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APPLICATION OF GROUP THEORY TO GENERATING
RELATIONS FOR SPECIAL FUNCTIONS.

B. C. CHANDRA, S. ALAM AND A. K. CHONGDAR

ABSTRACT. In this article, we have suggested a unified group theoretic method
of obtaining a general class of generating relations involving various special
functions from the existence of their partial quasi-bilateral (or bilinear) gen-
erating relations from the group theoretic point of view. The detail discussion
of the method of obtaining generating function has been given in this paper
and finally we obtain a theorem in connection with the unification of a class
of generating relations involving some special functions. Furthermore, a good
number of theorems and results on generating functions involving various spe-
cial functions have been obtained in course of application of our main result
(Theorem-1) obtained in the present investigation.

1. INTRODUCTION

In [1], partial quasi-bilateral generating function is defined as follows:

Gla,zw) =Y an P (2) ¢4 (2) w”,
n=0

where pgﬁ_),(x) and gl +T)(z) are two special functions of orders (n+r), m and of

parameters « and (n+r).

In the present article, we have proved a general theorem in connection with the
unification of a class of generating relations for various special functions from the
existence of a partial quasi-bilateral generating function by using the concept of
one-parameter group of continuous transformations. We have obtained the follow-
ing theorem as the main result of our investigation.

Theorem-1: If

G(z, u, w) = Z an, pgﬁr(x) g (u) w™, (1.1)
n=0
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then
0 z,1,1) Q (u 1) {hl(m, 1, 1)} G(gl(x, 1,1), ga(u,1), wohe(u,1)k(z,1, 1))

=335 anw ﬁ Cro Coy P (@) gt 1(w). (12)

n=0 p=0 ¢=0

Here, we would like to mention that in course of application of the result stated
in Theorem-1, we have obtained the extensions of the quasi-bilinear generating
functions involving Laguerre, Bessel, Gegenbauer and Jacobi polynomials. Fur-
thermore, these quasi-bilinear generating relations, obtained in Cor.2 - Cor.6 as
particular cases of Theorem-2 - Theorem-6, are the extensions of the corresponding
bilateral generating functions found derived in [2,3,4,5,6].

2. GROUP THEORETIC DISCUSSION

We first consider the partial quasi-bilateral generating relation:

Gz, u, w) Zanpw ) ¢{ ) (u) w™, (2.1)

Now replacing w by wztv in and then multiplying both sides by y®, we get
y* Gz, u, wztv) Z (pn+7‘ yazn> (%(#—&-r) (u) t") (Uu}) . (2.2)

At first we suppose that for the special functions pgﬁ)r(m) and ¢/ ") (u), it is possible
to find the following linear partial differential operators each of which generates one
parameter group of continuous transformations:

{ gl(x Y,z )aaf +£2($ Y, )8y +£3($ Y,z ) Oz +£0(1’,y72)
Ry =mi(u,t) 2 + ma(u, t) & + nolu,t)
such that
Ry (pnm )y“2"> =C, , P (@) yo it (2.3)
and
a (40 ) =Lt (2.4

We now assume that the groups generated by R; and Ry are

e fla, g, 2) = Uy 2) f(g1<x,y,z>, By, 2), k(x,y,z>> (2.5)
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and

R s 0) =) F (sl ), hatun) (2.6
Operating e“f1e®®2 on both sides of we get,

e pwhe (yo‘ G(z, u, wztv))

_ Ry, (st (o) (w) ' 2

n=0

The left hand side of ([2.7), with the help of (2.5 & (2.6)), reduces to

Q/r(xayvz) Q:(uvt) {hl(x,y,z)}o‘ G(gl(xvyaz)v gQ(uat)’ wvh?(u7 t)k(x,y,t)).

(2.8)
The right hand side of (2.7)), with the help of (2.3) & (2.4), becomes
oo oo oo
wp+q+n ’ ’ ’ ’ o a—
Z ZZG’" v '7(]' Cn, r CYn—i—l7 r Cn+2, o Cn—i—p 1, r pgb-l-pz—?r y( ?)
n=0 p=0 g=0 :

x 2 O Cy s Cg e gy, T (u) 779, (2.9)

,r n n n

Equating (2.8)) & (2.9) and then putting y = z= t= 1, we get

Q. (2,1,1) Q (u,1) (hl(x,1,1)>a G<gl(x,1,1), g2(u, 1), wohs(u, 1)k(:c,1,1)>

o o o
wp+q+

=YD " T O G ) )
n=0p=0 ¢=0
where Cy , = []02, nﬂ ,and Co =[], n+z .
Hence we get the following theorem:
Theorem-1: If
G(x, u, w) Zan P (@) ql ) () wh

then

Q. (2,1,1) Q (u,1) {hl(x,l,l)}a G(gl(x,l,l), g2(u, 1), wvhg(u,l)k(x,1,1)>
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oo 0 oo
wp+q+

=S 4 ot T Gy G pR (@) gl ),
n=0 p=0 ¢g=0 .
where Cy, » =[]}, nﬂ »and Cy :Hg:_ol Cy+i, »» Which does not seem to have

appeared in the earher investigations.
Cor 1: If we put r=0 in theorem-1, we immediately get the result in connection

with the unification of quasi-bilateral generating relations involving various special
functions found derived in [7].

3. APPLICATIONS

3.1. Laguerre Polynomial. At first we take

P\ () = LX) (@), ¢ (u) = L0+ (u)

Then from [8,9], we get

Ry :xy’lz%Jrza%fxy*lz Ry=t2 —t

C;M =(r+n+1) C;;T =(-1)

QO (2,y,2) = exp(—wzy 12) Q. (u,t) = exp(—wt)
g1(2,y,2) = o1+ wy~'2) g2(u, ) = u + wt
hi(z,y,2) =y +wz ho(u,t) =1t
k(x,yvz) =

Therefore, by the application of our theorem, we get the following result involving
Laguerre polynomials.

Theorem-2: If
G(z, u, w) Zan L;O_QT LU (u) w",

then

=220 e o e Dy ()T L (@) LT w),

which is found derived in [10].

Cor-2: If we put r=0, in the above theorem we get the result found derived in
[7,11].

Special Case-1: If, in the above theorem, we put m=0 we get a novel extension
of the bilateral generating function of Laguerre polynomials found derived in [12].
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3.2. Bessel Polynomials. We now take
P (&) = Y (@)
g (w) = YT (u)
Then from [13,14], we notice that
Ry = 2y~ 1zaL +33Zay +xy~ 12'28‘1 (B+rz—x)y~tz
Ry=ut2 +122 + (m+r—1)t

C,,=p Cpr=(m+n+r—1)
(@, 2) = (1 — way~12)' " eap(Bwy'z) Q (u,t) = (1 — wt)=m=
91(2,9.2) = = pu0) =
hi(z,y,2) = W/W ho(u,t) = m

k(‘T’ Y Z) = (lfw;yflz)

Then, by the application of our theorem-1, we get the following result involving
generalized Bessel polynomials.

Theorem-3: If
3? u, w Za"ﬂ i T (n+r)( )wn7

then

exp (51U> (1 - w) o (1 - w”“") - G(l —xwx’ 1 iLw (1— w:;l - w))

wbtatn

S B =1, VST @) YO ),

which is found derived in [15].
Cor-3: If we put r=0 in the above theorem, we get the result found derived in [7]

Special Case-2: If, in the above theorem, we put m=0 we get the result found
derived in [12].

3.3. Gegenbauer polynomials. We now take

« A
Pt (2) = O, ()
g () = O ()

then from [16,17]

Ry = (2% - 1)y~ zax + 2:vzdy —xy 1z Ry = utdau +2t* 5 8 + (m+2r)t
/ n+r+2X—1)(n+r+1

Cnr ( + +2()\ )1() et ) Cn,r - 2(7’L+7’)

Qr(gjvya ) - {1 + 2wxy 1Z + (SC - 1)’LU Yy -2 2} Qr (u7t) (1 - 2wt)7mir

gl(xaya )7x+w(x 71) 2 QQ(U,t):ﬁ

hi(@,y,2) = y{1 + 2way ™'z + (2% — Dw?y =222} ha(u,t) = 5=

k(z,y,z) =z
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Then by the application of our theorem, we get the following result involving Gegen-
bauer polynomials.

Theorem-4: If

G(z, u, w) Za” nH ) O (u) w

then

—3+A mET U wv
142wz + (22 —1)w? 1—2w G| z4w(z®-1), , )
{ ( ) } ( ) < ( ) V1—-2w 1—zw

[c.olENNe e o]

wPtat™ (—n—2X—r+1), (n+r+1), (A-p)
=220 an 2 (nv)q Oy (a) O w),
ot p! ¢! 27 (1= \)p

which is found derived in [18].

Cor-4: If we put r=0 in the above theorem, we get the result on quasi-bilateral
generating relation found derived in [7].

Special Case-3: If, in the above corollary, we put m=0 we get the result found
derived in [4].

3.4. Jacobi Polynomials. Now we take

k1,
P (2) = Pé;]: ()
gt (u) = P (u)

Then from [13,19] we get

Ri=(1-a%y" Zaax+(1—$) — A4y 2L — A+ ki +r)(+a)y 2
=(1-utg, 5 (1+n+k1+m+r)
C;,r——(n+r+1> Crp=—1+ki+n+m+r)
-1 k‘l T

Q(z,y,2) = {1 +w(l+ x)y—lz} QO (u,t) = (14 wt)~ki—m-—r-1
z+w(l+z)y 'z wtw
g1(x,y,2) = % g2(u,t) = 3
hl(l"y)z) — y(+2wy” z) hz(’u,t) _ 1+ttw

1+w(l4z)y—1z
J— 4
k(z,y,2) = Tro(ltz)y-1z"
Therefore by the application of our theorem, we get the following result on partial
quasi-bilateral generating functions involving Jacobi polynomials.

Theorem-5: If

Gz, u, w) Zan PT(lljrlT a) (z) P’r(nI.Ch n+r)(u) w",
n=0

then
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—1-ki—a—r —1—-ki—m—r «
{1+w(1+:17)} <1+w> (1+2w)

z+w(l+z) v+tw wv
XG<1+w(1+x)’ 1+w’ (1—|—w){1+w(1+x)})

T (=2) (nr 1), (1) (LtkyFmAndr), PSSP (2) PRt (y),

which also does not seem to have appeared in the earlier works.
Cor-5: If we put r=0 in the above theorem, we get the result found derived in [7].

Special Case-4: If, in the above theorem, we put m=0, we get the result found
derived in [12].

If in place of Ry, R2 we take the following two operators from [8,19]:

R, =(1-— xQ)y_lzaaI (1- x)zai +(1-2)y 22+ (1+B8+r(1—a)y 'z
Ry=(1+utd +25 + (1 +m+ B+t
Then we have,

’

Cpnr=—2n+1r+1) C;L/,TZ(l-i-ﬁ—i—n—l—m—&-r)
1-B8—r
0 (,909) = {1+ wle — )y s} Q1) = (1 — wt)~(Hmea+n)
r—w(r— 1z
gl(l',y,Z) = % QQ(U,t) = ?t:ﬁi
—2wy 'z
hl(xayvz) = % h2(u7t) = 1,twt

k(x7y7z) = W

Then by the application of our theorem, we get the following analogous result on
partial quasi-bilateral generating relation involving Jacobi polynomials:

Theorem-6: If
G(z,u,w) Zan Pr(j_rﬂ) P(”Jrr’ )( ) w"”

then

—(1+B+r) —(1+m+pB+r) a
1—-2w
Py o) )

r—wlx—1) utw wv
XG(1+w(x1)’ 1-w (1w){1+w(:1:1)})

T (<2)7 (ntr 1), (14 B+mtnr)y PP (@) PO B (),

which is found derived in [20].
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Cor-6: If we put r=0 in the above theorem, we get the result found derived in [7].

Special Case-5: If, in the above theorem, we put m=0, we get the result found
derived in [12].

4. CONCLUSIONS:

From the above discussion, it is clear that one may apply theorem-1 in the case
of other polynomials and functions existing in the field of special functions to
obtain the partial quasi-bilinear (or bilateral) generating functions involving the
special function(s) under consideration subject to the condition of construction of
one parameter continuous transformations group for the said special function(s).
Furthermore, one may observe that the main result obtained in this paper is the

most general form of the extension of the quasi-bilateral generating function in-

volving p,(f)(x), qr(,? ) (u) from the existence of a partial quasi-bilateral (or quasi-

bilinear) generating function. This quasi-bilateral generating function involving
P (), ¢ (u) is nothing but an extension of the bilateral generating function
involving p%a)(x). It may be pointed out that this extension is not unique because

of the fact that when q,(ff) (u) is different from p,(ﬁ)(u), the extension of the bilateral

generating function is also different. In fact, when qﬁff ) (u) = pS,’Z )(u), the extension

of bilateral generating relation is quasi-bilinear. When qfff ) (u) is different from

psg)(u), the extension is quasi-bilateral.
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