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EQUIVALENCE AMONG THREE 2-NORMS ON THE SPACE OF

p-SUMMABLE SEQUENCES

ŞÜKRAN KONCA1∗, MOCHAMMAD IDRIS2

Abstract. There are two known 2-norms defined on the space of p-summable

sequences of real numbers. The first 2-norm is a special case of Gähler’s for-
mula [Mathematische Nachrichten, 1964], while the second is due to Gunawan

[Bulletin of the Australian Mathematical Society, 2001]. The aim of this paper

is to define a new 2-norm on `p and prove the equivalence among these three
2-norms.

1. Introduction

The theory of 2-normed spaces was first introduced and developed to the theory
of n-normed spaces by Gähler (see, [1]-[5]) in the mid 1960’s, while that of n-
normed spaces was studied later by Misiak [15]. Related works may be found in,
e.g., [6]-[14], [16]-[17].

We shall study the space `p, 1 ≤ p < ∞, containing all sequences of real
numbers x = (xj) for which

∑
j |xj |p < ∞, and usual norm defined on it is

‖x‖p := (
∑

j |xj |p)
1
p . Throughout this note, we assume that p lies in the inter-

val 1 ≤ p <∞ unless otherwise stated.

Let n be a nonnegative integer and X be a real vector space of dimension d ≥ n
(d may be infinite). A real-valued function ‖., ..., .‖ on Xn satisfying the following
four properties is called an n-norm on X and the pair (X, ‖., ..., .‖) is called an
n-normed space

(1) ‖x1, ..., xn‖ = 0 if and only if x1, ..., xn are linearly dependent;
(2) ‖x1, ..., xn‖ is invariant under permutation;
(3) ‖αx1, ..., xn‖ = |α| ‖x1, ..., xn‖ for α ∈ R;
(4) ‖x1 + x′1, x2, ..., xn‖ ≤ ‖x1, x2, ..., xn‖+ ‖x′1, x2, ..., xn‖.
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If X is a normed space, then, according to Gähler, the following formula defines
an n-norm on X:

‖x1, ..., xn‖G := sup
fi∈X′, ‖fi‖≤1

i=1,...,n

∣∣∣∣∣∣∣
f1 (x1) · · · f1 (xn)

...
. . .

...
fn (x1) . . . fn (xn)

∣∣∣∣∣∣∣ . (1.1)

Here X ′ denotes the dual of X, which consists of bounded linear functionals on X.
For X = `p, the space of p-summable sequences of real numbers, the above formula
reduces to

‖x1, ..., xn‖Gp := sup
zi∈`p′, ‖zi‖q≤1

i=1,...,n

∣∣∣∣∣∣∣
∑

j x1jz1j · · ·
∑

j x1jznj
...

. . .
...∑

j xnjz1j . . .
∑

j xnjznj

∣∣∣∣∣∣∣ , (1.2)

where ‖.‖q denotes the usual norm on X ′ = `q and each of the sums is taken over
j ∈ N. Here q denotes the dual exponent of p, so that 1

p + 1
q = 1 (1 < p <∞).

In 2001, Gunawan [7] defined a different n-norm on `p (1 ≤ p <∞) by

‖x1, ..., xn‖Hp :=

 1

n!

∑
j1

...
∑
jn

abs

∣∣∣∣∣∣∣
x1j1 · · · xnj1

...
. . .

...
x1jn . . . xnjn

∣∣∣∣∣∣∣
p

1
p

, (1.3)

where xi = (xij), i = 1, ..., n, j ∈ N. Thus, on `p, we have two definitions of n-
norms, one is derived from Gähler’s formula given by equation (1.2) and the other
is due to Gunawan given by equation (1.3). For p = 2, one may verify that the two
n-noms are identical (see [6]). The equation (1.1) reduces to the equation (1.4) for
n = 2 and x, y ∈ `p

‖x, y‖G := sup
fu,fv∈X′

‖fu‖≤1, ‖fv‖≤1

∣∣∣∣ fu (x) fv (x)
fu (y) fv (y)

∣∣∣∣ . (1.4)

For X = `p and x, y ∈ `p the above formula, for convenience, can be rewritten
as

‖x, y‖Gp := sup
u, v ∈ `q

‖u‖q , ‖v‖q ≤ 1

∣∣∣∣ 〈x, u〉 〈x, v〉〈y, u〉 〈y, v〉

∣∣∣∣
where q is the conjugate of p such that 1

q = 1 − 1
p (1 < p < ∞) and `q is the

dual of `p, which consists of bounded linear functionals fu, fv on `p where fu(x) =
〈x, u〉 :=

∑∞
k=1 xkuk (x ∈ `p and u ∈ `q), fv(x) = 〈x, v〉 :=

∑∞
k=1 xkvk (x ∈ `p and

v ∈ `q) and ‖·‖q is usual norm on `q.

For n = 2 and x, y ∈ `p the equation (1.3) reduces to the following equation:

‖x, y‖Hp :=

1

2

∞∑
i=1

∞∑
j=1

abs

∣∣∣∣ xi xj
yi yj

∣∣∣∣p
 1

p

.

Wibawah-Kusuma and Gunawan [17] proved that Gunawan’s and Gähler’s n-
norms on `p are strongly equivalent.
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Lemma 1.1. (Theorem 2.3, [17]) For any x1, ..., xn ∈ `p we have

(n!)
1
p−1 ‖x1, ..., xn‖Hp ≤ ‖x1, ..., xn‖

G
p ≤ (n!)

1
p ‖x1, ..., xn‖Hp .

If we take n = 2, then the inequality given above for x, y ∈ `p reduces to

2
1
p−1 ‖x, y‖Hp ≤ ‖x, y‖

G
p ≤ 2

1
p ‖x, y‖Hp . (1.5)

Lemma 1.2. (Lemma 2.1, [10]) For every x, y ∈ `p we have

‖x, y‖Hp ≤ 21−
1
p ‖x‖p ‖y‖p .

In this work, we define a new 2-norm on `p and prove the equivalence of these
three 2-norms on `p.

2. Main Results

Let x, y ∈ `p and `q be the dual of `p, which consists of bounded linear functionals
where q is the conjugate of p such that 1

q = 1− 1
p (1 < p <∞) and fu, fv on `p where

fu(x) = 〈x, u〉 :=
∑∞

k=1 xkuk (x ∈ `p and u ∈ `q), fv(x) = 〈x, v〉 :=
∑∞

k=1 xkvk
(x ∈ `p and v ∈ `q). Throughout the paper, by ‖·‖p we mean the usual norm on
`p. Now, we define a new formula on `p as follows:

‖x, y‖SI
p := sup

u, v ∈ `q
‖u‖q , ‖v‖q ≤ 1

1

2

(
‖〈y, u〉x− 〈x, u〉 y‖p + ‖〈y, v〉x− 〈x, v〉 y‖p

)
.

The following fact tells us that the function ‖., .‖SI
p is a 2-norm on `p.

Fact 2.1. The real-valued function ‖., .‖SI
p defines a 2-norm on `p.

Proof. We need to check that ‖., .‖SI
p satisfies the four properties of a 2-norm. The

”if” part of (1), (2), (3) and (4) are obvious. To verify the ”only if” part of (1),
assume that ‖., .‖SI

p = 0. Then from the definition of norm we have 〈y, u〉x −
〈x, u〉 y = 0 and 〈y, v〉x− 〈x, v〉 y = 0. Thus,

x =
〈x, u〉
〈y, u〉

y (〈y, u〉 6= 0)

and

x =
〈x, v〉
〈y, v〉

y (〈y, v〉 6= 0) .

Since 〈., .〉 is bounded linear functional on `p, then 〈y,u〉〈x,u〉 and 〈y,v〉〈x,v〉 are real. For x =
〈x,u〉
〈y,u〉y (〈y, u〉 6= 0), if we insert the value of x in the equation 〈y, v〉x−〈x, v〉 y = 0,

then clearly x satisfies the condition. In both cases, we conclude that x and y are
linearly dependent. �

As a consequence of Fact 2.1 we have the following corollary.

Corollary 2.2. The space `p equipped with ‖., .‖SI
p is a 2-normed space.
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Lemma 2.3. Let 1 ≤ p <∞. For x, y ∈ `p, we have

‖x, y‖SI
p ≤ 2

1
p ‖x, y‖Hp .

Proof. For x, y ∈ `p and u ∈ `q, we have the following by utilizing Hölder’s inequal-
ity

‖〈y, u〉x− 〈x, u〉 y‖pp =
∞∑
i=1

|〈y, u〉xi − 〈x, u〉 yi|p

=
∞∑
i=1

∣∣∣∣∣ ∞∑j=1

(xiyj − xjyi)uj

∣∣∣∣∣
p

≤
∞∑
i=1

(
∞∑
j=1

|xiyj − xjyi| |uj |

)p

≤
∞∑
i=1

∞∑
j=1

|xiyj − xjyi|p
( ∞∑

k=1

|uk|q
) p

q

= 2 ‖u‖pq
(
‖x, y‖Hp

)p
.

From the above equation, we have

‖x, y‖SI
p = sup

u, v ∈ `q

‖u‖q, ‖v‖q ≤ 1

1
2

(
‖〈y, u〉x− 〈x, u〉 y‖p + ‖〈y, v〉x− 〈x, v〉 y‖p

)

≤ sup
u, v ∈ `q

‖u‖q, ‖v‖q ≤ 1

1
2

(
2

1
p ‖u‖q ‖x, y‖

H
p + 2

1
p ‖v‖q ‖x, y‖

H
p

)

≤ 2
1
p ‖x, y‖Hp .

�

Now, we need the following lemma to show the equivalence between the 2-norms
‖., .‖SI

p and ‖., .‖Hp .

Lemma 2.4. For x, y ∈ `p and a, b, c, d ∈ R, we have

abs

∣∣∣∣ a b
c d

∣∣∣∣ ‖x, y‖Hp = ‖ax− by,−cx+ dy‖Hp .

Proof. Let x, y ∈ `p and a, b, c, d ∈ R. Then we obtain(
‖ax− by,−cx+ dy‖Hp

)p
=

1

2

∞∑
i=1

∞∑
j=1

|(axi − byi) (−cxj + dyj)− (axj − byj) (−cxi + dyi)|p

=
1

2

∞∑
i=1

∞∑
j=1

|adxiyj + bcxjyi − bcxiyj − adxjyi|p

=
1

2

∞∑
i=1

∞∑
j=1

|ad (xiyj − xjyi)− bc (xiyj − xjyi)|p

= |ad− bc|p
(
‖x, y‖Hp

)p
.

Thus, we have abs

∣∣∣∣ a b
c d

∣∣∣∣ ‖x, y‖Hp = ‖ax− by,−cx+ dy‖Hp . �
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Lemma 2.4 is important to obtain the equivalence between ‖., .‖SI
p and ‖., .‖Hp .

Theorem 2.5. For x, y ∈ `p we have

2
1
p−1 ‖x, y‖Hp ≤ ‖x, y‖

SI
p ≤ 2

1
p ‖x, y‖Hp .

Proof. By the equation (1.5) in Lemma 1.1, we have(
‖x, y‖Hp

)2
≤ 21−

1
p ‖x, y‖Gp ‖x, y‖

H
p .

Then

‖x, y‖Hp ≤ 2
1
2 −

1
2p

(
‖x, y‖Hp

) 1
2
(
‖x, y‖Gp

) 1
2

= 2
1
2 −

1
2p

 sup
u, v ∈ `q

‖u‖q, ‖v‖q ≤ 1

∣∣∣∣ 〈x, u〉 〈x, v〉〈y, u〉 〈y, v〉

∣∣∣∣ ‖x, y‖Hp


1
2

≤ 2
1
2 −

1
2p

 sup
u, v ∈ `q

‖u‖q, ‖v‖q ≤ 1

abs

∣∣∣∣ 〈y, u〉 〈x, u〉〈y, v〉 〈x, v〉

∣∣∣∣ ‖x, y‖Hp


1
2

.

By Lemma 2.4, we have

‖x, y‖Hp ≤ 2
1
2−

1
2p sup

u, v ∈ `q
‖u‖q , ‖v‖q ≤ 1

‖〈y, u〉x− 〈x, u〉 y,−〈y, v〉x+ (〈x, v〉 y‖Hp )
1
2 .

Meanwhile, Lemma 1.2 helps us to obtain the below inequality.

‖x, y‖Hp ≤ 21−
1
p sup

u, v ∈ `q
‖u‖q, ‖v‖q ≤ 1

(
‖〈y, u〉x− 〈x, u〉 y‖p‖− 〈y, v〉x+ 〈x, v〉 y‖p

) 1
2

≤ 21−
1
p sup

u, v ∈ `q
‖u‖q, ‖v‖q ≤ 1

(
1
2‖〈y, u〉x− 〈x, u〉 y‖p + 1

2‖〈y, v〉x− 〈x, v〉 y‖p
)

= 21−
1
p ‖x, y‖SI

p .

(2.1)
Hence, by Lemma 2.3 and equation (2.1) we obtain the following equivalence

2
1
p−1 ‖x, y‖Hp ≤ ‖x, y‖

SI
p ≤ 2

1
p ‖x, y‖Hp .

�

The equivalence relation between the 2-norms ‖x, y‖Gp and ‖x, y‖SI
p can be ob-

tained with a simple process.

Theorem 2.6. For x, y ∈ `p we have

1

2
‖x, y‖Gp ≤ ‖x, y‖

SI
p ≤ 2 ‖x, y‖Gp
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Proof. From the equation (1.5) and Theorem 2.5, we obtain

2
1
p−1 ‖x, y‖Hp ≤ ‖x, y‖

G
p ≤ 2

1
p ‖x, y‖Hp ≤ 2 ‖x, y‖SI

p ≤ 2
1
p+1 ‖x, y‖Hp ≤ 4 ‖x, y‖Gp .

Hence, we have the result. �

Corollary 2.7. For x, y ∈ `p the three 2-norms ‖., .‖Hp , ‖., .‖Gp and ‖., .‖SI
p on `p

are equivalent.

Proof. It is easy to see from Theorem 2.5 and Theorem 2.6. �

We know that the space
(
`p, ‖., .‖Hp

)
is complete (see, Theorem 2.6 in [7]). Since(

`p, ‖., .‖Hp
)

and
(
`p, ‖., .‖SI

p

)
are equivalent two 2-norms, then we come to the

main result which is given by the following corollary.

Corollary 2.8. The space
(
`p, ‖., .‖SI

p

)
is complete. In other words, it is a Banach

space.

Proof. Let x(m) be a Cauchy sequence in `p with respect to ‖., .‖SI
p . Then, by

Theorem 2.5 x(m) is Cauchy with respect to ‖., .‖Hp . But we know that `p is

complete with respect to ‖., .‖Hp , and so x(m) must converge to some x ∈ `p in

‖., .‖Hp . By another application of Theorem 2.5, x(m) also converges to x in ‖., .‖SI
p .

This shows that `p is complete with respect to the 2-norm ‖., .‖SI
p . �

3. CONCLUDING REMARKS

In this work, a new 2-norm ‖., .‖SI
p is defined on `p. We have just seen that

Gähler’s and Gunawan’s 2-norms on `p are (strongly) equivalent to this new 2-
norm on `p. If one insists to involve the functionals on `p, one may use the fact
that the dual space `q is also a 2-normed space, as well as `p (1 ≤ p < ∞). Thus
one may generalize this definition of 2-norm to n-norm on `p. The results obtained
in this work can be extended to n-normed space.
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