JOURNAL OF INEQUALITIES AND SPECIAL FUNCTIONS
ISSN: 2217-4303, URL: HTTP://ILIRIAS.COM/JIASF
VOLUME 7 ISSUE 4(2016), PAGES 137- 142.

A TAUBERIAN THEOREM FOR THE GENERALIZED
NORLUND-EULER SUMMABILITY METHOD

N.L. BRAHA

ABSTRACT. Let (pn) and (gn) be any two non-negative real sequences with

Ry = Zpk%wk #0 (TL € N)
k=0

And E}— Euler summability method. Let (x,) be a sequence of real or com-
plex numbers and set

1 & 1 &k
NaB = 1 S i 3 (o
Rn k=0 2 v=0 v

for n € N. In this paper, we present necessary and sufficient conditions un-
der which the existence of the limit limy_so0 n = L follows from that of

limy,— 00 N;’}qE}L = L. These conditions are one-sided or two-sided if (z,) is a

sequence of real or complex numbers, respectively.

1. INTRODUCTION

In what follows we give the concept of the summability method known as the
generalized Norlund summability method (N, p, ¢) (see [1]). Given two non-negative
sequences (p,,) and (g,), the convolution (p * ) is defined by

Ry = (p*q)n ZPan k—an e

With E!— we will denote the Euler summablhty method. Let (x,,) be a sequence.
When (p x q),, # 0 for all n € N, the generalized Norlund-Euler transform of the

sequence (z,,) is the sequence Nng}L obtained by putting

N;:l,qEn— p* Zkan ko Z( ) (1.1)

We say that the sequence (z,) is generahzed Nérlund-Euler summable to L

determined by the sequences (p,) and (gy,) or briefly summable N}, E} to L if

lim N" E! = L. (1.2)

n—oo P4
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Suppose throughout the paper we assume that the sequence q = (g¢,,) satisfies
the following conditions:

an,—k §2qn—k7k2071a2537“' 7na>‘> 15 (13)
qn—kSQqAn—k;k:O71a273a a)‘n7O<A<17 (14)
where A, = [\ n].
If
nh_{rgo Tpn =1L (1.5)

implies , then the method N7, E} is called to be regular.

Notice that may imply under a certain condition, which is called a
Tauberian condition. Any theorem which states that convergence of a sequence
follows from its N’ qE% summability and some Tauberian condition is said to be a
Tauberian theorem for the N’ qE}L summability method. The inclusion and Taube-
rian type theorems are proved in the papers [4, [5] [2, B3], and some theorems of
inclusion, Tauberian and convexity type for certain families of generalized Norlund
methods are obtained in [6].

In this paper, we present necessary and sufficient conditions under which the
existence of the limit lim,, o 2, = L follows from that of lim, . N}/, E} = L.
These conditions are one-sided or two-sided if (z,,) is a sequence of real or complex

numbers, respectively.

2. MAIN RESULTS

In the following theorem we characterize the converse implication when the or-

dinary convergence follows from its N qE}l summability.

Theorem 1. Let (p,) and (g,) be any two non-negative real sequences such that

, forevery A>1, (2.1)

n—roo n

where A, := [An] denotes the integral part of An for every n € N, and let (z,,) be
a sequence of real numbers which is N;}qE}L summable to a finite number L. Then
() is convergent to the same number L if and only if the following two conditions

hold:

Jim liminf - _R Z - Z( ) ) 20, (22)

k=n-+1
and
1 <.k
lim lim inf n— n — Ty) > 0. 2.3
Jim_ liminf —RM%:HW b Ei()(w ) (2.3)

In the next result we will consider the case where x = (z,) is a sequence of
complex numbers.

Theorem 2. Let condition be satisfied and let (x,,) be a sequence of complex

numbers which s N;}qE}L summable to a finite number L. Then (x,) is convergent
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to the same number L if and only if one of the following two conditions holds:

A k
1 ~ 1 k
lim limsup Z Pk, —k 5% Z ( )(:Ev —z,)| =0, (2.4)
Ry, = Rn k=n+1 2\

A=1T nosoo

or

lim limsup Z Prlin—k 5y Z( ) n—Ty)| =0. (2.5)

A=17 nooo n An k=X, +1
n

3. AUXILIARY RESULTS

In what follows we list some auxiliary lemmas which are needful in the sequel.

Lemma 3. The condition given by relation is equivalent to the condition

Ry

liminf — >1, 0<A<L (3.1)

n—oo An
Proof. Suppose that relation (2.1)) is valid, 0 < A < 1 and m = A, = [An], n € N.
Then it follows that

A At

From above relation and definition of the positive real sequences (p,,) and (g, ), we
obtain:

<n

Rim Rim
R [%] éliminf& > lim inf [%]

> 1.
R}\ - R/\n n—oo )\n n—oo R}\n

Conversely, suppose that relation ((3.1)) is valid. Let A > 1 be given number and let
A1 be chosen such that 1 < A; < A. Set m = A, = [An]. From 0 < % < )\% < 1,it
follows that:
An—1 [M] m
< < =,
A1 A1 A1

provided Ay < A — %, which is a case where if n is large enough. Under this
conditions we have:

Ry, R, e R, . Ry,
R, > % = hnni}géf—n > hggloréfm > 1.

A1

A1

O

Proposition 4. Let us suppose that relation is satisfied and let x = (x1) be
a sequence of complexr numbers which is generalized Nérlund-Cesdro summable to
L. Then

J

] 1 1 J
h?{nR,\i—R Z Pidr.-i5; Z (U)xv =L, for A>1 (3.2)

j=n+1 v=0

and

hTanR Z Pidn—i%; Z( )x =L, for 0<A<L. (3.3)

" j=An+1
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Proof. (I) Let us consider the case where A > 1. Then we obtain

1 1 & /k Ry, 1 &Nk
- _ = R AT
B R, E Prdx,—k 35 UE:o (U> (2o R R, R E P~k o5 > (v) (xy — L)

An k=0 v=0

n " k=0
A k n k
= 1 k R, 1 1 k
e L o e— L —IL)—
e o DT k;()< T 2z()< >
n k
R, 1 1 k
—_— —k — Qn—k) = »— L). 3.4
Rr — Ry, R, ’;Pk(q,\n E—q k)2k UE::O (v) (z ) (3.4)
From relation (3.4)), definition of the sequence (¢, ), and relation
R
hTIln sup ﬁ < 00,
we get relation ([3.2)).

(IT) In this case we have that 0 < A < 1. Then

R, 1 1 < [k
Z Prdn—k kZ( > Ty Rn_R/\ankZOkan—ka;(v>xy

An k=X\,+1 v=0
k k
1 1 k
R *R)\ N kzokan k:2k ( ) Ty = R *R)\ Zkan k2k Z (v)xv
E
Ry, 1 & 1 k 1 k
mRAn ;kaAn—k ok vz:;) <v>1‘v — R N kzopk dn—k — )2,c vz:;) <v>xv.
Now proof of the proposition is similar to the first part. O

4. PROOFS OF THE THEOREMS

Proof of Theorem . Necessity. Suppose that lim, . z, = L, and (2.1)) holds.
Following Proposition [} we have

, 1 & 1
nh—>H;oR)\ —R Z Pk, k2kz<) _x”):nh_{r;om Z Pk, — k;)() —Zn =0,

k=n+1 k=n+1
for every A > 1. In case where 0 < A < 1, we find that

D TR 1y UETSEPR MRS ra) ST D 3] 4y B

" k=An+1 " k=Ap+1

Sufficiency. Assume that conditions (2.2) and ([2.3)) are satisfied. In what follows
we will prove that lim,, ,~ z, = L. Given any € > 0, by relation ([2.2)) we can choose
A1 > 0 such that

linniiorgf R Z pkq/\m—kzk Z ( > —,) > —€, (4.1)

)‘" k=n-+1 v=0
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where A, = [A\1n]. By the assumed summability N} E} of (), Proposition and
relation (4.1]), we have

limsupx, <L+, (4.2)

n—oo
for any A > 1.
On the other hand, if 0 < A\ < 1, for every € > 0, we can choose 0 < Ay < 1 such
that

k

. 1 1
it e 3 man Fp T 2 ) 26

"2 k=An, 41

where \,, = [A2n]. By the assumed summability N}, C}, of (), Proposition and
above relation, we have

liminfa, > L —, (4.3)

n—oo
for any 0 < A < 1.
Since € > 0 is arbitrary, combining relations (4.2)) and(4.3]) we obtain

lim z, =L. O

n—oQ

Proof of Theorem 3
Necessity. If both (1.2)) and (L.5) hold, then Proposition [ yields (2.4) for every
A > 1 and (2.5)) for every 0 < A < 1.

Sufficiency. First we will suppose that (2.1), (L.2)) and the condition (2.4)) are
satisfied. For any given ¢ > 0, there exists some A; > 1 such that

An k
1 - 1 k
limsup | 5———— Z PrAgx, 71@12 ( >(:L"u —zn)| <
R)‘"q — Rn ettt 1 2 0 v

n—oo

where A, = [A1n]. Taking into account the fact that () is N, E} summable to
L and Proposition [ we get the following estimation

Any
hmbup|L—l‘n| < hm sup | L — ———— N —R Z pkqxnl—ka Z( )

n—00 n kit 1

lim sup B R, Z PrAX,, —k QkZ( ) v—Tn)| <€

oo 1 ™ k=n+1 v=0

In this case we will suppose that (2.1)), (L.2) and the condition (2.5)) are satisfied.
For any given € > 0, there exists some 0 < A2 < 1 such that

i — <
S T TS )yt P

n— 00 "2 k=, +1

where A, = [A\gn]. Taking into account the fact that (z,) is N}, E} summable to
L and from Proposition [l we get the following estimation

limsup |L — z,| < thUP L* Z Prln_k5p Z( >x7,

n— 0o Ang k=Xn,+1
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n k
1 1 k
s |z 3 ma (B e
n—o00 Rn—R)\nz k:)\n2+1 2 v—0 v

Since € > 0 is arbitrary, in either case we get lim,,_ o z,, = L. O
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