(b) (3.1)
for all a; € (bi—1,b;) (bg = a, by =), and B(b) > B(a). If f is continuous function
having non-decreasing increments in each of the l intervals (b;—1,b;), then we have
the following inequality

b b
() o
b
Remark. (i) If W €l andV y € a; € (bi—1,b;) (bg =a, by =b)

we have either B(y) > B(b) or B(y) < B(a), then the inequality in (3.2)
holds for reverse direction.
(ii) If puttingl =1, Theorem gives a especial case as Proposition ,

Now we are able to give our main theorems which is a generalisations of the
Levinson’s inequality and Jensen-Mercer’s-type inequality using Jensen-Boas in-
equality in the following next sub-sections.

3.1. On Inequalities of Levinson-type. Levinson’s inequality is a generalisa-
tion of an inequality of Ky Fan i.e. in other word we say the Ky Fan inequality
is the especial case of Levinson’s inequality (see “Beckenbach and Bellman, 1961,
1965, p. 5; Mitrinovic, 1970, p. 363; and Hardy, Littlewood, and Polya, 1934, 1952,
p. 281-82) and for generalisations of Levinson’s inequality, (see Gavrea and Ivan
1981, Gavrea 1985, and Gavrea and Gurzau 19877, also see [3]).

The following theorem is a generalisation of the Levinson’s-type inequality using
Jensen-Boas inequality.
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Theorem 3.3. Let B € bu|a,b] such that holds and letY : [a,b] — [0,d], (d >
0) be a continuous and monotonic (either non-increasing or non-decreasing) map in
each of the l intervals (b;—1,b;). If f is a continuous function with non-decreasing
increments of order three on J = [0,2d] C R¥, then the inequality

[ F(Y(1) dB(t) ; (ij(t) dB(t))

I, dB(®) J. dB(t)
b b
. [ f (de_ Y (1) dB(t) f (fa (2d - Y (1)) dB(t)) 53)
J, dB(t) J. dB(t)

holds.

Proof. If f is a function with non-decreasing increments of order three on J, then
the following inequality holds

AhlAthhaf(y) ZO for YaY+h1+h2+h3 EJ? h17h2>h3 €R§>
ie.,
Ap, An, (f(y +hs3) = f(y)) > 0. (3.4)
If y € J and hg = 2d — 2y, we have

An, An, (f(2d —y) - f(y)) 20,

i.e., the function y — f(2d—y)— f(y) is a function with non-decreasing increments
of order two, i.e., it is a function with non-decreasing increments. Now, using

Theorem [3.2] we obtain Theorem [3.3] O
[P (2d - Y(t)) dB(t)

I, aB(t)
by = b) we have either B(y) > B(b) or B(y) < B(a), then the inequality in
holds for reverse direction.

(ii) If putting I = 1, Theorem [3.3] gives a especial case as Theorem 3.1 of [13].

(iii) We can obtain discrete version of Theorem using technique as given in
Corollary 1 of [14].

Corollary 3.4. LetY satisfies the assumptions of Theorem[3.3] Then the inequal-

ities

b k=1 b & ko b
0< (/ dB(t)) /HY;(t)dB(t)—H Y;(t) dB(t)

i=17a

b k=1 4 & kb
< (/ dB(U) / H (2d; = Y;i(t)) dB(t) — H/ (2d; —Yi(t)) dB(t)
a i i—17a

@ =1

Remark. i) If

eJandVye€a; € (bi—1,b) (bg = a,

hold, where all components of Y are nonnegative.

Proof. The function f(y) = y1---yx is a function with non-decreasing increments
of orders two and three for y € R¥. So, using Theorems and we obtain
Corollary O

Remark. If puttingl =1, Corollary gives a especial case as Corollary 3.3 (i)
of [13].
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Theorem 3.5. Let B € bvla,b] such that holds and let f be a continuous
function with non-decreasing increments of order three on [c,d] C R¥. Let 0 < a <
d—c. IfY : [a,b] = [c,d—a] is a continuous and monotonic (either non-increasing
or non-decreasing) map in each of the l intervals (b;_1,b;), then the inequality

ﬁf@%»dmw_f<ﬁYamB@>

¥ dB(1) J, dB()
b b
. faf(a—ib—Y(t)) B (fa(a+bY(t))dB(t)> (35)
Y dB(t) Ja dB(1)

holds.

Proof. Using (3.4) for hs = a = constant € R*, we have that y — f(a+y) — f(y)
is a function with non-decreasing increments, so from Theorem we obtain
Theorem O

b
J, (a=Y(t)) dB(t)
[ dB(t)
by = b) we have either B(y) > B(b) or B(y) < B(a), then the inequality in
(13.5) holds for reverse direction.
(ii) If puttingl =1, Theorem gives a especial case as Theorem 3.2 of [13].

(iii) We can obtain discrete version of Theorem using technique as given in
Corollary 1 of [14].

Remark. (i) If eJandVy € a; € (bi—1,b;) (b = a,

Remark. Proposition[3.1] and Theorem[3.4 both are especial cases of the Theorems
(3.3 and[34

Corollary 3.6. Let Y satisfies the assumptions of Theorem [3.5], then the inequal-
ities

b k=1 bk kb
0< dB(t Y;(t)dB(t) — Y;(t)dB(t
u (Q LE<>(>EL (1) dB(1)
b k=1 b & kb
< dB(t a; +Y;(t)) dB(t) — a; +Y;(t)) dB(t
(L o) AH( (t)) dB(t) HL( (1)) dB(t)

hold, where all components of Y are nonnegative.

Proof. The function f(y) = y1---yx is a function with non-decreasing increments
of orders two and three for y € R*. So, using Theorems and we obtain
Corollary O

Remark. If puttingl =1, Corollary gives a especial case as Corollary 3.3 (ii)
of [13].
3.2. On Inequalities of Jensen-Mercer-type. The next theorem is the gener-

alisation of Jensen-Mercer inequality using Jensen-Boas inequality, for this purpose
using Lemma 14 from [I5] for proving the theorems below:

Theorem 3.7. Let B € bva, b] such that (3.1)) valid andY : [a,b] — [0,d], (d > 0)
be a monotonic (either non-incresing or non-decresing) and continuous map in
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every of 1 intervals (bi—1,b;). If f is a continuous FWNDI of third order in the
interval J = [0,2d] C R and L = f; dB(t) > 0, then inequality

I | rox) ane -5 (i IR dB(t))

I IR
<7 [ red-yw)dse - ( [ -y dB(t))
L a L a
(3.6)
holds.
Proof. Using (3.4) for hy = 2d — 2y, since y — f(2d —y) — f(y) is a FWNDI of
second order, i.e., it is a FWNDI. Now, applying Lemma 14 of [I5] and get desired
Theorem B.71 O
1 b
Remark. (i) If f/ (2d—-Y(t))dB(t) € J andV y € a; € (bi—1,b;) (bo = a,
by = b) we have either B(y) > B(b) or B(y) < B(a), then the inequality in
(13.6) holds for reverse direction.

(ii) We can obtain discrete version of Theorem using technique as given in
Corollary 1 of [14].

Theorem 3.8. Let B € bu[a, b] such that valid and f be a continuous FWNDI
of third order in the interval [c,d] C R*. Let0 <a <d—c. IfY : [a,b] — [c,d—a]
is a monotonic (either non-incresing or non-decresing) and continuous map in every
of l intervals (b;—1,b;) and L = f; dB(t) > 0, then the inequality

b b
7| rox) ane -5 (i IR dB(t))

<7 [ ra-va) dB(t)—fG / <a—Y(t>>dB<t>>

(3.7)
holds.
Proof. Using (3.4)) for hg3 = a = constant € R¥, since y — f(a+y) — f(y) is a
FWNDI, now applying Lemma 14 of [I5] and get desired Theorem (3.8 O

1 r°
Remark. (i) If E/ (a—Y(1)dB(t) €T and ¥ y € a; € (bi_1,bi) (bo = a,
b = b) we have cither B(y) > B(b) or B(y) < B(a), then the inequality in
(13.7) holds for reverse direction.

(ii) We can obtain discrete version of Theorem using technique as given in
Corollary 1 of [14].

Remark. Lemma 14 of [15] is an especial case of the Theorems and ,

4. CONCLUSION

At the end of this article we can conclude that functions with non-decreasing
increments have closed connection with arithmetic integral mean, Wright convex
functions, convex functions, V—convex functions, Jensen m—connvex functions,
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m—convex functions, m — V—convex functions, k—monotonic functions, absolutely
monotonic functions, completely monotonic functions, Laplace transform and ex-
ponentially convex functions, and we established these connections via finite dif-
ference operator, i.e. all these functions are especial and/or one dimensional cases
of functions with non-decreasing increments where hy = hy = -+ = hy,. In this
article, we have also given the generalisation of the Levinson’s-type inequality and
Jensen-Mercer’s-type inequality by using Jensen-Boas inequality for function with
non-decreasing increments of order three.

Acknowledgments. The authors would like to thank the anonymous referee(s) for
his/her comments that helped us improve this article and also very much thankful
to Prof. J. E. Pecari¢ and Prof. Sanja Varosaneé¢ for their useful comments and
suggestion for this article.

REFERENCES

[1] Muhammad Adnan, Asif. R. Khan, Faraz Mehmood, Positivity of sums and integrals for
higher order V —convez and completely monotonic functions, arXiv:1710.07182v1, [math.CA],
13 Oct 2017.

[2] N. I. Akhiezer The Classical Moment Problem and Some Related Questions in Analysis,
Oliver and Boyd, Edinburgh, (1965).

[3] Imran Abbas Baloch, Josip Pecarié¢, Marjan Praljak, Genralization of Levinson’s Inequality,
J. Math. Ineq. 9 (2) (2015) 571-586.

[4] S. N. Bernstien, Sur les fonctions absolument monotones, Acta Math. 52 (1929) 1-66.

[5] H. D. Brunk, Integral inequalities for functions with non-decreasing increments, Pacic J.
Math. 14(1964), 783-793.

[6] C. B. Doli¢anin, V. B. Nikoli¢, D. C. Doli¢anin, Application of Finite Difference Method to
Study of the Phenomenon in the Theory of Thin Plates, Ser. A: Appl. Math. Inform. and
Mech. 2,1 (2010) 29-43.

[7] Gregory Fasshauer, Meshfree approzimation methods with MATLAB, World Scientic Pub-
lishing, Hackensack (2007).

[8] David Gleich, Finite Calculus: A Tutorial for Solving Nasty Sums, hitps
//www.cs.purdue.edu/homes/dgleich/publications/Gleich, January 17, 2005.

[9] F. Hausdorff, Moment probleme fui' ein endliches Intervall, Math. Z. 16 (1923) 220-248.

[10] Asif. R. Khan, General inequalities for generalized convez functions, Unpublished doctoral
dissertation, Abdus Salam School of Mathematical Sciences, GC University, Lahore, Pakistan,
(2014).

[11] Asif. R. Khan, J. E. Pecari¢, M. Praljak, S. Varosanec, Genral linear Inequalities and Posi-
tivity/Higher Order Convezity, Monographs in inequalities, 12, Element, Zagreb, (2017).

[12] Asif. R. Khan, J. E. Pecari¢, S. Varosanec, Popoviciu type characterization of positivity of
sums and integrals for convex functions of higher order, J. Math. Ineq. 7 (2) (2013) 195-212.

[13] Asif. R. Khan, J. E. Pecari¢, S. Varosanec, On some inequalities for functions with nonde-
creasing increments of higher order, Journal of Inequalities and Applications 8 (2013) 1-14.

[14] Asif. R. Khan, J. Pecarié¢, Marjan Praljak, A Note on Generalized Mercers Inequality, Bull.
Malays. Math. Sci. Soc. 2 40 (2017) 881-889.

[15] Asif R. Khan, Sumayyah Saadi, Generalized Jensen-Mercer Inequality for Functions with
Nondecreasing Increments, Abs. Appl. Anal., Article ID 5231476, 1-12.

[16] I. B. Lackovié, On convezity of arithmetic integral mean, Elektrotehn. Fak. Ser. Mat. Fiz.,
Univ. Beograd. Publ. No. 381-409 (1972) 117-120.

[17] H.P. Langtangen, A. Logg, Solving PDEs in Python, The FEniCS Tutorial I, Simula Springer
Briefs on Computing 3, Springer (2016) 11-35.

(18] Arvind Mahajan, Dieter K. Ross, A note on completely and absolutely monotone functions,
Canad. Math. Bull. 25 (2) (1982) 143-148.

[19] Faraz Mehmood, On Functions With Nondecreasing Increments, Unpublished doctoral dis-
sertation, Department of Mathematics, University of Karachi, Karachi, Pakistan (2019).



16

ASIF R. KHAN, FARAZ MEHMOOD

[20] Milan Merkle, Completetly monotone functions: A Digest, Analytic Number Theory, Ap-

proximation Theory, and Special Functions (2014) (2014) 347-364.

[21] D. S. Mitrinovi¢, J. E. Pecari¢, A. M. Fink, Classical and New Inequalities in Analysis,

Kluwer Publishers Group, Dordrecht (1993).

[22] J. E. Pecarié¢, An inequality for m-convezx sequences, Mat. Vesnik 5 (18) (33) (1981) 201-203.
[23] J. E. Pecarié¢, On some inequalities for functions with non-decreasing increments, J. Math.

Anal. Appl. 98 (1) (1984) 188-197.

[24] J. E. Pecari¢, B. A. Mesihovi¢, I.Z. Milovanovié¢, N. Stojanovi¢, On some inequalities for

convez and V—conver sequences of higher order II, Period. Math. Hung. 17 (4) (1986) 313—
320.

[25] J. Pecari¢, F. Proschan, Y. L. Tong, Convez functions, Partial Orderings and Statistical

Applications, Academic Press, New York (1992).

[26] T. Popoviciu, Les fonctions convezes, Herman and Cie, Editeurs, Paris.
[27] Mihir Sen, Introduction to Fractional-Order Operators and Their Engineering Applications,

University of Notre Dame, Notre Dame (2014).

[28] D. V. Widder, The Laplace Transforms, Princeton University Press, Princeton, N.J. (1946).

AsIF RazAa KHAN

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KARACHI, KARACHI, PAKISTAN

E-mail address: asifrkQuok.edu.pk

FARAZ MEHMOOD

DEPARTMENT OF MATHEMATICS, DAWOOD UNIVERSITY OF ENGINEERING AND TECHNOLOGY, NEW

M.

A JINNAH ROAD, KARACHI, PAKISTAN
E-mail address: faraz.mehmood@duet.edu.pk
E-mail address: farazmehmood@yahoo.com



