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ANALOGUES OF SEVERAL IDENTITIES AND
SUPERCONGRUENCES FOR THE CATALAN-QI NUMBERS

QING ZOU

ABSTRACT. In the paper, the author presents g-analogues of some identities
of the Catalan—Qi numbers and finds supercongruences for some special cases
of the Catalan—Qi numbers.

1. INTRODUCTION

The basic notation of this paper are the shifted factorial
(a)o=1, (a)n=ala+1)---(a+n—-1), n=12,...
and the quantum factorial

n—1
(z;9)0 =1, (z;9)n ::H(l—qu), n=12....
k=0
In combinatorial mathematics, the Catalan numbers form a sequence of natu-
ral numbers that occur in various counting problems, often involving recursively-
defined objects. The nth Catalan number can be given in terms of binomial coeffi-

cients by | ,
c, - (2n)! _ 2n a0
(n+1Dn! n+4+1\n

Up to now, there are many generalizations of the Catalan numbers, including
g-analogues of the Catalan numbers. For example, Andrews [I] defined

el = =

(1 _ qn+1) n

where
[n 0, ifj<Oorj>n
o= (4:9)n ,
]} P Tn0<j<n
G0 @ Dy 7
represents Gaussian polynomials (also known as g-binomial coefficients).
It is easy to prove

lim C,(q) = Cp.
q—1

2000 Mathematics Subject Classification. Primary 11B65; Secondary 11A07, 05A10, 05A19.
Key words and phrases. Catalan—Qi number; Catalan number; g-analogue; supercongruence.
(©2016 Universiteti i Prishtinés, Prishtiné, Kosové.

Submitted November 12, 2016. Published December 16, 2016.

This work was supported by 2014 Sugian Science and Technology Project (Z201449).

235



236 QING ZOU

Thus, C),(q) can be viewed as one kind of g-analogues of C,,. Moreover, Andrews [2]
obtained

- ri42r | TV _qr+2; q)n—r
Cny1(q) = § g [27“] Cr(‘])g( X )
r=0 q

which is the g-analogue of the identity

3]
n

r=0

by Touchard [3]. Basing on the works of Andrews, Zou [4] obtained several congru-

ences from (|1.1)).

In this paper, we mainly focus on Qi’s generalization of the Catalan numbers

Cla,b;n) = (2)n EZ))Z (1.2)

It is clear that

1
C<272;n> =C,, n=0.

Actually, the expresion (|1.2)) is a special case of the function

Cla,biz) = gég (2) I;((zi‘;i R(a), R(b) >0, R(z) >0,  (L3)

where T'(2) represents the gamma function which is defined by
I'(2) :/ r* e dx, R(z) > 0.
0

The formula was firstly considered by Qi in [5]. Accordingly, the numbers
C(a,b;n) defined by were named as the Catalan—Qi numbers. There have
been more and more researches on the Catalan—Qi numbers C'(a, b; n) during recent
years. See [0 [7, [8, @, [10] and closely related references therein.

In this paper, we will discuss the g-analogues

b\" (¢% a)n
Cn(a,b;q) = — ,
(. b:4) (a) (g% 9)n
of the Catalan—Qi numbers C(a,b;n). It is not difficult to prove that
lim Cy,(a, b; q) = C(a,b,n).
qg—1

In Section [2] we will present g-analogues of some identities for the Catalan—Qi
numbers C'(a,b;n). In Section 3] we will establish some supercongruences concern-
ing special Catalan—Qi numbers C(a, b;n).

2. THE ¢-ANALOGUES OF IDENTITIES FOR CATALAN—QI NUMBERS

In this section, we present g-analogues of several identities for the Catalan—Qi
numbers C(a, b;n). It is straightforward to verify that

_ba+n

C(a,b;n) = and C(a,b;n—&—l)_ab_’_n

1
C(ib’ ) C(a,b;n).

The first formula has been stated in [8, p. 2].
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Similar to the Catalan—Qi numbers C/(a, b;n), the g-analogues satisfy

b1 _qa+n

Cyl(a,b;q) = and Cpi1(a,b;q) = GWC’ w(a,b;q).

1
Cn(b,a;q)
The proofs of these two identities are also straightforward.

Except for the two formulas mentioned above, we also have three identities

F<a1b ) ZCabn (2.1)

i (moi2) =3 (et o

3F2< 1; L 7%,1 i( )(Z)kC(a,b;k) (2.3)

concerning the Catalan—Qi numbers C(a, b; ) where a,b > 0, n > 0, and

ar), - (ap), a"
The proofs of these three identities can be found in [8, Theorem 10] and [9, Theo-
rem 1].

The identity (2.1 . shows that the function o F (a, 1; b; —) isa generatmg function
of the Catalan—Qi numbers C(a,b;n) and that the identity (2.3)) can be regarded
as a generalization of the identity .

The above three identities can be generalized as follows.

and

Theorem 2.1. For a,b> 0, n >0 and |g| < 1, we have

2(;51( 0“4 4, ) ZC (a,b; q)t" (2.4)

b " n .
a —n, b, Y\ _ . r(r—1)/2—nr
2¢1 (q ) 3434, a) = Z |:T:|qcr(a/;ba Q)q ) (25)

r=0
and

362(¢",¢" 2,72 40 ¢ %5 g, 1)

[n/2] k /2. .
= {n} (a) Cr(a,bsq) (a7 )0 (2.6)
pors 2k . b (ql/z;q1/2)2k(qn72k+1;q)zk

where

- (a17a27'~~7ar;q)n |: ("):| hsor
T Sa‘vaa"'aa’r;b7b7"'7bs; ) = —1)"qg\2 2"
¢ ( b b I ) ngo (q7b17b27-"7bs;q)n ( ) ¢

is the basic hypergeometric series.

Proof. According to the definition of basic hypergeometric series, we have

i ) = 35 b, ()"
2(151 <q 4,954, a 7;) (qb7q)n(q,q)n a
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R ) R S g
_Z(qb;q)n (a) t _;Cn( Bt

n=0

U qu)iq( ,)q) (_z)?”

< >T(q“,q 1)TM
C

and

M81M8

(¢*q) (4:9),

r=0
e (—D)'(1-¢g™MQ—-g ™) (1—-g
- EZ:O rlebid) (4:9),
N ab: (1-¢")(Q—=¢" ") (1-g") r(r—1)/2—nr
=2 CGlab (¢:9), !

%
I
o

o

n rr— —nnr
M Cy(a,b; q)g" "= /2
q

ﬁ
Il
=)

[
M3

{Z] Cr(a,b; q)q" = 1)/2nr, (since (¢~";q)r = 0 when r > n)
q

o

r=

The formulas (2.4) and (2.5) follow.

By the deﬁmtlon of bas1c hypergeometric series, we can derive

(1—-n)/2 n/2

302(q%. q a6, %q,1)

7 i (qa;Q)k(q(l‘")/z;q)k(q‘"/2;q)k'

= (G(e’ 9,03 9),

Using the relations

(q(lfn)/z;q)k:(), k> {ZJ, n=13,5,...

and
—n/2. o n i
(¢"%4q), =0, k> {QJ n=24,6,...
we have
(-m/2, 1/2 L (% ), (@20, ),
sd2(q", """ %¢", ¢ %q,1) = > : ’ :

= (¢ D)r(ab:0),(d" /% 0)y,
For another side of ({2.6]),

ln/2] k —n
2k . b e (q1/2;q1/2)2k(qn—2k+1;q)2k

Ln/2) L .
_ Z (@ @), (a3 6")53(4 Do (0 D),
= (¢:9)

o6 (6 @) (%504 /2) 01 (¢ 724 )9, (0% @),

_ Lan a"%q), (a2 9), (% 9),,
(q q)n ok (@259) (@724 )5, (0% @),
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n/2
R 290,000, 0),
= (60" 9)(d"19),
=302(q" 12 740 ¢ %5 q,1).

The proof of this theorem is complete.

3. SUPERCONGRUENCES OF SPECIAL CATALAN—QI NUMBERS

Let us first look at four supercongruences as follows.
If p > 5 is a prime, then

11 —4
2F1<’§151> = () (mod p?),
2°2 tr(p) p

1 2 -3
2F1(,;1;1> = <) (mod p?),
33 rp) N\ P
1 —2
2F1 <a37151> = <) (mOd p2)a
44 r(p) N\ P
15 -1
2F1<,;1;1> = () (mod p?),
6°6 tr(p) p
where (;) represents the Legendre symbol and

p—1

(a1),, - - (ap),, "
qu(ala"' aap;blv"' 7bq;x)tr(p) = Zipni

(b1),, - (bg), n!

n=0
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The proofs of these four supercongruences was first given by Eric Mortenson in [IT].
Actually, these four supercongruences were conjectured by Rodriguez—Villegas for
hypergeometric Calabi-Yau manifolds of dimension d = 1. The conjecture of
Rodriguez-Villegas has far-reaching impact on mathematics, especially on g-series.

The recent work should be the one given by Guo and Zeng [12].
Now, we can give the main theorem of this section.

Theorem 3.1. Let

M — _

4 -1 w3 1
2n 2n — 2 2

p, ol a2
3n 3n—3 3

Dnzéln—l.lln—5.”§.17
4n 4dn — 4 4
and 6 1 6 7 5

n — n—

E, = . o2

6n 6n — 6 6

If p > 5 is a prime, then
p—1
1 A, (-4 )
1+ZC’<2,1;n>2n = (p) (mod p*),
n=1
| 3
. n _ [ 2
1+;C’<3,1,n> — = (p) (mod p?),

w‘m
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1+§C<i,1;n>§: = (_2) (mod p?),
1+ZC< ) — =

|
VRS
”S‘L
N——
=
o
(el
=
\5

Proof. Firstly, we prove that

F(;;11)—1+ZC< > ==

According to the definition, we can derive

o (pg) =X S e

n=0 n=0

1+ZC<’1’”>(27€2H>|1|) o = +ZC< ; >;1:

n=1

Similarly, we can prove

12 = 1 B,
Fil=,=11) = 1 —
2 1(3a37 ) ) g (35 an)g

13 = D,
2F1<4347171> - z:: ( 15 )4

15 =
2F1<676§1;1> ; ( ; )

Then, combining the above four formulas with . 3.4]) proves the desired results.
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