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HERMITE-HADAMARD TYPE INTEGRAL INEQUALITIES FOR
GENERALIZED CONVEX FUNCTIONS

S. MOHAMMADI ASLANT!, M. ROSTAMIAN DELAVAR?2* AND S. M. VAEZPOUR?

ABSTRACT. This paper deals with some results about (71, 2)-convex functions
as a generalization of convex functions. Hermite-Hadamard, trapezoid and
mid-point type inequalities are obtained. Also the classes of (11,712 )p-convex
and (11, n2) g-convex functions are introduced and their relations with (11, n2)-
convex functions are investigated.

1. INTRODUCTION AND PRELIMINARIES

Preinvex function as a generalization of a convex function was considered by Ben-
Israel and Mond in [5] and Hanson and Mond in [I1], but so named by Jeyakumar
[12]. Later the concept of invex sets (see [14]) was considered as the domain of a
preinvex function.

Definition 1. [Bl I1] A set I C R is inver with respect to a real bifunction n :
Ix IR, if

z,y e I,A€[0,1] = y+ In(z,y) € 1.
If I is an invex set with respect to 7, then a function f : I — R is said to be
preinver if z,y € I and A € [0, 1] implies

fy+n(z,y) <Af(x) 4+ (1= N f(y).

In fact in an invex set for any x, y € I, there is a path starting from y to y+n(x, y)
which is contained in I. The point z is not necessarily the end point of the path.
If for every x,y € I we need that x should be an end point of the path, then I
reduces to a convex set.

Also the concept of -convex functions (at the beginning was named by ¢-convex
functions), considered in [8, [, [16] [I7], has been introduced as the following.

Definition 2. Consider a convezr set I C R and a bifunction n: f(I) x f(I) = R.
A function f: I — R is called convex with respect to n (briefly n-convex), if

fAz+ (1= Ny) < fy) +Mn(f(@), fy),
forallz,y € I and X € [0, 1].
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Geometrically it says that if a function is 7-convex on I, then for any x,y € I,
its graph is on or under the path starting from (y, f(y)) and ending at (1:, fy) +

n(f(z), f(y))) If f(x) should be the end point of the path for every x,y € I, then

we have n(z,y) = x — y and the function reduces to a convex one.

Motivated by above works and references therein we use the concept of (11, 72)-
convex functions as a generalization of preinvex and n-convex functions to obtain
some basic results and Hermite-Hadamard type inequalities. We give trapezoid and
mid-point type inequalities when the absolute value of the derivatives of a function
is (11, m2)-convex. Also we introduce the classes of (11, 72)p-convex functions and
(m1, n2) p-convex functions as a generalization of B-vex functions [4] and E-convex
functions [21I] respectively and investigate about relations between (1, 72)-convex
((m,m2)-quasiconvex) functions and these classes of functions.

2. GENERALIZED CONVEX FUNCTIONS

In this section the concept of (1, n2)-convex functions is used to obtain some
basic results.

Definition 3. [I5] Let I C R be an invex set with respect to n; : I x I — R.
Consider f : I — R and 12 : f(I) x f(I) — R. The function f is said to be
(m1, n2)-convex if
Fl@+m(y,2) < f@)+ M2 (f (), f(2)),
for all z,y € I and X € [0,1]. Also f is said to be (91, n2)-quasiconvez if
fl@+ 2y, ) < max {f(2), f(2) +n(f(y), f(2))},

for all z,y € I and A € [0, 1].
Remark. An (n1,n2)-convez function reduces to

(i) an n-convex function if we consider 7y (x,y) =x — y for all z,y € I.

(ii) a preinvex function if we consider ne(x,y) =z — y for all x,y € f(I).

(ili) a convex function if satisfies (i) and (ii).

We can find an (11, 72)-convex function which is not convex.

Example 2.1. [I5] Consider the function f: RT — RT by

z, 0<x<1;
ﬂ@{1,x>L

Define two bifunction 71 : RY x RT — R and 73 : Rt x RT — R¥ by

m@w%—{x+y y>1

and

_ )ty r <y
n2(2,y) = { 2(x+y), =>y.

Then f is an (11, n2)-convex function. But f is not preinvex with respect to 7; and
it is not convex (consider x =0, y = 2 and A > 0).
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The composition of an (71, 72)-convex function with an (19, n3)-convex function,
under the certain conditions, is an (71, 73)-convex function.

Theorem 2.2. Consider I, J, K C R such that I is an invex set with respect to my
and J is an invex set with respect to ny. Suppose that f : I — J is an (n1,1m2)-
convez function and g : J — K is a nondecreasing (nz, n3)-convex function. Then
gof:I— K is an (m,n3)-convex function.

Proof. Consider z,y € I and X € [0,1]. Since g is a nondecreasing (72, 13 )-convex
function on J, so from inequality

Fly+2m(z,y) < fly) + A2 (f(2), f ()

we have
g(f(y+/\m(x,y))) g(f( ) + Mz (f (), f(y)))
< g9(f®) + M (9(f (@), 9(f (),
which means that gof is an (11, 73)-convex function. O

Definition 4. The bifunction 1y in Definition[3 is said to be
(i) nonnegatively homogeneous if na(Az, Ay) = Ana(z,y) for all z,y € R and all
A>0.
(ii) additive if no(x1,y1)+n2(x2, y2) = n2(x1+22, y1+y2) for all x1, 29, y1,y2 € R.
(iii) nonnegatively linear if satisfies conditions (i) and (ii).

Proposition 2.3. From above definition if I C R is an invex set with respect to m;
and if

(1) f:1—=R is an (n1,n2)-convex function such that ny is nonnegatively homoge-
neous, then for any X\ > 0 the function \f : I — R is (n1,n2)-conve.

(2) fig : I — R are two (n1,n2)-convex functions such that ne is additive, then
f4+g:1—Ris (n,n2)-convez.

(3) fi : I = R (i =1,..n) are (11, n2)-convex functions such that 7 is nonnega-
tively linear, then for A; > 0 the function f =" | \if; : I — R is (1, 72)-convex.

The class of (11, n2)-convex functions is closed under ”Sup” operation under spe-
cial condition. Also this fact is true for the class of (11, 72)-quasiconvex functions.

Theorem 2.4. Suppose that I C R and {f; : I — R,j € J} is a nonempty
collection of (n1,m2)-convez ((n1,n2)-quasiconvex) functions such that

(a) there exist a € [0,00] and § € [—1,00] such that n2(x,y) = az + By for all
z,y € R,

(b) for each z € I, sup fj(z) exists in R.

Then the function f I — R defined by

f(z) =sup fj(z) for each xz €1,
JjeJ

is an (1, n2)-convex ((n1,72)-quasiconvex) function.
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Proof. For any x,y € I and A € [0, 1], we can derive following relations
fly+dm(z,y) = sup f; (y+ A (z,y)) < sup {£i ) + An2(fi (=), £;(m)) }
J J

=sup {f;(y) + Maf;(@) + Bfi(v) } = sup {£i() @+ BA) + aX(f;(x))}

JjeJ

< sup(l+ BA)f;(y) + arsup f(z) = (1 + BA) f(y) + aAf(z)
jeJ jeJ

= fy) + Maf(x) + B (y)) = fy) + In2(f(2), f(y))-
In the case that f is ((nl, ng)—quasiconvex) function, the proof is similar. O
If we set « = 1 and 8 = —1 in Theorem we obtain the following.

Corollary 2.5. Suppose that I C R and {f; : I — R,j € J} is a nonempty
collection of preinvex functions such that for each x € I, sup f;(z) exists in R.

jeJ
Then the function f: I — R, defined by
f(z) =sup fj(z) for each x €1,
jeJ

is a preinvex function.

3. HERMITE-HADAMARD INEQUALITY

The Hermite-Hadamard inequality for preinvex functions established in [I] and
for n-convex functions obtained in [I6]. In this section we prove Hermite-Hadamard
inequality related to (11, n2)-convex functions.

Theorem 3.1. Let I C R be an invex set with respect to n1 such that
m <$2 + Xom (21, x2), 22 + )\1771@17582)) = (A2 = A1)m (21, 22), (3.1)

for all 1,25 € I and A\, Ay € [0,1]. Also suppose that f : I — R is an (n1,m2)-
convex function. For any a,b € I with n1(b,a) > 0, if
f € Lta,a+m(b,a)] and ny is integrable on f(I) x f(I) then

a \(b,a a+n1(b,a)
f<2 +m(b )) 1 / m (). f(20 -4 mi(b.0) ) )da (3.2

2 ~ 2mi(b,a)
1 a+n(b,a) T2 (f(b)v f(a))
Sm/@ fla)de < f(a) + ———F—=

Proof. For the right side of inequality (3.2), consider arbitrary = = a + Ani (b, a)
with A € [0,1]. So we have f(z) < f(a) + M2 (f(b), f(a)) with A = —£=% Then

m (b,a)
1 a+n1(b,a)
7771(5 ) / f(z)dz

1 a+mn(b,a) v
<o), @)+ s (T 0), fla)|de

_ 1 (), fla) [rrm®
= ) /a (x a)dm}

(b)
nl(bv a)

[ﬂa)m(b, a) +
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For the left side of (3.2) we need some explanation. From relation (3.1)) we obtain

f<w> _ f(2a+n1(b,a;+>\ﬂ1(baa) _ ;‘m(bﬂ)) (3.3)
_f<2a+m(b,a)+km<b’a>
- 2

+ %771 <a+ (1 ; )\)nl(bva)aa—’_ (1—’2—)\)771(@0,)))

B <2a +m1(b,a) + A (b, a)
_f 9

1 (2@ +m(b,a) — Ani(b,a) 2a+n1(b,a) + Ani (b, a)))

tam 2 ’ 2
- f<2a +m(ba) + /\nl(b,a))
2
1 2 b,a) — An1(b 2 b Ay (b
+2n2<f< o+ m(b.a) = o ,@)J( o+ (b o) + o >>>
and with the same argument as above
f(2a+7721(b,a)) Sf<2a-|-771(b,a;—>\771(b,a)) (3.4)
1 2a + 11(b, A (b, 2a + n1(b,a) — An (b,
. <f< o+ m(b.a) + o a>>7f< o+ (b o) = o >>>
Using relations (3.3)), (3.4]) and the change of variable
T = 2a + m (b7 a’) — /\771 (b7 CL) , (35)
2
and
o 2a + 1 (b, a) + Ay (b, a)’ (3.6)
2
we deduce the following inequality.
1 a+n1(b,a)
— x)dx 3.7
weal, I 37
1 U‘er a+n1(b,a)
= x)dx +/ x d:c}
m(b’@[/a st [ 1)
[ [t ./2 —
_ {/ f( a+ni(b,a) /\ﬁl(b,a)>d)\
21 /o 2

+/01f(2a+m(b,a;+Anl(b,a)>d)\}
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. ;/01 lf<2a+n21(ba)> B ;m<f(2a+n1(b,a;+)\m(b,a)>’

f(2a+n1(b,a)—)\n1(b,a)>> dA+;/01 f<2a+771(b,a)>

2 2
_1n2<f(2a+771(b,a)—)\nl(b7a))7f(2a+771(b,a)+)\n1(b,a)>>]d)\.

2 2 2

Again using the change of variable (3.5) and (3.6) in relations obtained in (3.7))
respectively we have

1 a+n1(b,a)
7771(17 ) / f(z)dz

a+n1(b,a)
Zf<2a-|-771(b,a)> 727711 /a n2<f(x),f(2a+771(b,a)fx)>d:c

i 6.0) Jos g
1
_ W/a 72 (f(x), f(2a+m(b,a) — x))dx

_ f<2a £, a’)) il T (@), £@at mlba) - 0))

Thus we arrive at the desired result. O

at 711(5@)

Corollary 3.2 (Theorem 5 in [I6]). If in the proof of Theorem we consider
m(z,y) =x —y for all x,y € I, then the following inequalities hold.

f(a;b) - 2(b1—a) /abng(f(:c),f(a—i-b—x))da:

b a
i [ e < g+ 2EOLO)

Corollary 3.3 (Theorem 3.1 in [1]). If in Theorem[5.1) we set na(x,y) =z —y for
all x,y € f(I), then we recapture Hermite-Hadamard inequality related to preinvex
functions.

a+m(b,a atm (b,a) a a+n(b,a

Corollary 3.4. If in Theorem we consider ni(x,y) =z —y for allx,y € I and
n(z,y) = x —y for all x,y € f(I), then we have the classic Hermite-Hadamard
inequality.

<

(05 s s s s B0

4. DIFFERENTIABLE (71, 72)-CONVEX FUNCTION

An interesting problem in (3.8]) is estimating the difference between left and
middle terms or between right and middle terms. In this section we investigate
about first and second part of this problem when the absolute value of the first
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and then second derivatives of a function is (1, 72)-convex. Also at the end of this
section two inequalities for differentiable (11, n2)-convex functions are obtained.

In the first part we estimate the difference between left and middle terms and
between right and middle terms in respectively, when the absolute value of
the first derivative of a function is (7, 12)-convex.

The following result is Lemma 3.10 in [2].

Lemma 4.1. Suppose that (interior of I') I° C R is an invex set with respect to
m and f : I° — R is a differentiable mapping on I°. For any a,b € I° with
m(b,a) >0 If f' € Lt[a,a + n1(b,a)], then

1 2a + 11 (b, a)) 1 a+mn (b,a)
1 (b, a)f< 2 n2(b, a) /a f(z)dz

1/2 1
— [/ tf’(a+tn1(b,a))dt+/ (t=1)f"(a+ tni(b,a))dt|.
0 1/2

Using Lemma we can prove the following theorem to estimate the difference
between the middle and left terms in (3.8)).

Theorem 4.2. Suppose that I° C R is an inver set with respect to n; and f :
I° — R is a differentiable mapping on I°. For any a,b € I° with ny(b,a) > 0 If
|f'] € L'[a,a + n1(b,a)] is an (n1,m2)-convexr mapping, then

) a+m (b,a) 2a + 1 (b, a)
. / flo)de — f (2)

< gm0 {217 @]+ (7O @)}

Proof. Lemma with (11, n2)-convexity of |f’| imply that

) at (b,a) 2a + 11 (b, a)
. / Flw)de — f (2)

1/2
Sm(b,a){/o t)f [(a+ tnu(b, a))dt
1
[ a0l o)l

1/2
<m&®{[m%WWWHmU%%WMWﬁt

+/1;2 (1—t)(|f’(a)!+tn2(|f’(b)|,|f'(a)))dt}

1
= 0 27@]+ (O @),
which gives the respected result. O

Remark. With the assumptions of Theorem[].9 if we consider
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(i) m(x,y) = a —y for all z,y € I, then we obtain Theorem 3 in [I7].
I a+b 1
b—a/af(x)dx_f( 2 )

8
(ii) ne(z,y) =z —y for all z,y € f(I), then we obtain Theorem 5 in [18].

1 a+n1(b,a) 2a + nl(ba a)
m/ﬂ f(z)dx — f<2>

<

(b= a){217 @] + (1O 1f@)]) }-

< sm.a{Ir @l +17 o)}

(iii) condition (i) and (ii) together, then we recapture Theorem 2.2 in [I3].

i [ e s () <

< s0-ao{If @]+ 17 ®)l}.
The following is Lemma 3.6 in [3].

=8

Lemma 4.3. Suppose that I° C R is an invexr set with respect to n1 and f :
I° — R is a differentiable mapping on I°. For any a,b € I° with n1(b,a) > 0, If
'€ LYa,a+ ni(b,a)] then
1 atn (b,a) a)+ fla+n(ba
/ f(x)d:v—f() fla+m(b,a))

771(17, a) a 2

_ m(b,a) /1(1 —2t) f'(a + tn1 (b, a)) dt.
0

2
Using Lemma we can prove the following theorem to estimate the difference
between the middle and right terms in (3.8]).
Theorem 4.4. Suppose that I° C R is an inver set with respect to n1 and f :
I° — R is a differentiable mapping on I°. For any a,b € I° with ny(b,a) > 0, If
|f'| € LY[a,a+ ni(b,a)] is an (n1,n2)-convex mapping then
1 a+n1(b,a) a)+ fla+ b,a
/ f(x)dx—f() fla+m(ba))
771(67 CL) a 2

1 / ’
< smb.a) {217 @]+m(17 O 1f @) }.
Proof. Lemma [4.5] along with (n1,72)-convexity of |f/| imply that
1 a+n1(b,a) fla)+ f(a + (b, a))
m(b,a) /a flw)ds - 2 ’
_ ™ (b7 CL)

T2

/0 (1 —2t) f'(a+ tm (b, a))dt’

. 771(;”0/0 (1= 26)| | (a + t1 (b, @)) |

IA

mgwAp_mwmwme@MﬂMWﬁ

(b, a)

= mT [2|f’(a)l +n2(1f(B)], |f’(a)|)]
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This completes the proof. ([

Remark. Similar to the results obtained in Remark[], If in the proof of Theorem
[4.4) we consider

(i) m(z,y) =z —y for all x,y € I, then we obtain Theorem 6 in [I7].

(ii) ne(z,y) =z —y for all z,y € f(I), then we obtain Theorem 2.1 in [3].

(iil) condition (i) and (ii) together, then we recapture Theorem 2.2 in [7].

In this part we estimate the difference between left and middle terms and between
right and middle terms in (3.8)) respectively, when the absolute value of the second
derivative of a function is (7, 72)-convex.

Lemma 4.5. Suppose that I° C R is an invex set with respect to n1 and f : I° —
R is a twice differentiable mapping on I°. For any a,b € I° with n1(b,a) > 0 If
I € LY a,a+ ni(b,a)], then

a+n1(b,a)
/ ' J(t)dt —ni(b, a)f(wl(b’a))

-3l

Proof. Using integration by parts we obtain the following inequalities

2a+7]21(b,a) a1 (b,a)

(t—a)*f"(t)dt + / (a+n1(b,a) —t)2f"(t)dt]|.

a+tmny(b,a)
2

2oty (v.a) a+n1(b,a) 2
(t —a)*f"(t)dt + / (a+m(ba) 1) f"(t)dt
; 2atni(ba)
2
= (t—a)*f'(1) -2 o

+ (a+mb,a)— )" (1)

a+mn1(b,a) a+n1(b,a)
/2 (a+m(b,a) —t)f (t)dt

2a+4mn7q (b,a) a+mny(b,a)
-2 2

2a+n (b,a)
2

(S ()
_ (771(127, a)>2f,<2a + 7721(b, a)> N 2/2a+m(b,a) (ot miba) — &) (i

a+7g(b,a)
2a+n7 (b,a)
= 72/ ’ (t—a)f'(t)dt + 2/:::?::) (a+m(b,a)—t)f (t)dt
’ 2a+n%(b,a) 2a+n21(b,u2)
— ot a)f(t)‘a + 2/a Ft)dt

+2(a+m(ba) —t)f(t)

a+n1(b,a) a+n1(b,a)
2 /2 f(t)dt

2a+4nq (b,a) a+ny(b,a)
2 2
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2a+mn1(b,a)
2

(225 )
_ 2<m(g’a))f<2a+n21(b’a)) +2/$) f(t)dt

a+mn1(b,a)
= —2my (b, a)f(Qa—Hh(b,a)) +2/ o f(t)dt.

2
So
a+n1(b,a) % n b, a
/ ft)dt —ny (b, a)f(7721())
1 Zatni(b.e) - a+n (b,a) -
=3 {/ (t—a)*f"(t)dt + /2“"1([7)&) (a+mn1(bya) — )2 f"(t)dt].

O

Corollary 4.6. [6] Suppose f : I° — R is a twice differentiable mapping on I°.
For any a,b € I° if f"" € L'[a,b] then

[ - 0-ar(“50)
1 a+b

_ 2[/ ’ (t—a)zf”(t)dt—i-[jb(b—t)zf”(t)dt}

2

Theorem 4.7. Suppose that I° C R is an invex set with respect ton, and f : I° —
R is a twice differentiable mapping on I°. For any a,b € I° with n1(b,a) > 0 If
|f"| € LY[a,a+ n1(b,a)] is an (n1,n2)-convex mapping, then

1 a+n1(b,a) 2a + m (b7 a)
W/a f(t)dt—f<2)

< (n(0.0))?| 117 @] + g £ O 1" @D

Proof. Using the change of variable t = a 4+ 21 (b, a) and Lemma we have

2a+n%(b=a) a+m1 (ba)

(t —a)?f"(t)dt + /zaﬂl(bm (a+m(b,a) —t)2f"(t)dt

1

- (nl(b,a))3‘/02 xzf”(a—i—xm(b,a))dm—f—/ (1—x)2f”(a+xm(b,a))d:c

1
2

< (771(5, a))g[/o2 :172|f"|(a+:17771(b, a))dx
1
+A (1 . x)2|f//|(a+x'rh(b,a))d1:|

2



HERMITE-HADAMARD TYPE INTEGRAL INEQUALITIES 27

< (m(b,a)’ [ / : (1" (@) + (1" O)], | (@)]) ) da
+ (122 (1@ + om0 |f"<a>|>)dx}

= (m(,0)” _i\f”(a)l (" O @)

1 1

+

ne(1£ (), If”(a)l)}

= (771(670&))3 ﬁ\f”( )|+fn2(\f”( )17 (@) |-

So

2

a+n1(b,a)
/ h f(t)dt —ny (b, a)f<2a+771(b7a)>

< (m(0.0)*| g1 (@] + g (170D
(]

Corollary 4.8. Suppose f: 1° — R is a twice differentiable mapping on 1°. For
any a,b € I° if f" € La,b] is a convex function then

/f Bt — a+b)

For difference between the right and middle terms in (3.8) we need the following
lemma (see [3]).

(b_a)2 " "
< g @I+ @]

Lemma 4.9. Suppose that I° C R is an invex set with respect to 1 and f : 1° —
R is a twice differentiable mapping on I1°. For any a,b € I° with n1(b,a) > 0 If
" € LYa,a +n1(b,a)], then

fla+mb,a)+ fla) 1 atn1(b,a)
2 nl(b, G)A f(t)dt
)

_ M /0 t1 =) f" (a+tm (b a))dt.

Theorem 4.10. Suppose that I° C R is an invex set with respect to n1 and f :
I° — R is a twice differentiable mapping on I°. For any a,b € I° with m(b,a) > 0
If | "] € LY[a,a + m(b,a)] is an (n1,n2)-convex mapping, then

fla+m(b,a)) + f(a) 1 atn (b,a)
’ : 2 o m (b, CL)/ f(t)dt‘

< (m(0.0))? | 7517 (@] + g (701D
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Proof. Using Lemma [£.9] we have
‘f(a+771(b7 CL)) + f((l) B 1 /a+771(b,a) f(t)dt’

2 m(b,a)
S(mba/ 61 = 011" @)1 + a1 B, 1" (@) ) dt
a 1
:W [ =01 @) + 20— e (@ @)
_ (m(ba))?

1 " 1" 11
2O (17" @) + 5 O 17 @)
_ 2 i 7 i I 11
= (n(®.0)? | 5l @1+ (O @)
This completes the proof. O
Corollary 4.11. Suppose that I° C R is a convex set and f : [° — R is a twice

differentiable mapping on I°. If for any a,b € I°, |f"| € L'[a,a + n1(b,a)] is a
conver mapping then

K10 [ ] < O o+ 00

In the case that an (71,72)-convex function is differentiable, there exist two
inequalities that we can obtain.

Theorem 4.12. Suppose that I° C R is an invexr set with respect to n1 and f :
I° — R is a differentiable mapping on I°. For any a,b € I° with ny(b,a) > 0 If f
is an (1, n2)-convex function on [a,a + n1(b,a)] and ne is a measurable bifunction

on f([a7a+771<ba a)]) X f([a,a+771(b, G)D, then

a+n1(b,a) a+mn1(b,a)
' w) / (e, y)d < / e (f(@), f(y))de, (4.1)

for every y € [a, a+ n(b, a)].

Proof. From the definition of an (7, 72)-convex function we have

f(y+tm(xt,y)) A (@), £ 1),
for t € (0,1]. Taking the limit over ¢ — 0+ we get
f @) m,y) <m(f(@), f), (4.2)

for any x,y € [a,a + n1(b,a)].
Since 7 is measurable on f([a,a +n1(b,a)]) x f([a,a+ n1(b,a)]), then the integral

a+n1(b,a)
/ 0 (£ (@), £ ) d,

exists for any y € [a,a + n1(b,a)]. Integrating (4.2)) over x on [a,a + n1(b,a)] we
deduce (4.3). O
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Corollary 4.13. In Theorem if we consider ni(x,y) = x —y, then we get

b
ro (=) < 5 [ s (43

for every y € [a, b].

Theorem 4.14. Suppose that I° C R is an inver set with respect to m such
that n1 is continuously differentiable on the second variable and f : I° — R is
a differentiable mapping on I°. For any a,b € I° with ny1(b,a) > 0 If f is an
(m,m2)-convex function on [a,a + n1(b,a)] and n2 is a measurable bifunction on
f([a,a+nm(b,a)]) x f([a,a+n1(b,a)]), then

a+mn1(b,a) 9
- / f () ma(z’y)dy (4.4)

<m(x,a)f(a) —m (96, a+m(b, a))f(a +n1(b, a))
a+n1(b,a)
+/ 2 (f (), f(y))dy,

for any x € [a,a + n1(b, a)].
Proof. From inequality (4.2) obtained in Theorem [4.12] we have

fl (y) 771(3779) < UQ(f(x)vf(y))’ (45)

for any z,y € [a,a + n1(b,a)].
Since 7 is measurable on f([a, a+n1(b, a)]) x f([a, a+n1(b, a)]), then the integral

a+n1(b,a)
/ n(f (@), () dy
exists for any = € [a,a + n1(b, a)].
Integrating in (4.2]) over y on the interval [a, a 4+ 11 (b, a)] we get
a+ni(b,a)

a+n1(b,a)
/ £ () m (. y)dy < / e (f (), £ () dy (4.6)

a

for any z € [a,a + m (b, a)].
Integrating by parts, we also have

a+n1(b,a) ,
/ I () m(z,y)dy
a

=ni(z,a+ni(b,a)) f(a+m(b,a) —m(x,a)f(a)

a+n1(b,a) o (z,
- s P,

and by (4.6) we get the desired result (4.4). |

Corollary 4.15. If in Theorem we consider ny(x,y) = x — y then we get

b b
[twtrce-ar@+0-070+ [ w(f@ ) @)
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for every x € [a,b]. Also by integrating over x € [a,a + n1(b,a)] in we obtain
the double integral inequality

1Q/be(y)dy§ f(a);f( / / 2 (f (@), f(y))dwdy.

5. (1m,n2)p-CONVEX, (1, 72) p-CONVEX

In this section we introduce the class of (1, 72)p-convex function and (11, 72) g-
convex function and we show that the class of (11, n2)p-convex functions for some
b, is equivalent to the class of (11, 72)-quasiconvex functions. Moreover under some
special conditions we show that the restriction of an (11, 72) g-convex function is an
(m, n2)-convex function.

Definition 5. Let I C R be an invex set with respect ton; andb: I xIx[0,1] — RT
be a function such that \b(z,y, ) € [0,1] for all z,y € T and X € [0,1]. A function
f:I = R is called (n1,n2)p-convez if for any x,y € I and X € [0,1] we have

Fly+Mn(x,y) < Fy) + Ao, y, Ina (£(2), £(y))-

Remark. Note that Definition[ is equivalent to

(i) Definition 2.7 in [19] if we consider ns(x,y) = x — y, for all z,y € f(I).

(ii) Definition 4.1 in [9] if 71 (z,y) =z —y for all z,y € I.

(iii) If 71 and 9 satisfy conditions (i) and (é¢) simultaneously, then an (11, 72)p-
convex function reduces to a B-vex function [4].

Theorem 5.1. Suppose that I C R is an invex set with respect tomn; and f : I — R
is a function. The following assertions are equivalent:
(a) f is (n1,n2)p-convex, for some function b.

(b) f is (11, m2)-quasiconvex.

Proof. (a)=(Db)
For z,y € I and A € [0,1], from the definition of an (1, 72)-convex function we
have

f(y + >\771(95a y)) < f(y) + )‘b(l‘vy’ )‘>772 (f($>7 f(y))
<max {f(y), f(y) +n2(f(2), f(y))}-

(b)=(a) For z,y € I and X € [0, 1], define the function b as the following.

1A A e (0.1 and f(y) < fu) +ma(f (@), )
b(x’y’”‘{o, N=00r f(y) > (1) + 12(f (@), F ).

Notice that Ab(z,y, A) € [0,1]. For a such function b we have

S+ Mz, y) <max{f(y), f(y) +n(f (@), f(¥)}
= Xb(z,y, A) (f(y) + m2(f (@), f(y )) + (1= Ab(z,y, A )f Y)
= f(y) + Ab(z,y, \)n2(f(x), f(y))-

O

Consider a function ¥ : A — B for appropriate A, B C R. We can state the
following results related to the function F.
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Definition 6. [I0] A set A C R is called to be E-invex with respect to n if
z,y € A,N€[0,1] = E(y) + An(E(z), E(y)) € A.
For a nonempty subset M of R, define E(M) = {E(z) : x € M}.
Lemma 5.2. [10] Suppose that A C R is FE-invex with respect to some 7. Then
E(A) C A.
Definition 7. Let I C R be a nonempty E-invex set with respect to n1. A function
f:1 =R is said to be (n,n2)g-conver if
F(E@y) + M (E(x), E(y))) < f(E(y)) + M2(f(E(2)), f(E(y))),

forall xz,y € I and X € [0, 1].
Also f is said to be (m1,1n2) g-quasiconvez if

f(E(y) + Am(E(x), E(y)))

< max {f(E(y)), f(E(y)) +n2(f(E(2)), f(E(y))) },
for all z,y € I and X € [0, 1].
Remark. Note that if in Definition[7 we
(i) set mi(x,y) = ¢ — y for all x,y € E(I), then we achieve Definition 4.5 in [9].
(ii) consider no(x,y) = x —y for all z,y € f(E(I)), then we reach to Definitions 2.2
and 2.6 in [10].
(iii) If 1 and 7, satisfy conditions (i) and (i¢) simultaneously, then an (11, 72) g-
convex ((7717 72) E—prequsiinvex) function reduces to an E-convex function [21] (E—
quasiconvex function [20]).

The restriction of an (11, n2)g-convex function is an (7,72)-convex function.
This fact is shown in Theorem [5.3]

Theorem 5.3. Suppose that I C R is an E-invex set with respect to m; and J C
E(I) is a nonempty invex set with respect tony. If f : I — R is an (n1,12) g-convex
((nl,ng)E—quasiconvex) , then it’s restriction f: J — R defined as

f(') = f(@) for all 2’ € J,
is (n1,m2)-convex ((771, nz)—quasiconvex) .

Proof. For z’,y' € J, there are z,y € I such that 2’ = E(z) and y' = E(y). Since
J is invex with respect to 7y, then 3’ + Any(2/,y') € J. So

FW + @, y) = fF(E(y) + A (E(x), E(y)))
< F(E®) + A2 (f(E(x)), f(E(y) = F) + M (f(2), F(y))-
0

In Theorem [5.4] we show that if an (11, 72) g-convex ((7)1, ng)—quasiconvex) function
is restricted on a suitable domain it is equivalent to an (1, 72)-convex ((n1,72)-
quasiconvex) function.

Theorem 5.4. Suppose that I C R is an E-invex set with respect to n1 and E(I)

is an invex set with respect to 1. The function f: 1 — R is an (n1,n2) p-convex

((nl,ng)E—quasiconvex) if and only if it’s restriction f: E(I) — R defined as
f(') = f(a') for all ' € E(I),

is (11, m2)-convez ((n1,m2)-quasiconvez) on E(I).
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Proof. The straight direction is clear from Theorem [5.3] Conversely suppose that

f : E(I) — R is an (1, n)-convex function on E(I). For x,y € I we have

E(z), E(y) € E(I) and since E(I) is invex with respect to 11, then E(y)+An (E(z), E(y)) €
E(I) for all A € [0,1]. Then

F(E(y) + M (E(z), E(y))) = F(E(y) + A (E(z), E(y)))

< F(E(y)) + M2 (F(E(2)), f(E(y)))
= f(FE

(E(y) + M2 (f(E(2)), f(E(y)))-

In the case that f is an (1, 72) g-quasiconvex function and f is an (11, 712)-convex
function, the proof is the same as above argument. ([

Conclusion. The convexity of a function plays an important role in obtaining
many results and inequalities in mathematics. Also in many new problems in
nonlinear programming and optimization theory related to the concept of convexity,
generalized notions about convex functions are required to obtain applicable results.
One of this generalizations may be the notion of (1, 172)-convex functions which can
generalizes many results and inequalities (Hermite-Hadamard, Fejér,...) related to
the convex functions.
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