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ON HADAMARD TYPE INEQUALITIES FOR m-CONVEX
FUNCTIONS VIA FRACTIONAL INTEGRALS

G. FARID!, A. UR REHMANZ?, B. TARIQ3, AND A. WAHEED*

ABSTRACT. In this paper, we prove the Hadamard type inequalities for m-
convex functions via fractional integrals and related inequalities. These results
have some relationships with the Hadamard inequalities for fractional integrals
and related inequalities.

1. INTRODUCTION

The Hadamard inequality states that: If f : I — R is a convex function on the
interval I of real numbers and a,b € I with a < b, then

f<a;b><z)_1a/abf(x)dx<f(a);f(b)‘

The Hadamard inequality have got attention of many mathematicians and many
generalizations and refinements have been found so far for example see, [2, 3, 4, 7,
10, 11, 12, 13, 14, 15, 18, 19, 20, 22, 23].

In [24] Toader define the concept of m-convexity, an intermediate between usual
convexity and star shape functions.

Definition 1.1. A function f : [0,b] — R, b > 0, is said to be m-convex, where
m € [0,1], if we have

fltz+m(l—t)y) <tf(z) +m(l—1)f(y)
for all z,y € [0,b] and ¢t € [0, 1].

If we take m = 1, then we recapture the concept of convex functions defined on
[0,b] and if we take m = 0, then we get the concept of starshaped functions on
[0,b]. We recall that f :[0,b] — R is called starshaped if

ftz) <tf(z) for all t € [0,b] and x € [0,b].

Denote by K,,(b) the set of the m-convex functions on [0, ] for which f(0) < 0,
then one has

K1 (b) C K, (b) C Ko(b),
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whenever m € (0,1). Note that in the class K;(b) are only convex functions f :
[0,b] — R for which f(0) <0 (see, [10]).

Example 1.2. [16] The function f : [0,00) — R, given by

1
(@) = 45 (42" = 152% + 18z = 5)
is %—convex function but it is not convex function.

Let f € Li[a,b]. Then the Riemann-Liouville fractional integrals J&, f and Jg* f
of order @ > 0 with a > 0 are defined as:

I f@) = gy [ =0T 0w a

and

b
Je f(x) = ﬁ/ (t— ) f()dt, z<b

where I'(«) is the Gamma function defined as:

F(a):/ t*te~tdt,
0

also
INa+1) =al'(a).
For more information one can consult [1, 5, 6, 8, 9].

Now a days well known inequalities have been considered for fractional integrals
and a huge amount of research publications can be found in this regard for example
one can see references and references there in.

In this paper we are motivated to give a version of the Hadamard inequality
and some related inequalities for m-convex functions via fractional integrals. Also
we connect our results some already known inequalities. In Section 2 we prove
the Hadamard type inequality for m-convex functions via fractional integrals and
deduce some related results. In Section 3 we prove a version of the Hadamard
inequality for m-convex functions on co-ordinates via fractional integrals defined
on coordinates. Also as particular cases some known results are mentioned.

2. HADAMARD TYPE INEQUALITIES FOR m-CONVEX FUNCTIONS VIA
FRACTIONAL INTEGRALS

In this section we give Hadamard type inequalities for m-convex functions via
fractional integrals and related fractional inequalities.

Theorem 2.1. Let f : [0,00) — R be a positive integrable function. If f is m-
convezx function on [0,00), then for 0 < a < mb following inequalities hold

1 f (a +2mb) < 257(:;4__3& [J;’;f(mb) +metlge f (%)}

[ (5] [ ()

with « > 0.
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Proof. Since f is m-convex function, we have for z,y € [a, mb] with A\ = 1

o) () < Sl mt)

For x = ta+m(1 —t)b, y = tb+ L (1 — t)a, we have

3) 2 (‘”mb) < f(ta+m(1—)b) +mf (tb+;(1t)a).

Multiplying both sides of (3) by t*~!, then integrating with respect to t over [0, 1],
we get

7f (a+mb> < /1 > f (ta+m(1 —t)b) dt+m/1ta_1f(tb+ %(1 — t)a)dt
0

0
@ b —u\* du o [P fv—L o=l dv
_/mb (mb—a) f(u)a—mb+m /i (b—;) f(v)mb—a

G [0+ £ ()]

=I'(a)

From which we get the first inequality in (1). For the prove of second inequality,
in (2) note that if f is m-convex, then for A € [0, 1], it yields

(5) f(ta+m(1 —t)b) <tf(a)+m(1 —1t)f(b)
and
(6) mf (tb + (lmt)a) < mtf(b) +m>(1—t)f (%) .

By adding above two inequalities, we have
(7)  f(ta+m(1 —t)b) +mf (tb + (1m_t)a)
< tf(@) +m(L = OF®) +mtf®) +m*(1-)f (=5).

Multiplying both sides of (7) by %t“‘l, then integrating with respect to ¢ over
[0,1], we get

%/0 19V F (a4 m(1 — )b di + m/ o 1f(tb+(1 t) )dt

g%/o t“f(a)dt+m§/0 =11 — £) f(b)dt + m/ o f
e [l et -or ()
o [ )+ e ()]
(0% 2 (0% m 2

< s/ @ ! () T30+ 5 ()
)

From which we get second inequality in (1).
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Corollary 2.2. If in Theorem 2.1, we take m = 1, then inequality (1) becomes

f (a;b> < QF((boz_Jra;i (72 f(0) + T f(a)] < M

In [20] above result is proved.

Remark 2.3. If we take a = 1 along with m = 1 in Theorem 2.1 then we get the
Hadamard inequality.

For next result we need the following lemma.

Lemma 2.4. Let f : [a,mb] — R be a differentiable mapping on (a, mb) with
a<mb. If f € L[a, mb], then the following equality for fractional integrals holds:

(&f@gmwv%i$wmmwmww1

mb—a

- /0[(1—t)’l—t°‘]f(ta+m(1—t)b)dt,

with o > 0.

Proof. Since

(9)
mb—a
2

/1[(1 —1)* —t*]f (ta 4+ m(1 — t)b)dt

mb—a
2

mb—a

1
= /0 (1—=t)%f (ta+m(1 —t)b)dt —

1
/ t*f (ta 4+ m(1 — t)b)dt.
0
First term of right hand side is calculated as

mb—a

/1(1 — 1) f (ta+m(1 — t)b)dt
0

- @ * g/,:b (aa_flb)a_l a{(i)lbdm
fmb)  T(a+1)

= D) - 2(mb — CL)O‘ Jr%bff(a)a

while second term of right side is calculated as

mb—a

1
. /O £ ¢ (ta + m(1 — £)b)dt

e L) e
f(a) FNa+1)

= T Ymh—q) Je )

Now using these value in (9), we get required result. (I
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Remark 2.5. If we take mm = 1 in Lemma 2.4, then equality (8) becomes

fla)+ f(b) Tla+1), , §
2 T 2b—a)e (T2 f(b) + T2 f(a)]

b—a ! a at ¢ _
_ /O[(l—t) — 1) (ta + (1 t)b)dt,

2

which is proved in [20]. If we take o = 1 along with m = 1 in Lemma 2.4, then
equality (8) gives an equality in [12, Lemma 2.1].

Using above lemma we give the following Hadamard-type inequality for m-convex
functions.
Theorem 2.6. Let f : [a,mb] — R be a differentiable mapping on (a, mb) with
0<a< mb If ’f/‘ is m-convex on [a,mb], then the following inequality for
fractional integrals holds

f(a) + f(mb) MNa+1)
(10) ’ 2 ~ 2(mb—a)®

[ﬁwa+mbﬂm\

mb—a 1 /
<t (1o g ) U@+ 0
with o > 0.

Proof. Using Lemma 2.4 and m-convexity of ‘ f '

'f(a) + f(mb)  T'(a+1)
2

, we find

2(mb — CL)O‘ [J((JXJr f(mb) + JsLbff(a)]

mb—a [ o Lo
ool MCEEES
0

mb

£ (ta +m(1 —t)b))dt

2“AWO—W%%ﬂPVmﬂ+mu—wVwﬂw

mb—a

— (/O (1= 6)* — ¢ [t)f’(a)] Fm(l—t) ‘f’(b)u dt

+[ = (=02 [t | (@] +ma = | £ )] dt)

) |HOES) - EO D ) + 1)

mb—a

(K1 + K>).

Now calculating K7 and Ko, we have

Ky = }f’(a)’ Vé t(1 = t)*dt — /é to‘“dt}
0 0

+m ‘f'(b)‘ Vja _pyetlar - /ju - t)to‘dt]
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, ()t
7'0)] [(a-ll—2) T lat 1)}

: 1 (5)*!
') {(a—l—l)(a—k?) - (a+1)] tm

and

Ky = ‘f'(a)’ Vl totlde — [115(1 t)o‘dt]

+m‘f'(b)‘ [/11(1 —)eedt — /11(1 t)‘*“dt]

3 1

=|f (a)

| ‘ [(aiQ) a ((o%):l)} +m'fl(b)’ {(a—&-l)l(a—l—?) a ((o%):?)} '

Using values of K and K3 in (11), we have

‘f(a) +fmb)  T(a+1)
2

o [Jar f(mb) + J5y_ f(a)]

2(mb — a)
mb—a ’ 1 (%)0“"1 1 (%)cx—!—l
s (f(“)‘ [(a+1)(a—|—2) "yt ey (a—|—1)]
, 1 (%)a+1 1 (%)oﬂrl
+mf(b)‘[(a+1)(a+2)_(a+l) (a+1)_(a+1)]>

= mbz—a (f/(a)‘ [(a—lkl) - (O(FI;)} +m’f/(b)’ {(a—llrl) - (O(éélal)D

ot (1o ) [l el o]

The proof is completed. O

Corollary 2.7. If in Theorem 2.6, we take m =1, then inequality (10) becomes

‘f(a)Jrf(b) _ Dla+1)
2 2(b—a)>

[T F(6) + T f(a)] ]

b—a
<

(1- 5 ) U@+ s 0

which is proved in [20].

Remark 2.8. If we take o = 1 along with m = 1 in Theorem 2.6, then inequality
(10) gives an inequality in [12, Theorem 2.2].

3. HADAMARD-TYPE INEQUALITIES FOR COORDINATED m-CONVEX FUNCTIONS
VIA FRACTIONAL INTEGRALS

In this section we use co-ordinated m-convex functions to give Hadamard type
inequalities for fractional integrals and related fractional inequalities for two co-
ordinates. First we give preliminaries for this section. Throughout we consider
A =[a,b] X [c,d].
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Definition 3.1. [13] A function f : A — R is said to be co-ordinated m-convex on
A if the following inequality holds:

(12)

fltx +m(1 —t)y, su+m(l — s)w)
< tsf(z,u) + ms(1 — ) f(y, u) +mb(1 — 5)f(2,0) + m3(1 — (1 — ) {(y, w),

for all (z,y), (u,w) € A.
In [21] Riemann-Liouville integrals on two co-ordinates are defined as:

Definition 3.2. Consider f € L1(A), then the Riemann-Liouville integrals Jg_fc_‘_,Jgfd_,

JafCJr,J;fdf, of order o, 3 > 0 with a,c > 0 are defined as:
I f ) / / P s)dsdt, > ayy > e,
I f(@,y) / / 2= 8271 (s — )P f (L, s)dsdt,x > a,y < d,
_C+f(x y) / / —5)P7f(t,8)dsdt, x < b,y > ¢,
and
B 1 b 1 B-1
Sy flzyy) = 7/ / (t—2)* (s—y)"  f(t,s)dsdt,x < by <d
b D()L(B) Ja Jy

respectively. Also
Joer (@ y) = T o f(@y) = 20 flayy) = B0 fla,y) = fla,y).

There in [21] also defined:

o ct+d) 1 ”” 1 c+d

Ja+f<x, 5 >F(o¢)/a (z—1t) f(t, 5 >dt,x>a,
d I d

Jb f(.%',c—; )ZM/m(t_x)a 1f(t,c_|2_ )dt,l‘<b7

3 a+b 1 Yoo g fathd

Jc+ < 9 7y> _F(ﬁ),/c (y 8) f( )dsay>ca

2
b ¢ b
it (“; y) F(lﬁ)/ (s ="' (“; ) ds,y < d.
Y

In the following we give Hadamard type inequalities for co-ordinated m-convex
functions on co-ordinates.

Theorem 3.3. Let f : [0,00) x [0,00) — R be co-ordinated m-convex functions
with 0 <a<mb,0<c<mdand f € L1([0,00) x [0,00)). Then for 0 < a < mb,
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0 < ¢ < md the following inequalities hold

(13)
a+mb c+md < Mo+ 1I'(B+1)
f( 2 72 ) 4(mb — a)*(md — ¢)8
+mJlf (mb —) +mJyh (%,md) m2Jy P, f( )}

2

< o o) o i) o () 10

[ a+ c+f(mb md)

*m{ﬂm‘m”(“’n@ (o z) = ()]
taarm 7 (@)~ (med) =t () + o (@)
gy e = s (b 5) =y (1) + s (55).

Proof. From inequality (12) with © = tja + m(1 — t1)b, y = % + t1b, u =

(1—=s1)c al)c

sic+m(l—sy)d, w= + s1d, t-s-z,weget

(14)
f a+mb ¢+ md
2 72

> i [f(tra +m(1 —t1)b, s1c+m(1 — s1)d)
+mf <t1a +m(1 —t1)b, E(l —s1)c+ 31d> +mf <71n(1 —t1)a+ t1b, s1¢ +m(1 — sl)d)

—|—m2f( (1—t1)a +tlb7rln(1—81)c+81d>]

Multiplying both sides of inequality (14) with ¢35~

ing inequality over [0, 1] x [0, 1], we get

and integrating the result-

(15) if (a—l—mb c-i—md)

af 2 2

1
Z [/ / e lg f(tia+m(1 —t1)b, s1c+m(l — s1)d) ds1dty
1
+m/ / ti"*lsf—lf (tla + m(1 — t1)b, E(l —s1)c+ 31d> dsidty
1
+m/ / ta ls ( (1 - tl) + t1b, 81+ m(l — 81)d> dsi1dt;
2 a—1 _pB—1 1 1

+m t1 i fl = —=t)a+t1b, —(1 = s1)c+ s1d | dsidty | .
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Using the change of variables we have

aerb c+md
ol ()
mb md
S T [/ [ =) md = )" o )iy

mb 51 md (l a—1
—|—m/ / mb — x)* ! y——) xydydx—l—m// x——

(md — y)°~ f{,y)dyda + m? / / (z- 2™

(y— m)ﬁ Yf(x, y)dydx] :

From which one can have first inequality of (13).
On the other hand from (12) for x = a, y = b, u = ¢, w = d, we have

f(ta+m(1 —t)b,sc+m(1l — s)d)
<tsfla,c) +ms(1 —t)f(b,c) +mt(l —s)f(a,d) +m*(1 —t)(1 — s)f(b,d)

f (ta+m(1 —1)b, m(lm )c+sd>

< mt(1-5)f (o %) +m2(1 =1 - 5)f (b, %) +tsf(a,d) +ms(1—t)£(b,d)

f (m(ln;t)a +tb,sc+m(l — s)d>

<ms(1—t)f (%C) Ftsf(b,c) +m2(1—t)(1—s)f (%,d) +mt(1 — s)f(b,d)
f (m(lm;)a + tb,m(lgl;)c + sd>

a

m2(1= (1= ) (g5 )+ mt(L = )f (b5 ) +m(1 = 1) (-5, d)
+tsf(b, d).

Adding the above four inequalities we get

(16)

flta+m(1l —¢)b,sc+m(1 — s)d) + mf (ta+m(l — )b, m(lm )c+sd)

m

+mf (m(ln;t)athb, sc+m(l— s)d) +m2f (m(lw;t)athb,m(l _2s)c+ sd>
<tsf(a,c) +m?t(1 —s)f (a m—) +m?s(1—t)f (%c) +m3(1—1t) (%,d)

a

f
+m*(1—t)(1 —s)f (W’ W) +msf(b,c) +mtf(a,d) +m>(1—s)f (b, %)
+m2f(b,d).
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Multiplying both sides of inequality (16) with t*~1s?
ing inequality over [0, 1] x [0, 1], we get
(17)

/0 1 /0 L (L~ )b, se + m(1L — $)d)dsd

o / 1 / gy (ta +m(1—t)b,m ) dst

w [ [ ety (Dt ek~ >d

ot [ [ 0 (0 L

< [ [ e frwa s (o) + f<m27m2>-m2f<%,cndsdt.

b [ [ g (5 5) s () s (i) + s 0] dsa
o e (o) =t () - (i *)erf(a 0] asar.
e s (355) <t () ()]

Using change of variables we have
(18)

~! and integrating the result-

L()T(5) o o ¢
(mb — a)*(md — c)? it f(mb,ma) TPy f (mb, =)

+mJaB+f( )+mJa f(m m)}
1

S @0 - ms (o) +mt ()~ (o)
g [ (o) s () + s () +ms )
i m (21 (0, 2) = m2f (25,d) = mtf (S5, 55) + mf(a,d)]

1

o e =t () =t (G )+ ()

From which one can have second inequality of (13).

O

Corollary 3.4. If in Theorem 3.8 we take m = 1, then inequality (13) becomes
a+b c+d

(550

F(a + I)F(ﬁ + 1) a,B a,B o, a,p

1= rid = g oL FOd) + T F0,0) 4 5 S0, d) + T fa,0)]

fla,¢) + fla,d) + f(b,¢) + f(b,d)
. :

IN
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which is proved in [21].

Remark 3.5. If we put a = 8 =1 along with m = 1 in Theorem 3.3 then we get
Hadamard inequalities in two co-ordinates.

Theorem 3.6. Let f : [0,00) x [0,00) — R be co-ordinated m-convex and f €
L1(]0,00) x [0,00)). Then for 0 < a < mb following inequalities hold:

(19)

a+mb c+md
/ s

<. a+1a{J+ (mb7c+md)+mo‘+1Jbaf(gl,c—i_md)]

4(mb —
ol i {J o f <a+mb,md> +mfHge g (”mb,cﬂ
)T(

)
ﬁ+1)
—c)
( +1D)I(B+1)
~ 4(mb — a)*(md — c)B

+ (a+1+mﬁ+1> Jo ot ( md) a+ﬁ+2ja Bd (ﬁ’ C)}

2 m m
mao

< gy oo (o) = () s (7 15)]

g 00 s () =mr (b 15) = (o o)

I o () o 5 0 )]

srfﬁaﬁ&iff = al))a e Fmb,c) —m2 g, f (mb, —5 ) +me g f (= c)
91 ()| a0 =21 (1m)

(o 2) w1 (5 5]

)
m2’ m

5 [Ty pmb )y + w528 f (b, )

Proof. Since f : [0,00) X [0,00) — R is co-ordinated m-convex, so the mapping
gu 1 [0,00) = R, g.(t) = f(x,t), is m-convex on [0, 00) for all x € [0,00). By using
inequality (1), we can write

o <C+2md> S z(n(fdJr 1; [J ' o (md) +m" ] g, (%)]

B
< oy 9200 = ()] + 5 [oe@+mae (5]

which implies,

(20)
f (33 C+2md> < 2(mdl8— PE Vcw(md—y)ﬁ1f(33,y)dy+mﬁ+1 /d (v- ;)ﬂlf(x,y)dy]
< g Fo = (e 5iz)| 5 [ s (v 5)]
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Multiplying both sides of inequality (20) with %
sulted inequality over [a,mb], we get

(21)

and integrating the re-

mb md
(md—;wmb—a l/“ /ﬁ @)t md = )" S () dyde

+mPtt /mb/ (y - %)B_l f(%y)dydx]

4B+ 1)(mb — a)~

4(mb — a)®

m mb
R L — l/ b(mb—x)a_lf(x,d)dx—i—m/ (mb —

12 la(z—

Multiplying both sides of inequality (20) with W

resulted inequality over [ b], we get,

motly b aya—1 c+md
2(mb — a)® /7 (ac—%) f(am 2 )dac

| N

4(md — c)B

(22)
ettt [ =) (=) s

gm l/ﬂb (x—%)ailf(x d)dm+m/ z——

aya-l

af Vambwb — 2)* 1 f(z, )dz — m? /amb<mb — )27 (o W) dm]

) Lf (a:, #) dx] .

and integrating the

a+1 md _
s V [ o= )" md = e dya

metlo b a\a—1 c
+4(5+1)(mbﬁa)a [/;;(x—) xcdx—m/ f<$7mQ)dx1'
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Similarly for the mapping g, : [0,00) — R, g,(t) = f(¢,y), we have

(23)
md
(mdﬁc)g/ (md —y)?~* f (a+2mb,y> dy
04,3 mb md a 4
S Mmd = )P (mb—a)e V / — )" (md — )"~ f(z, y)dydx
md o
et /i /c (m N %) (md — )" (o y)dydm]

4(md — ¢

T i 1)025151 — )P MWZ(md 9 ey —m? /cmd(md =~ () dy]

< s chdwd sty [ a7 () dy]

and

(24)
mPHg d c\B-1 a+mb
2(md — c)B /7 (y_E) f( 2 ,y) dy

mbP+laB l/mb/ (mb — 2)*~ 1 y—£> 71f(x,y)dydm

~ 4(md — ¢)B(mb — a)>

g1

S WA
< 4<Zz+zi)ﬁ V: (v- %)[H £ (b, y)dy+m/: (v- %)[H f(=50) dy]

T i ﬁi&if BE [/d (y N %)ﬁ_l f(@y)dy —m? /d <y N %)ﬁ_l / (%y) dy} '

[z, y)dydw]
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Adding (21), (22), (23), (24), we get,
(25)

Ta+1) [, +md 1w +md
4(77(1aba;°‘ [Ja+f (mb’c 2m ) +me e f (;70 2m )}

r'g+1) a+mb a+mb c
g e e (D) e (V50

Fla+1)I(B+1) s .
4(mb — a)*(md — )5 { at, C+f(mb md) + m5+1Ja+ Lt (mb, E)

Ll (2 md)+ma+5+2f’ﬁ 1(E L)

<

mI'(a+1) N atl T a
< Soms— 2 [ +mJ+f(mb ) metLr f(a,d)
+mot2Je f (ﬁ

)] mm” ml(5+1) [ 721, md)+mJ+f< md)
m +2J6 f(j )}Jr Pla+1I(B+1)

8(B+1)(mb—a)
—m2Je, f (mb, ) metigr
)
B
C

[Jgﬁrf(mb, c)

m’ m?2

ST D) md —g? |7/ (@md) —m 2L (md) 4 m L (0, )

IS ()

Now from the first inequality of (1) via g, and g, we get

a+mb c+md o mb o c+md
e P "

b a—1
n maJrl/ (x B a) f <$7 ”2””“1) dm]
a m

a
"
m

—

m
= C) - ()]
Fla+1)I'(B+1
c)

m

and

b d md b
f<a+2m ,c+2m ) < Q(mdﬁ_c)ﬂ l/c (md—y)P~'f (a+2m y) dy

md
c\B-1 a+mb
4 mPH / (v-2) f< 5 y) dy].

Adding above two inequalities we get,

(26)

a+mb c+md MNa+1) o c+md atl 7o a c+md
<
f( 2 72 ) ~ 4(mb — a)* {J‘”f (mb, 2 ) Fmt IS m’ 2

L(B+1) a+mb a+mb ¢
g [P (M) en ik (M)
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Similarly using the second inequality in (1) one can get

2 b

ma " _ c N b ano—1 c
Q(mb—a)a[/a (mb—x)* 1f(:r7mz)da:+m+1/:l<x—m) f(x,m2>dx]
Satarn (@)~ G|+ 5 1 () s (5555

s [ s s [ (o 2) o]

m

m

2

00 (.0)] 4 2 100+ (2.

mao
2(a+1)

st [ [ (v [ -2 (20)

< s ¥ i) =t (o )] + 5 [ (o) 05 ()]

and

i [ / " d - )5 10, )y + P /d (=) st y)dy]

mp 2

s [ 5 5] 4 7 s (5]

By adding the above four inequalities we get

<

(27) m [ f b d) gy g (mb,5) et p (2 d)
51 (2 )] O s st (i
(1) (2 )
< s o) 1 () (2 )

m2
s [ () =3 (05) o (215

g () 55 (2 5]
Adding the following term on both sides of (27)

;&jggg +a1)) [Tz mb ) = m T f (mb, ) + et f (1)
(B+1

_ma+3,],j*_f(a - )} 8lzgza++1§zmd c)

) o ()

m’ m?

)B [Jﬂf(a,m )—mQJif (%,md)
J
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After adding the above term we get

(28)
m [J;+f(mb, d) +mJe, f (mb >+ma+1J°‘ f (%,d)

et (L, )] 4! mrﬁ+1 [f+f(b,md)+mJ+f( md)
,f)-l-m
m

“def (%v#)}
I(a+ 1B+

8(B + 1)(mb — al))a {Jg+f(mb’ ¢) = mJa f(m ( ) Fme T (%0)

n@ﬁ&?&mmwwwmhw

£
+mPHLIP (b

< S @D+ (av#) S () o ()
+ ey 00+ m (pe) =t (b.005) =7 (53]

[+ mf () +mg (b %) et ()]

m2

12(;_:11 mf+1 { f(mb,c) +f( ) +mt TS (%’C>
(o )] BT s (]

o) -0 ()

by combining (25), (26), (28) we get (19). O

Corollary 3.7. In Theorem 3.6 if we consider the inequality that exists between the
second and third inequalities and take m = 1 then we get the following inequalities

f<w;{c;d>fiifﬁ§i[a+f< c+d>+be( c;d)}

e [0 (55 >+%if(“§“0]
< Z((gx jal))a(gzﬂjc)ﬁ) [ Sl F(byd) + T80 f(be)

I3 e d) + I3 fa,0)]

= w [Ja f(by€) + gy f(b,d) + T3 f(a,e) + Ji f(a, d)]

S [0 )+ J2 )+ T f(0s0) 4 0.0

< fla0) + fla, d) + f(b,¢) + f(b,d)
< 1 .

+
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In this result we note a misprint that there should be % instead of% in the first term
of last inequality and this result is proved in [21].

4. CONCLUSION

In Section 2, we generalized many results given by Sarikaya et al. in [20], specially
in Theorem 2.1, a version of the Hadamard inequality for m—convex functions via
fractional integral is presented. In Section 3, the results are extended for m—convex
function on coordinates, Theorem 3.3 is a generalization of [21, Theorem 3], while
Theorem 3.6 is generalization of [21, Theorem 4]. This work may be further ex-
tended for m—convex functions on coordinates defined for suitable domain in R™.
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