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COMMENTS ON TWO COMPLETELY MONOTONIC
FUNCTIONS INVOLVING THE ¢-TRIGAMMA FUNCTION

FENG QI, FANG-FANG LIU, XIAO-TING SHI

ABSTRACT. In the papers [F. Qi, A completely monotonic function related to
the g-trigamma function, Politehn. Univ. Bucharest Sci. Bull. Ser. A Appl.
Math. Phys. 76 (2014), no. 1, 107-114] and [J.-L. Zhao, A completely mono-
tonic function relating to the q-trigamma function, J. Math. Inequal. 9 (2015),
no. 1, 53-60; Available online at http://dx.doi.org/10.7153/jmi-09-05|, Qi
and Zhao proved the complete monotonicity of two functions involving the
g-trigamma function. These two functions originate and generalize the same
function involving the classical trigamma function. In current paper, the au-
thors compare with and comments on these two functions and related results
obtained in the above-mentioned two papers. Moreover, the authors correct
some errors by repeating the proof supplied by Qi in the above-mentioned
paper published in 2014.

1. NOTATION
It is well known [3] [6] that the Euler gamma function I'(z) may be defined by

. nln®
F(Z):y}l_}ngom, Z#O,_l,_Q,...

The logarithmic derivative of I'(z), denoted by ¥(z) = 1;((5)), is called the digamma

function, and the derivatives 1(¥)(2) for i € {0} UN are respectively called the
polygamma functions, where N stands for the set of all positive integers. In par-
ticular, the functions ¢’(z) and " (z) are called the trigamma and tetragamma
functions. For some behaving properties of I'(z) at z = 0, —1,—2,..., please refer
to [12 [18).

The g-analogue I'y(z) of the gamma function I'(z) may be defined for R(z) > 0
by, when 0 < ¢ < 1,

3 e 1_qi+1
Lo(2) =(1- Q)l - H W,
i=0
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and by, when ¢ > 1,

e
Ly(z) = (¢ — 1) q(2) H g
i=0

When R(z) > 0, the g-digamma function ¢4(2), the g-analogue of the digamma
function ¥(z), may be defined by

'y (2) — "
z) = -2 =—In(l—¢q)+1In _—
¢q( ) Fq(Z) ( Q) q];)lquJrz
o qkz
=—ln(1—q)+lnqzl_qk

k=1
for 0 < ¢ < 1 and by

1 —n—z
Yg(z) = —In(¢—1) +Ing| z— 5 — L
2 1—qg =
n>0

for ¢ > 1. The functions 1p§’“)(z), the g-analogues of the polygamma functions
»*)(2), for k € N are called the g-polygamma functions. For detailed information
about the above formulas, see [3][7, B, [T, [T9] and closely related references therein.
The above mentioned functions satisfy the following relations

i, Ty(:) =T(), - Tim tg(2) = w(z), Ty(z) = a2 )T002)

The proofs of the above limits can be found in [2, Appendix A], [3l pp. 493-496],
[B, p. 17], and [9, Appendix B].

Recall from [I0, Chapter XIII], [28, Chapter 1], and [29] Chapter IV] that a
function f is said to be completely monotonic on an interval I if f has derivatives
of all orders on I and

0<(=1)"f™(z) < 00
for x € T and n > 0. In [29] p. 161, Theorem 12b], it was stated that a necessary
and sufficient condition that f(z) should be completely monotonic for 0 < z < oo
is that

fla)= [ etdato

where «(t) is non-decreasing and the integral converges for 0 < x < oco. In other
words, a function is completely monotonic on (0,00) if and only if it is a Laplace
transform.

2. COMMENTS

For x > 0, let
1 1

f@)=9¢'(@) = — =55 (2.1)
In recent years, the complete monotonicity of the function (2.1)) was proved, gener-
alized, and applied in [1I, [4, [7, 8, [IT], 17, 19], [13, Theorem 1.1], [20, Theorem 1.3],
[21, pp. 1977-1978], [22] Theorem 2]. For more information on this topic, please
refer to related texts in the survey articles [15, [16, 24, 26], 27] and closely related
references therein.



COMMENTS ON TWO COMPLETELY MONOTONIC FUNCTIONS 213

Forz >0and 0 < ¢ <1, let

folw) = () - L= 1 [(1 - q)ﬂ . (22)

1—¢g* 2| 1—¢*
It is clear that
lim f,(z) = f(x).

q—1—

So, we may regard f,(x) as the ¢g-analogue of the function f(z).
In the paper [14], the complete monotonicity of f,(z) for 0 < ¢ < 1 on (0, c0)
was verified.

Theorem 2.1 ([I4, Theorem 1.1]). For 0 < ¢ < 1, the function f,(x) defined
by (2.2) is completely monotonic on (0,00).

In [30], the author imitated the paper [I4], considered an alternative g-analogue

R =vyf0) - o -3 (15L) +30-0G-0 @)

of the function f(z) in (2.1, and confirmed that the function Fy(x) for ¢ € (0,1)
is completely monotonic on (0, c0).

Theorem 2.2 ([30, Theorem 1]). For0 < g < 1, the function F,(x) defined by (2.3)
is completely monotonic on (0, 00).

To a great extent, the function Fy(x) considered in [30] is a more natural
g-analogue of the function f(x) in (2.1), because the factor

1—¢q*
1—¢

)

denoted by [z], in [6], 23], is, but the factor
1—g¢g°
(1-q)g?

is not, the usually adopted g-analogue of z € C for ¢ # 1. For g # 1, the quantity
[2] may be called a g-number, a basic number, a g-analogue, a g-deformation, a
g-extension, or a g-generalization of the complex number z. See [6, Eqgs. (1.2.13)
and (1.2.43)].

We also observe that the difference

1— 2 T
file) ~ Fy(w) = LT
is completely monotonic on (0, 00), which implies that the result obtained in [30] is
surely better than the one in [T4].

Basing on the above points, we do not simply think that the lately published
paper [30] is a plagiarism of the formerly published paper [14]. However, after all,
a high and heavy imitation is not good and appropriate behaviour in academic
community.
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3. CORRECTED PROOF OF THEOREM [2.1]

Some errors appeared on page 112 in the proof of [I4, Theorem 1.1]. We are now
in a position to provide a corrected proof of [I4, Theorem 1.1] as follows.
As did in the proof of [T4], Theorem 1.1], a straightforward computation gives

fq(lﬂ) - fq(CU + 1) = Z{ [(I_Qq)k + 1] (1 _ q) (qk+1 _ 1) + (/C + 1)(1nq)2}q(k+1)z.
k=0
Let
9a(t) = 51— (1~ a)(t 1) +2)(g" — 1) + (ing)?t

for 0 <¢<1andte€[l,oc0). Then

g,(1) = (ma)” + 5(ma)(g — Dl(g — 1)t~ 1) ~2g" + 31— ) (g" 1),

gy (t) = =(Inq)(q — 1)¢'[(¢ — 1)tlng+2(q— 1) — (¢ + 1) Ing]

1
>
& 2 (ma)la— a'e(t,q),

where ¢(t, q) satisfies

de(1,q) ( 1)
1,9) =2(¢q—1—1Ingq) and =2(1—--) <0
ol1,q) =2 ) v :

Since ¢(1,q) is decreasing with respect to ¢ € (0,1) and ¢(1,1) =0, so ¢(1,q) >0
for ¢ € (0,1). It is obvious that (¢, q) is increasing with respect to ¢, so ¢(t,q) > 0
for (t,q) € [1,00) x (0,1). Hence, the second derivative gj () is positive for (¢,q) €
[1,00) x (0,1) and g (t) is increasing with respect to t € [1,00). Making use of the
easily verified double inequality

;<q—;><lnq<q—1, q € (0,1), (3.1)
we have
6,(1) = 5[(a— 1) +2(1080)* - 24(q ~ 1) o]
%[(q -1 +2(¢—1)* —2¢(g— 1) Ing]
;(q —1)(¢* —2qIng—1)
>0,

we obtain g;(t) > 0 for (¢,q) € (1,00) x (0,1). As a result, the function g,(t) for
0 < ¢ < 1 is increasing with respect to t € [1,00). By (3.1)), it is easy to see that

9¢(1) = (Ing)* = (¢ —1)>>0
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for ¢ € (0,1). Accordingly, the function g,(t) is positive for (¢,¢) € [1,00) x (0,1).
Consequently,

[fo(2) = fo(z + D] = (In q)i_l{ [(Ing)* — (1 = 9)*]¢"

+> (E+ 1) gg(k+ 1)+ (1—)* (1 - qkﬂ)]q(kﬂ)z}
k=1
for 4 € N. This means that

(=D fo(o) = fole+ 1) = (1) (I q)i_l{ [(Ing)* — (1 - q)*]¢"

+) (b + 1) gk + 1)+ (1—q)*(1— q’c“)]q(k“)w} >0
k=1
which can be rearranged as

(1) fo@)Y > (1) fy (e + 1]V,
By induction and [14, Lemma 2.4] which reads that
lim [f ()] =0

T—00

for 0 < ¢ <1 and i € N, it follows that
(D7 fo @Y > (DT fya + D]V > (1) fo(@ +2))070 > -
> (<1 Uyl + B > (<1 lm [y + RO =0

for (i,k) € N2 Consequently, the function f,(x) for 0 < ¢ < 1 is completely
monotonic on (0,00). The proof of Theorem is complete.

Remark 1. This paper is a slightly modified version of the preprint [25].
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