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NEW GENERAL INTEGRAL INEQUALITIES FOR

LIPSCHITZIAN FUNCTIONS VIA RIEMANN-LIOUVILLE

FRACTIONAL INTEGRALS AND APPLICATIONS

İMDAT İŞCAN, MEHMET KUNT*, NAZLI YAZICI GÖZÜTOK,TUNCAY KÖROĞLU

Abstract. In this paper, we obtain some new estimates on generalization of

Hermite-Hadamard, Ostorowski and Simpson type inequalities for Lipschitzian
functions via Riemann-Liouville fractional integrals. Also, we give some appli-

cations to special means of two positive real numbers.

1. Introduction

In recent years, many authors have studied errors estimations for Hermite-
Hadamard, Ostorowski and Simpson type inequalities, see [1, 2, 3, 4, 7, 14].

But this inequalities rarely studied for M -Lipschitzian functions. In our obser-
vation, some works for this subject as follows:

In [5], Dragomir et. al. give some inequalities of Hadamard’s type for M -
Lipschitzian functions and give some applications which are connected some spe-
cial means of two positive numbers. In [21], Yang and Tseng establish several
inequalities of Hadamard’s type for Lipschitzian mappings. In [17, 18], Wang study
several inequalities of Hadamard’s type for Lipschitzian mappings and give some
applications. In [16], Tseng et. al. establish some Hermite-type and Bullen-type in-
equalities for Lipschitzian functions and give several applications for special means.
In [6], Hwang et. al. establish some Hadamard-type inequalities for Lipschitzian
functions in one and two variables and give several applications for special means.
In [11], İşcan study Hadamard, Ostorowski and Simpson type inequalities for Lips-
chitzian functions via Hadamard fractional integrals and give some applications to
special means of positive real numbers.

Because of the wide application of Hermite-Hadamard type inequalities and frac-
tional integrals, many researchers extend their studies to Hermite-Hadamard type
inequalities involving fractional integrals not limited to integer integrals. Recently,
more and more Hermite-Hadamard inequalities involving fractional integrals have
been obtained for different classes of functions; see [8, 9, 15, 19, 20].
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In this work, we study Hadamard, Ostorowski and Simpson type inequalities
for Lipschitzian functions via Riemann-Liouville fractional integrals and give some
applications to special means of positive real numbers.

2. Preliminaries and General Conditions

Let a real function f be defined on some nonempty interval I of real line R. The
function f is said to be convex on I if inequality

f (tx+ (1− t) y) ≤ tf (x) + (1− t) f (y)

holds for all x, y ∈ I and t ∈ [0, 1].
The following inequalities are well known in the literature as Hermite-Hadamard,

Ostorowski and Simpson inequalities respectively.

Theorem 1. Let f : I ⊆ R→ R be a convex function defined on the interval I of
real numbers and a, b ∈ I with a < b. The following double inequality holds:

(2.1) f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
.

Theorem 2. Let f : I ⊆ R→ R be a mapping differentiable in I◦, the interior
of I, and let a, b ∈ I◦ with a < b. If |f ′ (x)| ≤ M , x ∈ [a, b]; then the following
inequality holds:

(2.2)

∣∣∣∣∣f (x)− 1

b− a

∫ b

a

f (t) dt

∣∣∣∣∣ ≤ M

b− a

[
(x− a)

2
+ (b− x)

2

2

]
for all x ∈ [a, b].

Theorem 3. Let f : [a, b]→ R be four times continuously differentiable mapping
on (a, b) and

∥∥f (4)
∥∥
∞ = supx∈(a,b)

∣∣f (4) (x)
∣∣ < ∞. Then the following inequality

holds:

(2.3)

∣∣∣∣∣13
[
f (a) + f ((b))

2
+ 2f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f (t) dt

∣∣∣∣∣ ≤
∥∥f (4)

∥∥
∞

2880
(b− a)

4
.

The following definition of M -Lipschitzian function is well known in the litera-
ture.

Definition 1. A function f : I ⊆ R→ R called an M -Lipschitzian function on the
interval I of real numbers with M ≥ 0 if

(2.4) |f (x)− f (y)| ≤M |x− y|
for all x, y ∈ I.

The following definitions and mathematical preliminaries of fractional calculus
theory are used further in this paper.

Definition 2. [13]. Let f ∈ L [a, b]. The Riemann-Liouville fractional integrals
Jαa+f and Jαb−f of order α > 0 with a ≥ 0 are defined by

Jαa+f(x) =
1

Γ(α)

∫ x

a

(x− t)α−1
f(t)dt, x > a

and

Jαb−f(x) =
1

Γ(α)

∫ b

x

(t− x)
α−1

f(t)dt, x < b
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respectively, where Γ(α) is the Gamma function defined by Γ(α) =
∞∫
0

e−ttα−1dt and

J0
a+f(x) = J0

b−f(x) = f(x).

In [10], İşcan give the definition of harmonically convex functions and establish
the following Hermite-Hadamard type inequality for harmonically convex functions.

Definition 3. Let I ⊂ R\ {0} be a real interval. A function f : I → R is said to
be harmonically convex, if

(2.5) f

(
xy

tx+ (1− t) y

)
≤ tf (y) + (1− t) f (x)

for all x, y ∈ I and t ∈ [0, 1]. If the inequality in (2.5) is reversed, then f is said to
be harmonically concave.

Theorem 4. [10]. Let f : I ⊂ R\ {0} → R be a harmonically convex function and
a, b ∈ I with a < b. If f ∈ L [a, b] then the following inequalities holds:

(2.6) f

(
2ab

a+ b

)
≤ ab

b− a

∫ b

a

f (t)

t2
dt ≤ f (a) + f (b)

2
.

In [12], Kunt et al. establish Hermite-Hadamard’s inequalities for harmonically
convex functions in Riemann-Liouville fractional integral forms as follows:

Theorem 5. Let f : I ⊆ (0,∞) → R be a function such that f ∈ L [a, b], where
a, b ∈ I with a < b. If f is a harmonically convex function on [a, b], then the
following inequalities for fractional integrals holds:

(2.7) f

(
2ab

a+ b

)
≤ Γ (α+ 1)

21−α

(
ab

b− a

)α{ Jαa+b
2ab +

(f ◦ g) (1/a)

+Jαa+b
2ab −

(f ◦ g) (1/b)

}
≤ f (a) + f (b)

2

with α > 0 and g(x) = 1/x, x ∈
[

1
b ,

1
a

]
.

3. General Results

Let I ⊆ (0,∞) be a real interval and f : I → R be a M -Lipschitzian function on
I; throughout this section, we will take

(3.1) If (x, λ, α, a, b) = (1− λ)

[(
1

a
− 1

x

)α
+

(
1

x
− 1

b

)α]
f (x)

+λ

[
f (a)

(
1

a
− 1

x

)α
+ f (b)

(
1

x
− 1

b

)α]
−Γ (α+ 1)

[
Jα1

x + (f ◦ g) (1/a) + Jα1
x−

(f ◦ g) (1/b)
]

(3.2) Sf (x, y, α, a, b) = f (x) + f (y)−
(

2ab

b− a

)α
Γ (α+ 1)

×
[
Jαa+b

2ab +
(f ◦ g) (1/a) + Jαa+b

2ab −
(f ◦ g) (1/b)

]
where a, b ∈ I with a < b, x, y ∈ [a, b], g(t) = 1/t, λ ∈ [0, 1], α > 0 and Γ is Euler
Gamma function.
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Theorem 6. Let f : I ⊆ (0,∞) → R be a M -Lipschitzian function on I and
a, b ∈ I with a < b. Then for all x ∈ [a, b], λ ∈ [0, 1] and α > 0 we have the
following inequality for Riemann-Liouville fractional integrals

(3.3) |If (x, λ, α, a, b)| ≤M
{

[(1− λ)x− λa]

(
1

a
− 1

x

)α
+α (2λ− 1)

∫ 1
a

1
x

(
1

a
− t
)α−1

1

t
dt+ [λb− (1− λ)x]

×
(

1

x
− 1

b

)α
+ α (1− 2λ)

∫ 1
x

1
b

(
t− 1

b

)α−1
1

t
dt

}
.

Proof. Since f is a M -Lipschitzian function, then we have the following inequality

|If (x, λ, α, a, b)| =
∣∣∣∣(1− λ)

[(
1

a
− 1

x

)α
+

(
1

x
− 1

b

)α]
f (x)

+λ

[
f (a)

(
1

a
− 1

x

)α
+ f (b)

(
1

x
− 1

b

)α]
−Γ (α+ 1)

[
Jα1

x + (f ◦ g) (1/a) + Jα1
x−

(f ◦ g) (1/b)
]∣∣∣

≤ (1− λ)

∣∣∣∣∣
(

1

a
− 1

x

)α
f (x)− α

∫ 1
a

1
x

(
1

a
− t
)α−1

f

(
1

t

)
dt

+

(
1

x
− 1

b

)α
f (x)− α

∫ 1
x

1
b

(
t− 1

b

)α−1

f

(
1

t

)
dt

∣∣∣∣∣
+λ

∣∣∣∣∣
(

1

a
− 1

x

)α
f (a)− α

∫ 1
a

1
x

(
1

a
− t
)α−1

f

(
1

t

)
dt

+

(
1

x
− 1

b

)α
f (b)− α

∫ 1
x

1
b

(
t− 1

b

)α−1

f

(
1

t

)
dt

∣∣∣∣∣
≤ α (1− λ)

{∫ 1
a

1
x

(
1

a
− t
)α−1 ∣∣∣∣f (x)− f

(
1

t

)∣∣∣∣ dt
+

∫ 1
x

1
b

(
t− 1

b

)α−1 ∣∣∣∣f (x)− f
(

1

t

)∣∣∣∣ dt
}

+αλ

{∫ 1
a

1
x

(
1

a
− t
)α−1 ∣∣∣∣f (a)− f

(
1

t

)∣∣∣∣ dt
+

∫ 1
x

1
b

(
t− 1

b

)α−1 ∣∣∣∣f (b)− f
(

1

t

)∣∣∣∣ dt
}

≤ α (1− λ)M

{∫ 1
a

1
x

(
1

a
− t
)α−1(

x− 1

t

)
dt

+

∫ 1
x

1
b

(
t− 1

b

)α−1(
1

t
− x
)
dt

}
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+αλM

{∫ 1
a

1
x

(
1

a
− t
)α−1(

1

t
− a
)
dt

+

∫ 1
x

1
b

(
t− 1

b

)α−1(
b− 1

t

)
dt

}
.

By a simple computation from this inequality we have the inequality (3.3). This
completes the proof. �

Corollary 7. In Theorem 6, if one takes λ = 0, then one has

(3.4)

∣∣∣∣∣
(

1
a −

1
x

)α
+
(

1
x −

1
b

)α
21−α

(
ab

b− a

)α
f (x)− Γ (α+ 1)

21−α

(
ab

b− a

)α
×
[
Jα1

x + (f ◦ g) (1/a) + Jα1
x−

(f ◦ g) (1/b)
]∣∣∣

≤ M

21−α

(
ab

b− a

)α{
x

[(
1

a
− 1

x

)α
−
(

1

x
− 1

b

)α]
+α

[∫ 1
x

1
b

(
t− 1

b

)α−1
1

t
dt−

∫ 1
a

1
x

(
1

a
− t
)α−1

1

t
dt

]}
.

In (3.4),
(1) If one takes α = 1, then one has

(3.5)

∣∣∣∣∣f (x)− ab

b− a

∫ b

a

f (t)

t2
dt

∣∣∣∣∣ ≤M ab

b− a

{
x (a+ b)

ab
− 2 + ln

ab

x2

}
,

(2) If one takes x = 2ab
a+b , then one has

(3.6)

∣∣∣∣∣f
(

2ab

a+ b

)
− Γ (α+ 1)

21−α

(
ab

b− a

)α [ Jαa+b
2ab +

(f ◦ g) (1/a)

+Jαa+b
2ab −

(f ◦ g) (1/b)

]∣∣∣∣∣
≤ M

21−α

(
ab

b− a

)α
α

{∫ a+b
2ab

1
b

(
t− 1

b

)α−1
1

t
dt−

∫ 1
a

a+b
2ab

(
1

a
− t
)α−1

1

t
dt

}
,

(3) If one takes α = 1 and x = 2ab
a+b , then one has

(3.7)

∣∣∣∣∣f
(

2ab

a+ b

)
− ab

b− a

∫ b

a

f (t)

t2
dt

∣∣∣∣∣ ≤M ab

b− a
ln

(a+ b)
2

4ab
.

Corollary 8. In Theorem 6, if one takes λ = 1, then one has

(3.8)

∣∣∣∣∣f (a)
(

1
a −

1
x

)α
+ f (b)

(
1
x −

1
b

)α
21−α

(
ab

b− a

)α
− Γ (α+ 1)

21−α

(
ab

b− a

)α
×
[
Jα1

x + (f ◦ g) (1/a) + Jα1
x−

(f ◦ g) (1/b)
]∣∣∣

≤ M

21−α

(
ab

b− a

)α{[
b

(
1

x
− 1

b

)α
− a

(
1

a
− 1

x

)α]
+α

[∫ 1
a

1
x

(
1

a
− t
)α−1

1

t
dt−

∫ 1
x

1
b

(
t− 1

b

)α−1
1

t
dt

]}
.

In (3.8),
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(1) If one takes x = 2ab
a+b , then one has

(3.9)

∣∣∣∣f (a) + f (b)

2
− Γ (α+ 1)

21−α

(
ab

b− a

)α
×
[
Jαa+b

2ab +
(f ◦ g) (1/a) + Jαa+b

2ab −
(f ◦ g) (1/b)

]∣∣∣
≤ M

21−α

(
ab

b− a

)α{
(b− a)

(
b− a
2ab

)α
+α

[∫ 1
a

a+b
2ab

(
1

a
− t
)α−1

1

t
dt−

∫ a+b
2ab

1
b

(
t− 1

b

)α−1
1

t
dt

]}
,

(2) If one takes α = 1 and x = 2ab
a+b , then one has

(3.10)

∣∣∣∣∣f (a) + f (b)

2
− ab

b− a

∫ b

a

f (t)

t2
dt

∣∣∣∣∣ ≤M ab

b− a

{
(b− a)

2

2ab
+ ln

4ab

(a+ b)
2

}
.

Remark. In (3.6) and (3.7) we get new inequalities about the left hand side of
Hermite-Hadamard’s inequalities of (2.7) and (2.6), in (3.9) and (3.10) we get new
inequalities about the right hand side of Hermite-Hadamard’s inequalities of (2.7)
and (2.6) respectively for M -Lipschitzian functions.

Corollary 9. In Theorem 6,
(1) If one takes λ = 1

3 , x = 2ab
a+b , then one has

(3.11)

∣∣∣∣13
[
f (a) + f (b)

2
+ 2f

(
2ab

a+ b

)]
− Γ (α+ 1)

21−α

(
ab

b− a

)α
×
[
Jαa+b

2ab +
(f ◦ g) (1/a) + Jαa+b

2ab −
(f ◦ g) (1/b)

]∣∣∣
≤ M

21−α

(
ab

b− a

)α{
b− a

3

(
b− a
2ab

)α
+
α

3

(∫ a+b
2ab

1
b

(
t− 1

b

)α−1
1

t
dt−

∫ 1
a

a+b
2ab

(
1

a
− t
)α−1

1

t
dt

)}
.

Specially if one takes α = 1 in (3.11), then one has

(3.12)

∣∣∣∣∣13
[
f (a) + f (b)

2
+ 2f

(
2ab

a+ b

)]
− ab

b− a

∫ b

a

f (t)

t2
dt

∣∣∣∣∣
≤M ab

b− a

{
(b− a)

2

6ab
+

1

3
ln

(a+ b)
2

4ab

}
,

(2) If one takes λ = 1
2 , x = 2ab

a+b , then one has

(3.13)

∣∣∣∣12
[
f (a) + f (b)

2
+ f

(
2ab

a+ b

)]
− Γ (α+ 1)

21−α

(
ab

b− a

)α
×
[
Jαa+b

2ab +
(f ◦ g) (1/a) + Jαa+b

2ab −
(f ◦ g) (1/b)

]∣∣∣ ≤M b− a
4

.

Specially if one takes α = 1 in (3.13), then one has

(3.14)

∣∣∣∣∣12
[
f (a) + f (b)

2
+ f

(
2ab

a+ b

)]
− ab

b− a

∫ b

a

f (t)

t2
dt

∣∣∣∣∣ ≤M b− a
4

.
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Corollary 10. In Theorem 6, if one takes α = 1, then one has

(3.15)

∣∣∣∣∣(1− λ) f (x) + λ

[
f (a)

(
1
a −

1
x

)
+ f (b)

(
1
x −

1
b

)
b−a
ab

]
− ab

b− a

∫ b

a

f (t)

t2
dt

∣∣∣∣∣
≤M ab

b− a

{
[(1− λ)x− λa]

(
1

a
− 1

x

)
+ [λb− (1− λ)x]

(
1

x
− 1

b

)
+ (2λ− 1) ln

x2

ab

}
.

Specially, if one takes x = 2ab
a+b in (3.15), then one has

(3.16)

∣∣∣∣∣(1− λ) f

(
2ab

a+ b

)
+ λ

[
f (a) + f (b)

2

]
− ab

b− a

∫ b

a

f (t)

t2
dt

∣∣∣∣∣
≤M ab

b− a

{
λ

(b− a)
2

2ab
+ (2λ− 1) ln

4ab

(a+ b)
2

}
.

Remark. If we take λ = 0, λ = 1, λ = 1
3 and λ = 1

2 in inequality (3.16) we obtain
inequalities (3.7), (3.10), (3.12) and (3.14), respectively.

Let f : I ⊆ (0,∞) → R be a M -Lipschitzian function on I and a, b ∈ I with
a < b. In the next Theorem a ≤ x ≤ y ≤ b and define Uα (x, y), α > 0 as follows:

(1) If a ≤ 2ab
a+b ≤ x ≤ y ≤ b, then

(3.17) Uα (x, y) =
x

α

(
b− a
2ab

)α
− y

α

[
2

(
b− y
by

)α
−
(
b− a
2ab

)α]

−
∫ 1

a

a+b
2ab

(
1

a
− t
)α−1

dt

t
+

∫ 1
y

1
b

(
t− 1

b

)α−1
dt

t
−
∫ a+b

2ab

1
y

(
t− 1

b

)α−1
dt

t
,

(2) If a ≤ x ≤ 2ab
a+b ≤ y ≤ b, then

(3.18) Uα (x, y) =
x

α

[
2

(
x− a
ax

)α
−
(
b− a
2ab

)α]
− y

α

[
2

(
b− y
by

)α
−
(
b− a
2ab

)α]

+

∫ 1
x

a+b
2ab

(
1

a
− t
)α−1

dt

t
−
∫ 1

a

1
x

(
1

a
− t
)α−1

dt

t

+

∫ 1
y

1
b

(
t− 1

b

)α−1
dt

t
−
∫ a+b

2ab

1
y

(
t− 1

b

)α−1
dt

t
,

(3) If a ≤ x ≤ y ≤ 2ab
a+b ≤ b, then

(3.19) Uα (x, y) =
x

α

[
2

(
x− a
ax

)α
−
(
b− a
2ab

)α]
− y

α

(
b− a
2ab

)α

+

∫ 1
x

a+b
2ab

(
1

a
− t
)α−1

dt

t
−
∫ 1

a

1
x

(
1

a
− t
)α−1

dt

t
+

∫ a+b
2ab

1
b

(
t− 1

b

)α−1
dt

t
.



8 İ. İŞCAN, M. KUNT, N. Y. GÖZÜTOK, T. KÖROĞLU

Theorem 11. Let x, y, α, Uα (x, y) and function f be defined as above. Then we
have following inequality for Riemann-Louville fractional integrals

(3.20) |Sf (x, y, α, a, b)| ≤Mα

(
2ab

b− a

)α
Uα (x, y) .

Proof. Since f is a M -Lipschitzian function, then we have the following inequality

(3.21) |Sf (x, y, α, a, b)| = α

(
2ab

b− a

)α ∣∣∣∣∣
(
b−a
2ab

)α
α

f (x) +

(
b−a
2ab

)α
α

f (y)

−Γ (α)
[
Jαa+b

2ab +
(f ◦ g) (1/a) + Jααa+b

2ab −
1
x−

(f ◦ g) (1/b)
]∣∣∣

= α

(
2ab

b− a

)α ∣∣∣∣∣
∫ 1

a

a+b
2ab

(
1

a
− t
)α−1

f (x) dt

+

∫ a+b
2ab

1
b

(
t− 1

b

)α−1

f (y) dt−
∫ 1

a

a+b
2ab

(
1

a
− t
)α−1

f

(
1

t

)
dt

−
∫ a+b

2ab

1
b

(
t− 1

b

)α−1

f

(
1

t

)
dt

∣∣∣∣∣
≤ α

(
2ab

b− a

)α{∫ 1
a

a+b
2ab

(
1

a
− t
)α−1 ∣∣∣∣f (x)− f

(
1

t

)∣∣∣∣ dt
+

∫ a+b
2ab

1
b

(
t− 1

b

)α−1 ∣∣∣∣f (y)− f
(

1

t

)∣∣∣∣ dt
}

≤Mα

(
2ab

b− a

)α{∫ 1
a

a+b
2ab

(
1

a
− t
)α−1 ∣∣∣∣x− 1

t

∣∣∣∣ dt
+

∫ a+b
2ab

1
b

(
t− 1

b

)α−1 ∣∣∣∣y − 1

t

∣∣∣∣ dt
}
.

Using (3.17), (3.18) and (3.19), by a simple calculations, we have

(3.22)

∫ 1
a

a+b
2ab

(
1

a
− t
)α−1 ∣∣∣∣x− 1

t

∣∣∣∣ dt+

∫ a+b
2ab

1
b

(
t− 1

b

)α−1 ∣∣∣∣y − 1

t

∣∣∣∣ dt = Uα (x, y) .

Now using (3.21) and (3.22) we obtain (3.20). This completes the proof. �

With using assumptions of Theorem 11 we have the following corollary and
remarks.

Corollary 12. In Theorem 11, if one takes α = 1, then the inequality (3.20) reduces
the following inequality

(3.23)

∣∣∣∣∣f (x) + f (y)− 2ab

b− a

∫ b

a

f (t)

t2
dt

∣∣∣∣∣ ≤M 2ab

b− a
U1 (x, y) .

Remark. In Theorem 11, if one takes x = y = 2ab
a+b , then the inequality (3.20)

reduces the inequality (3.6).

Remark. In Theorem 11, if one takes x = a and y = b, then the inequality (3.20)
reduces the inequality (3.9).
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4. Applications to Special Means

Let us recall the following special means of positive numbers a, b with a < b.
(1) The arithmetic mean:

(4.1) A = A (a, b) :=
a+ b

2
,

(2) The geometric mean:

(4.2) G = G (a, b) :=
√
ab,

(3) The harmonic mean:

(4.3) H = H (a, b) :=
2ab

a+ b
,

(4) The logarithmic mean:

(4.4) L = L (a, b) :=
b− a

ln b− ln a
,

(5) The identric mean:

(4.5) I = I (a, b) :=
1

e

(
bb

aa

) 1
b−a

.

We need the following lemma to prove the results of this section.

Lemma 13. (see [16]). Let f : [a, b]→ R be differentiable with ‖f ′‖∞ <∞. Then
f is a M -Lipschitzian function on [a, b] where M = ‖f ′‖∞.

Proposition 14. For b > a > 0, λ ∈ [0, 1] and n ≥ 1, we have

(4.6)

∣∣∣∣∣(1− λ)Hn (a, b) + λA (an, bn)− ab
L
(
an−1, bn−1

)
L (a, b)

∣∣∣∣∣
≤ nbn−1

{
λ
b− a

2
+ (2λ− 1)

ab

b− a
ln
H (a, b)

A (a, b)

}
.

Proof. The proof follows by inequality (3.16) applied for the Lipschitzian function
f (x) = xn on [a, b]. �

Remark. Let λ = 0 and λ = 1 in inequality (4.6). Then, using inequality (2.6),
one has the following inequalities respectively,

(4.7) 0 ≤ ab
L
(
an−1, bn−1

)
L (a, b)

−Hn (a, b) ≤ −nbn−1 ab

b− a
ln
H (a, b)

A (a, b)
,

(4.8) 0 ≤ A (an, bn)− ab
L
(
an−1, bn−1

)
L (a, b)

≤ nbn−1

{
b− a

2
+

ab

b− a
ln
H (a, b)

A (a, b)

}
.

Proposition 15. For b > a > 0 and λ ∈ [0, 1], one has

(4.9)
∣∣∣(1− λ)H2 (a, b) eH(a,b) + λA

(
a2ea, b2eb

)
− abL

(
ea, eb

)∣∣∣
≤
(
2b+ b2

)
eb
{
λ
b− a

2
+ (2λ− 1)

ab

b− a
ln
H (a, b)

A (a, b)

}
.

Proof. The proof follows by inequality (3.16) applied for the Lipschitzian function
f (x) = x2ex on [a, b]. �
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Remark. Let λ = 0 and λ = 1 in inequality (4.9). Then, using inequality (2.6),
one has the following inequalities respectively,

(4.10) 0 ≤ abL
(
ea, eb

)
−H2 (a, b) eH(a,b) ≤ −

(
2b+ b2

)
eb

ab

b− a
ln
H (a, b)

A (a, b)
,

(4.11) 0 ≤ A
(
a2ea, b2eb

)
−abL

(
ea, eb

)
≤
(
2b+ b2

)
eb
{
b− a

2
+

ab

b− a
ln
H (a, b)

A (a, b)

}
.

Proposition 16. For b > a > 0 and λ ∈ [0, 1], one has

(4.12)
∣∣(1− λ)H (a, b) + λA (a, b)− abL−1 (a, b)

∣∣
≤ λb− a

2
+ (2λ− 1)

ab

b− a
ln
H (a, b)

A (a, b)
.

Proof. The proof follows by inequality (3.16) applied for the Lipschitzian function
f (x) = x on [a, b]. �

Remark. Let λ = 0 and λ = 1 in inequality (4.12). Then, using inequality (2.6),
one has the following inequalities respectively,

(4.13) 0 ≤ abL−1 (a, b)−H (a, b) ≤ − ab

b− a
ln
H (a, b)

A (a, b)
,

(4.14) 0 ≤ A (a, b)− abL−1 (a, b) ≤ b− a
2

+
ab

b− a
ln
H (a, b)

A (a, b)
.

Proposition 17. For b > a > 0 and λ ∈ [0, 1], one has

(4.15)

∣∣∣∣(1− λ)H (a, b) lnH (a, b) + λA (a ln a, b ln b)− ab ln ab

2
L−1 (a, b)

∣∣∣∣
≤ ln eb

ab

b− a

{
λ

(b− a)
2

2ab
+ (2λ− 1) ln

H (a, b)

A (a, b)

}
.

Proof. The proof follows by inequality (3.16) applied for the Lipschitzian function
f (x) = x lnx on [a, b]. �

Remark. Let λ = 0 and λ = 1 in inequality (4.15). Then, using inequality (2.6),
one has the following inequalities respectively,

(4.16) 0 ≤ ab ln ab

2
L−1 (a, b)−H (a, b) lnH (a, b) ≤ − ln eb

ab

b− a
ln
H (a, b)

A (a, b)
,

(4.17) 0 ≤ A (a ln a, b ln b)− ab ln ab

2
L−1 (a, b) ≤ ln eb

{
b− a

2
+

ab

b− a
ln
H (a, b)

A (a, b)

}
.

Proposition 18. For b > a > 0 and λ ∈ [0, 1], we have

(4.18)
∣∣(1− λ)H2 (a, b) lnH (a, b) + λA

(
a2 ln a, b2 ln b

)
− ab ln I (a, b)

∣∣
≤ (b+ 2b ln b)

ab

b− a

{
λ

(b− a)
2

2ab
+ (2λ− 1) ln

H (a, b)

A (a, b)

}
.

Proof. The proof follows by inequality (3.16) applied for the Lipschitzian function
f (x) = x2 lnx on [a, b]. �
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Remark. Let λ = 0 and λ = 1 in inequality (4.18). Then, using inequality (2.6),
one has the following inequalities respectively,

(4.19) 0 ≤ ab ln ab

2
L−1 (a, b)−H2 (a, b) lnH (a, b) ≤ − (b+ 2b ln b)

ab

b− a
ln
H (a, b)

A (a, b)
,

(4.20) 0 ≤ A
(
a2 ln a, b2 ln b

)
− ab ln I (a, b)

≤ (b+ 2b ln b)

{
b− a

2
+

ab

b− a
ln
H (a, b)

A (a, b)

}
.
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