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MULTIVARIABLE CONSTRUCTION OF EXTENDED JACOBI
MATRIX POLYNOMIALS

ALI CEVIK

ABSTRACT. The main aim of this paper is to construct a multivariable ex-
tension with the help of the extended Jacobi matrix polynomials (EJMPs).
Generating matrix functions and recurrence relations satisfied by these mul-
tivariable matrix polynomials are derived. Furthermore, general families of
multilinear and multilateral generating matrix functions are obtained and their
applications are presented.

1. INTRODUCTION

The areas of orthogonal polynomials have many applications in various branches
of mathematics and other disciplines. There are many papers in the literature
dealing with orthogonal polynomials (see, for example, [3, 14, 24, 29] and the ref-
erences therein). Recently, matrix orthogonal polynomials have started to become
the focus of interest. General theory of matrix valued orthogonal polynomials which
have started with the work of M. G. Krein [25] [26] and then have studied by many
authors (see [7, 8, [15], 17, [I8]) plays an important part in many areas of mathemat-
ics just as their scalar counterparts. A good source for matrix polynomials is the
book by Gohberg, Lancaster and Rodman [16]. In [I], 5, 2] [4, @) [6, 10, 12} 20, 21],
the classical orthogonal polynomials have been extended to the orthogonal matrix
polynomials. Jédar and Cortés introduced and studied the hypergeometric ma-
trix function F(A, B;C;z) and the hypergeometric matrix differential equation in
[22] and the explicit closed form general solution of it has been given in [23]. In
[0, 1T, [T0] [12] 19, 20, 27], Jacobi, Chebyshev, Gegenbauer, Laguerre and Hermite
matrix polynomials were introduced and various results were given for these matrix
polynomials. Furthermore, the authors introduced new extension of Jacobi matrix
polynomials in [30]. In [I], authors studied the polynomial FAB) (z;a,b,c) called
extended Jacobi matrix polynomial (EJMP) for parameter matrices A and B whose
eigenvalues, z, all satisfy Re(z) > —1. For any natural number n > 0, the n-th
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degree extended Jacobi matrix polynomial FT(LA’B)(:L’; a,b, c) is defined by

FSAP) (250,b,¢)

_ WF (_nI,A+B+(n+1)I;A+1;”£—“> (A+D),. (1)
Also, it is shown that these matrix polynomials have the Rodrigues formula [I]:
FAP) (gia,bc) = (_ncl) (x — a)_A (b— ac)_B (2)
dn

— {(m ) (b - :@BW} , (c>0)

where A and B € C"™*" satisfy
Re(z) > —1 for z € 0(A), Re(n) > —1 for n€o(B), AB= BA.

By comparing the Rodrigues representation for Jacobi matrix polynomials and

, we have

FAP) (250,0,0) = {c(a —b)}" PIAP) (2 (f__ba> + 1) (3)

or, equivalently,
_ 1
PAB) (1) = {c(a—b)} " FAP (2 {a+b+(a—b)z};a,b, c) . 4)

The EJMPs F4P) (x;a,b, c) are orthogonal over the interval (a,b) with respect
to the weight function w (z; A, B) = (z — a)® (b — 2)® [1]. In fact, it is hold that

Z (x — a)A (b-— x)B F,(LA’B) (z;a,b,c) FT(nA’B) (x;a,b,c)dx (5)
2n
077 (b—a)* TP D (A4 B4 (20 + 1) 1)
B T (A+B+(n+1)I)T(B+(n+1)I) » m=n
- TA+n+1)DHT Y (A+B+2(n+1)1)

0 , m#mn
(m,neNy:=NU{0} ={0,1,2,...})
where A and B € C™*" satisfy
Re(z) > —1 for z € 0(A), Re(n) > —1 for n € o(B), AB = BA.

In this paper, we construct a multivariable extension of extended Jacobi matrix
polynomials and show that these matrix polynomials are orthogonal with respect
to weight matrix function. Generating matrix functions are obtained for the mul-
tivariable extended Jacobi matrix polynomials (MEJMPs) and with the help of
generating matrix function, several recurrence formulas are given for these polyno-
mials. Furthermore, multilinear and multilateral generating matrix functions are
derived for MEJMPs and some applications of the results obtained are presented.

Throughout this paper, for a matrix A € C™*", its spectrum is denoted by o(A).
The two-norm of A, which will be denoted by || A||, is defined by

[ Az|
Al = 2,
a0 |2l
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where, for a vector y € C", |lyll, = (y"y) "2 is the Buclidean norm of y. I and 0

will denote the identity matrix and the null matrix in C"*", respectively. We say
that a matrix A in C™*" is a positive stable if Re(A) > 0 for all A € o(A) where
o(A) is the set of all eigenvalues of A. If Ay, Ay, ..., A, are elements of C"*" and
A, # 0, then we call

P(z) =Apa" + Ap 12" 4+ 4+ Az + Ay
a matrix polynomial of degree n in z. From [22], one can see
(P),=PP+I1)(P+2]).. .P+(n—1I); n>1; (P)=1. (6)
From the relation @, we see that

(=D* (=nd)k
I= ; 0<k <n.
R R @)
The hypergeometric matrix function F(A, B;C; z) has been given in the form [22]
A)n(B)y, _
F(A,B;C;2) =p2, % ()] 2"

for matrices A, B and C' in C™*" such that C 4 nl is invertible for all integer n > 0
and for |z| < 1. For any matrix A in C"™*", the authors exploited the following
relation due to [22]

(A)n

(1—z) =2, Txn ;) < 1. (8)

In [13], if f(z) and g(z) are holomorphic functions in an open set 2 of the complex
plane, and if A is a matrix in C"™*" for which o(A) C Q, then

f(A)g(A) = g(A)f(A).
Hence, if B € C™*" is a matrix for which o(B) C 2 and AB = BA, then

f(A)g(B) = g(B)f(A).

Furthermore, in [12], the reciprocal scalar Gamma function, I ~1(2) = 1/T'(2), is
an entire function of the complex variable z. Thus, for any C € C>*>, the Riesz-
Dunford functional calculus [13] shows that I'~(C) is well defined and is, indeed,
the inverse of T'(C'). Hence: if C € C"™*" is such that C + nl is invertible for every
integer n > 0, then

(C)y =T(C +nI)L ).

2. MULTIVARIABLE EXTENSION OF THE EXTENDED JACOBI MATRIX
POLYNOMIALS

A systematic investigation of a multivariable extension of the extended Jacobi
matrix polynomials FAD (z;a,b,c) is defined by

FAB) (x) = Fitv A BB (x) = B (21501, 1) o F9P) (25500, b,04)
9)
where x = (21, ...,25), A = (41,...,As), B=(B1,..., Bs), A; and B; are matrices
in C™*" satisfying the spectral conditions Re(z;) > —1 for each eigenvalue z; €
o(A;) and Re(n;) > —1 for each eigenvalue 7; € o(B;) for 1 < i < s and n =
ny + ... + ng; ni,...,ns € No := NU{0} = {0,1,2,...} . The multivariable extended
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Jacobi matrix polynomials F{*® (x) (MEJMPs) are orthogonal with respect to
the weight matrix function

wx,AB) = w(z1,.., x5 A1,...,As; B, ..., By)
wl(:C17AlvBl)'~'ws(zsaAS7BS)

= (21 —a)™ (b — 21" (s — as)™ (bs — 24)""

over the domain
Q=A(x1,.,xs): a; <x; <b;;i=1,2,...,8}.
In fact, we have by
aw (x, A, B) FA (x) FM) (x) dx
= Uz —a)™ (b — 1) EAYBY) (21501, by, 1) ESYPD (200,01, 01) daey X

ai

x b ({Es - as)AS (bs - xs)Bs FT(L?S7BS) (xs; as, s, Cs) F(AS’BS) (xs; as, bs, Cs) dx

s o, ms
= 2, {C;'” (b — ag) ™ TBFEEDID (A 4 By 4 (20 + 1) )T (A + B + (n; + 1) )

T Bi+ i+ 1) DT (A4 (i + 1) DT (A + By +2(ng + 1) 1)} Sy s
(mi,ni €eNp:=NU {0} ;1=1,2, ...,8)
where dx = dz;...dxs and these matrices are commutative.
Thus, the following result has been established:
The MEJMPs F,(IA’B) (x) are orthogonal with respect to the weight matrix func-
tion
w (%, A,B) = (x1 —a))™ (b — 1) oo (25 — as)™ (b — x4)™
over the domain

Q={(x1,.0yxs): a; <x; <b;;i=1,2,..,8}

where A; and B; are matrices in C"*" satisfying the spectral conditions Re(z;) > —1
for each eigenvalue z; € o(A;) and Re(n;) > —1 for each eigenvalue 7; € o(B;) for
1 <17 < s and all matrices are commutative.

3. GENERATING MATRIX FUNCTIONS AND RECURRENCE RELATIONS FOR
MEJMPs

In [, it was shown that the EJMPs are generated by

wolcla=b)"" (A4 B+1)n FN) (wia,b,0) [(A+ 1))~ 1

_ A+B+1 A+B+2I 4dt(x — a)
1—¢)~A+tB+hp A+ T, ————— ) (10
(1-1) s s o
where all eigenvalues z of the matrices A and B of the extended Jacobi matrix
polynomials FT(LA’B) (x; a,b, c) satisfy the condition Re(z) > —1 and [t| < 1. On the
other hand, other generating function for EJMPs is as follows [I]:

"o (ela—0) " F (@a b o)t

—a)t (z—b)t
N TN SN SR S N kUL Gl
a—2b a—2b
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where AB = BA and Fy (A, B;C,D;x,y) is the matrix version of the Appell’s
function of two variables which is defined by

& _ _ xk:yn
F4 (A,B;C’,D;x,y) = Z (A)n+k (B)n+k (D)nl (C)kl k'n'
n,k=0 o

(Va+ vy <1)

where C'+nl and D +nl are invertible for every integer n > 0 (see [5]). The other
one is

w0 (C)n(D)n(I + B)y (c(a =) " F\MP) (w50, ¢) (T+ A), '
= F4(C,D;I+A,I+B;(x_a)t (ﬂf—b)t)

a—b  a—b

where A + nl and B + nl are invertible for every integer n > 0 [1].

In this section, we obtain generating matrix functions and recurrence relations
for MEJMPs FS*®) (x).
Using the above expressions, we can give the following results.
(A,B)

For the MEJMPs Fy (x), we have
Xm0 (c(@=b) T (A+ B+, [(A+ )]t EPB) (x) 700

- s tl)—(Ai—&-BiJ,-I)F(Ai"’Bi‘FI Ai+Bi+2I.Al I 4ti(z; — a;) )
- =1 U 1

2 ’ 2 ’ ' (ai—bi) (l—tl)Q
(It:l < 1)
or equivalently,
M=o (€(@=D) " (A+B+I), [(A+D)n] ' FAP (b —a) v +a) )y

1B, Ai+B;+1 A+ B;+2I —4t;v;
— {,\_ 1 —t 7(A7'+B1+I)F 03 (3 03 [3 A I 1 Ve
1_1( l) 2 ’ ) 1A+ 1 (1 _ ti)z
(It:] < 1)
where A; and B; are matrices in C"*" satisfying the spectral conditions Re(z;) > —1
for each eigenvalue z; € o(A;) and Re(n;) > —1 for each eigenvalue 7; € o(B;) for

1 <1 < s, all matrices are commutative and
o { (e @ = b)Y (A Bi+ D (A + D]
= (ca=b) ™ (A+B+I), [(A+D)a] ",

(b—a)v+a = ((by —a1)vi+ay,..,(bs—as)vs + as)
where A; + n;I is invertible for every integer n; > 0 for i =1,2,...;s.
The matrix polynomials FAP (x) are generated by
o (€ (@ —=b) 7" FAP) (x) e

B (T4 BT+ AT+ ATy By i)l (@bt
ai—bi ai—bi

( @imait 4 floicbidti 0 = 1,2,...,5)

aifbi aifbi

where
(ca—b) ™ =5, (¢ (a — b)) ™
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and A; and B; are matrices in C™*" satisfying the spectral conditions Re(z;) > —1
for each eigenvalue z; € o(A;) and Re(n;) > —1 for each eigenvalue 7; € o(B;) for
1 <1 < s, all matrices are commutative.

Let A;,B;,C;,D; € C"™" for i = 1,2,...,s. For MEJMPs FAB (x), we have
the following generating matrix function

mn=0(Cla(D)n(l + B);" (c(a—b)) " FAP) (x) (I + A) .

i—a)ti (X —bi)t;
= R (CoDaT 4 AT 4 By B (=)
ai—bi ai—bi

where A; +n;I and B; +n;I are invertible for every integer n; > 0 for i = 1,2, ..., s,
all matrices are commutative and

(C)a(D)n(I +B);" (c (a —b) I+ A
121 (O (D) (T + Bi)y ! (e (@i — b)) ™" (1 + Ay

For the MEJMPs F\h A B84 (1) "we have

0o Aq,...,As;B1,...,B n
0 (H A AsiBLsBe) () )t

= -y esenp (AR BT A B g o)
2 2 (@i = bi) (1 —1)
(It < 1)
where
A ABuB) (g )
n n—mnm —N] ... —MNs— Ai,...,Ag;B1,...,Bs
= n1:0n2=6-.'25711=0 n 2K (nla ns 1) 75171(TL1+...+711571),721’,,,)711571 (xl, "'?'TS)
N(n,...,ns—1) ;
K (n1,.yne1) = (A1 4+ By + 1), (m+ tne ) (A2+Bo+ 1)y, ..(As+ B+ 1), _,
N e e Y Pt ) B o )
-1
N(nl,...,ns,l) = [(AS +I ’ﬂs 1] [ s—1 +I)n572] X ...
I

—1
[<A2+I)n1 [(Al +I)n (n1+...4+ns— 1)]

and also A; and B; are matrices in C"*" satisfying the spectral conditions Re(z;) >
—1 for each eigenvalue z; € o(A4;) and Re(n;) > —1 for each eigenvalue n; € o(B;),
all matrices are commutative and A; + kI is invertible for every integer k > 0 for
1<3<s.

For MEJMPs F{*P) (x), we have hypergeometric matrix representation as fol-
lows:

FAB) (x) =3, {MF (Ai+Bi+(ni+1)I i A+ T b >(A + 1), }
n;: — a;

In order to obtain some recurrence relations, we need the following lemma.
Let a generating matrix function for g,, . . (x,C) be

—4x1t —4zt
_C —C, 11 sts e ) n N
(I—t1) """ (1) v <(1_t1>2""’ (1_ts)2) Tni,...ns=0 Iryeeeime (%, C) 1171
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where x = (21, ...,z5), C = (C1,...,Cs) and ¢, .. n,(x,C) is a matrix polynomial

of degree n; with respect to z; ( of total degree n = n; + ... + ng), provided that
U(up,.ytus) = Uy(ug)..Us(us) ; u; = (_14:;53 ,i=1,2,...,8

\Ijl(ul) = ?L?:O’Yni u:h ; 70750

Then we have

i ) xi%gnl,...,ns (Xa C) - nignl,...,ns (Xa C)
%

0

= 7(Ci+(ni71)1)gn1,...,ni_l,ni—l,ni+1,...,ns (X7C)7xi gnl,...,ni_l,ni—l,ni+1,...,ns (Xv C)a n; Z 1
ox;
)

(11)
.. 0
ii ) x,a—xlgnln (x,C) — nign, ... n. (%, C)
’I’Lifl TLifl 8
= _Cik:() gnl,...,ni,1,k:,nprl,.‘..,ns (Xa C)_2x’ik:0 aiajignl,...,nifl,k,ni+1,....7’n5 (Xa C)a n; Z 1
(12)
0
m ) mz%.@hﬂ ..... N (Xa C) — NiGn,,...,n, (X, C) =
Z;Bl(_l)n7_k(cz + 2kl)gn1,...,ni,l,k,nprl,..‘,ns (Xa C)7 n; 2 1 (13)
where C;C; = C;C; for 4,5 =1,2,...,s.
Choosing
, (I +Ai + Bi)an, 1
in Lemma |3 and considering Theorem [3] we see that the matrix polynomials gy, is
s (V) = (c(@a=b)) (A +B+I), [(A+ D] FAP((b-a)v +a)

= i {(e (@ = b)) (A B+ D, [(As 4 D]

CESARBD (b — ag) vy + az‘;%bz',ci)}

n

where A;, B; (i =1,2,...,s) are commutative matrices in C"*". With the help of
Lemma |3[ and also considering —, one can easily obtain the next result.

For the matrix polynomials F{P (x), we have
3Fr(lA’B) (x) oFAB) (x)

yeesi— 1, — 1,1, Ms
oz, +c; (ai*bi) o 1naxin+1 s (Ai+mf)

= (Ai+Bi+nil) [”in(lA’B) (%) = i (@i = b)) Pt () (As D) |

oF™M®) (x)

i) (2 — ai) —n B (%)

83’51‘
= —{ci(a; —b)}" (A + B+ D) ! {(Ai + By + D {ei (ai — by)} "
oF\AB) (x)
A.B NlyeeesMi—1,K,Mi41 ..., Mg
(Ai + B, + )FAP )mfl,k,nm _____ o (%) + 22 — @) —2 1(% +1

I+ AN A+ D,
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(A,B)
iii ) (z; — ai)aFnai(x) — PSP (%) = {ei (b — ai)}™ (Ai + B + 1),

e {{Ci (bi — i)} " (Ai + B + (2k + 1) I)(A; + B; + I)i

AP s, GO+ AD A+ D}
where A; and B; are matrices in C"*" satisfying the spectral conditions Re(z;) > —1
for every eigenvalue z; € 0(4;) and Re(n;) > —1 for every eigenvalue n; € o(B;),
these matrices are commutative and A; + B; + n;I is invertible for every integer
n; >0for1<i<s.

For the case of s = 1 in (9], extended Jacobi matrix polynomials (EJMPs) satisfy
following equations [I]:

d

(x —a) {(A + B+nl) diFT(LA’B) (z;a,b,¢) + c(a—b) d—Féf’lB) (z;a,b,c) (A+ nI)}
x x

= (A+ B+ nl) [nFAD (330,0,0) = e (a— ) B (w5a,b,0) (A+ )]

d
(x —a) d—FT(LA’B) (z;a,b,¢) — nEA) (z;a,b,c)
x

= —{cla—b}"(A+B+1I)," "2 {cla—b)} " (A+B+1),

d
. {(A +B+1) F,iA’B) (z;a,b,¢) + 2 (x — a) —FéA’B) (z;a,b, c)}

dx
L+ A) (T + Ay
and
d
(x —a) %Fy(LA’B) (z;a,b,¢) —nFAP) (25a,b,¢)

= {cb-a)}"(A+B+ID), " 7= {c(b—a)} " (A+ B+ (2k+1)1)
(A+B+ 1), F* (@a,b,¢) (I + A NI + A).

where all eigenvalues z of the matrices A and B of the extended Jacobi matrix
polynomials FAB (z;a,b,c) satisfy the condition Re(z) > —1 and A+ B + nl is
invertible for every integer n > 0.

If wetakea=1,b=—1and c = —% in Theorem [3| we have recurrence relations
for Jacobi matrix polynomials given in [30]. For the case r = 1, if we take A; =
a; and B; = ; with «;, 3; real parameters and «;,3; > —1 in Theorem [3| we
have some recurrence relations satisfied by classical extended Jacobi polynomials
FonasiBurBs) (x) given in [3].

4. MULTILINEAR AND MULTILATERAL GENERATING MATRIX FUNCTIONS

In recent years, by making use of the familiar group-theoretic (Lie algebraic)
method a certain mixed trilateral finite-series relationships have been proved for
orthogonal polynomials (see, for instance, [28]). In this section, we derive several
families of multilinear and multilateral generating matrix functions for the MEJMPs
without using Lie algebraic techniques but, with the help of the similar method as
considered in [T}, [5].
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Corresponding to a non-vanishing function Q,(y1, ..., y, ) consisting of 7 complex
variables y1, ...,y (r € N) and of complex order p, let

M2

Ay, ymz) @ = ak Q#ﬂ,k(g/l,...,yr)z’~C (15)

E
I

0
(ap # 0, u,veC)

and

@n,p,#,V(X; Y1, Yri C)

[n1/p]

= > @ {ia(eitai—b) " (b — )RR L ()
k=0

'Q,qul/k(yla seey yT) Ck (16)

where n = ny + ... + ns ; ny,...,ns,p € N | x=(21,...,25), A =(41,..., 4y),
B = (By,...,B;) and A; and B; are matrices in C"*" satisfying the spectral con-
ditions Re(z;) > —1 for every eigenvalue z; € o(A;) and Re(n;) > —1 for every
eigenvalue n; € o(B;) for 1 < i < s and all matrices are commutative. Then we
have

Z On,p, (x y1,--~,yr;;’,> [
1

ns=0

)t b )t
= b (I+Bi,I+Ai;I+Ai7I+Bi; (x;-—a;))- . (I;- —b;?)- z)

~Au,u(yla s Yri ) (17)
(mi—aq)ti (zi—bi .
( wi—b; Jr\/ al_b i = 1,2,...,5)

provided that each member of exists.

Proof. For convenience, let S denote the first member of the assertion of The-
orem [ Then, plugging the polynomials

n
Onpuv (X§ Y1y -5 Yrs p)
tl

from the definition into the left-hand side of (L7)), we obtain

[n1/p]

S = Z > a {z 5 (ci ai*bi))ini}(cl(blfal))pk "E ) s, (%)

ni,...,ns=0 k=0
'Q#-‘ruk(yl,' 5 Yr )77 tnl Pk t”2 t?é (18)
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Upon changing the order of summation in (18)), if we replace ny by ni + pk, we can
write

oo

s = Z Zak {le (ci(a; — bz))fn} &) () Qugun(yn, oy ) 0 11270

Ni,...,ns=0 k=0

< Z {le (Ci (ai — bz))_nl} FX(IA’B)(X)t?l...t?S> (Z ag Q;ri-l//c(yl, ceny yr) nk>

ey =0 k=0

i—ai)t (zi —bi)t
= f:1F4 I+BZ,I+A1,I+Al,I+Bl, (33 a) ’(l‘ )
a; — bl a; — bz
-Ap,u(yh ey Yrs 77)
which completes the proof of Theorem [4 O
Corresponding to a non-vanishing function €, (y1, ..., y» ) of r complex variables
Y1, .- Yr (r € N) and of complex order pu, let

Mo (W15 yr52) 1 = ak Quyok (W, o tr) 2" (19)
k=0

(a'k # 0, /J,VG(C)

and

en,p,u,u(x; Yis -5 Yrs C)
(n/pl B
D= a HER 0y, ) ¢ (20)
k=0

where n,p € N | x=(21,...,25), A= (41,...,4s), B=(By,...,Bs) and A; and
B; are matrices in C"™*" satisfying the spectral conditions Re(z;) > —1 for every
eigenvalue z; € o(A4;) and Re(n;) > —1 for every eigenvalue n; € o(B;) for1 <i < s.
Then we have

- U

§ :@n,p,u,v (x; ylw-wyr;*) "
P

n=0

— g sy (AR AR R g )
~A,u,1/(y1w~7yr;77) (21)
provided that each member of exists. Here

H]gAh...,AS;Bl,...,BS) (@1, 22)
b k—ki  k—ki—..—ks_ A1, Ag;Ba,..., B ’
= k1=0ky=0""k._1=0 ZK(kl’""ks_l)Flifl(kﬁ...wc;l)71@1,..‘71@5,1 (1,00 xs) N (K1, oy ks—1)
and
A+ By + 1)y Ao+ Bo+ Dy (Ay + By + D
K(kl,m,ks_l):( 1 1 )k (kl+-..+ks—l)( 2 2 )kl ( )ks 1,

(1 (a1 — by))=r R (5 (az — be)) " ... (s (as — b))

-1 1

N (kl, ceny ks—l) = [(Ag =+ I)ks—l:l [(As—l =+ I)ks_,z]i X ...

< [(Az + D] 7 (AL + Di— (b tho)] s
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all matrices are commutative and A; 4+ nl is invertible for every integer n > 0 for
1<3<s.

Proof. For convenience, let S denote the first member of the assertion of The-
orem [d] Then, upon substituting for the polynomials

Ui
@n,p,,u,l/ (X; Y1y -3 Yrs tTj)
from the definition into the left-hand side of , we obtain

oo [n/p]

AB e
S = E g ag H.,(L pk‘ Q;Hruk(ylv s Yr) let Pk (22)
n=0 k=0

Upon changing the order of summation in , if we replace n by n + pk, we can
write

S = ZZCL H(AB) Q +1/k(y17"7y7")77k t"

n=0 k=0
= (ZH(AB) ) (Zak Qs ik (Y1 o0y Yr ) 1 )
k=0
— 5 (1) AHBED R Ai+Bi+l Ai+Bi+2l o Atz —a)
=1 2 ) 2 y 41g ( - bl) (]_—t)

-A,u,,z/(yla e Yrs 77)
which completes the proof of Theorem ([l

5. FURTHER CONSEQUENCES

By expressing the multivariable function Q,4,(y1,....yr ), (k € No, r € N) in
terms of a simpler function of one and more variables, we can give further appli-
cations of Theorem {4, For example, consider the case of r =1 and Q,4.1(y) =

L )‘)( ) in Theorem |4l Here, the Laguerre matrix polynomials L%C’A)(y) are de-

,u+uk:
fined by [20] as follows:
G
(C©A) (y § : -1k

in which C is a matrix in (C’"X’“7 C + nl is invertible for every integer n > 0 and
A is a complex number with Re (A) > 0. Notice that Laguerre matrix polynomials
are generated by

_ —Ayt
ZL(C A(y) " = (1—t) ©+D exp (1yt) , It <1, 0<y < oc. (23)

Then we obtain the following result which provides a class of bilateral generating
matrix functions for the MEJMPs and the Laguerre matrix polynomials.

Let Ay, (y; 2) == Z ag, Lffil),‘,)g( ) z¥ where (ay #0, p,v € C) and

On,p, (X5 Y3 C)
[n1/p] (A.B) €N
= Z ag {3:2 (Ci (a’i - bl))_nl} (cl(bl - al))pk annl —pk,na,. (X)Lyﬁk’uk(y) Ck
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where x = (21, ...,x5), A =(A1,...,4s), B=(B1,..., Bs),n =nj+...4ng; Ny, ..., N, p €
N, Asz = BzAz; AzAJ = Ain,BiBj = BJBZ X Z,] = 1,2, ey S and C + nl is in-
vertible for every integer n > 0. Then we have

?7 ni Ns
Z On pu,v (x Y; tp> [ 4 (24)

ni,...,ns=0

i —ai)ti (2 —bi)t;
Y O = >Aw(y,77)
7
. . (ac1 al)t —b;)t; .
provided that each member of exists for - + \/ - i =
1,2,...,s

Using the generating matrix function for the Laguerre matrix polynomials
and taking ar =1, p =0, v = 1, we have

0o [n1/p]

Z Z { — b)) " }(01(b1—a1))pk anr(L?];])enz, ()

ni,...,ns=0 k=0
LN (y) PR g g

; i—a)ty (2 —bi)t;
- 21F4(1+Bi,I+Ai;I+Ai,I+Bi;(x a)t; (i b) )

a; — bz a; — bz
_ —-A
(1=mn) (C+I) exp <1_y;77>

where |n| < 1, 0 <y < oo and \/(m"ﬂ“)t -l—\/(ml bt o] fori=1,..,s

a;—b a;—b;
Choose r =1 and Q,4,x(y) = C’#+Vk( ) where D is a matrix in C"™*" satisfying
the spectral condition

(‘22) ¢ o(D) for V= € Z* U {0}

in Theorem [@ where p1, v € Ny. Here, Gegenbauer matrix polynomials are generated
by [27] as follows:

ch =(1-2gt+t>)"P | |y <1 (25)

Then we obtain a class of bilateral generating matrix functions for the MEJMPs
and Gegenbauer matrix polynomials.

Let Ay (y; 2) == E ag #+Vk( )z* where (ay, #0, u,v € C) and

On,p v (%53 C)
[n1/p]

=Y a{iaeila =0 b b —a) T ER) L CR ) ¢
k=0

where x = (21, ...,25), A = (41, ..., 45), B=(B1,...,Bs), n =ni+...4ns; n1,...,nsp €
N and D is a matrix in C"*" satisfying the spectral condition

—Z

(2) ¢ o(D) for ¥z € 7 U {0} ,
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A; and B; are matrices in C"*" satisfying the spectral conditions Re(z;) > —1

for every eigenvalue z; € 0(4;) and Re(n;) > —1 for every eigenvalue n; € o(B;),
Asz = BzA“ AZAJ = Ain,BiBj = BJBl N Z7j = 172, ey S Then we have

n n N
Z Onppv (X y; p> (A (26)

ns=0
i—ai)t (z—bi)t
= R (T4 BT AT A T+ By il @ b0BY
a; — bl a; — bz
provided that each member of exists for \/ (I;:"g)t‘ + \/ (””;_fb) L i =

1,2,..,s
Using and taking ap = 1, 4 =0, v = 1, we have

00 [n1/p]

>y {f:2 (ci (ai_bi))_m}(cl(bl_al))pk S e, (%)

ni,...,ns=0 k=0
CP(y) o 67 g

i—ai)ti (i —bi)t
= f=1F4([+Bi,[+Ai;I+A,’,I+B,’;(I a)ti (@i=bi) >

a; — bi ’ a; — bz
(L=2yn+n")"P.

. o, .
Setting r = s and Qi (Y1,...,¥s ) = H/(L-‘ryk (Y1, .-, ys) In Theorem we ob-
tain result which provides a class of bilinear generating matrix functions for the
MEJMPs.

Let Apu(y1, . Ys;2) = Y ak Hl(g:?c)( ) z¥ where (ay #0, p,v € C) and
k=0

[n/p]

O (X3 Y3 C) Zak oA < H ST (v) ¢ (27)

where n,p € N, x = (21,...,25), ¥y = (Y1, .-, ¥s), A = (A1, ..., As), B= (B,..., Bs),
C=(Cy,...,C5), D= (Dy,...,D;) and A;, B;,C; and D; (i = 1,2, ..., s) are matrices
in C™*" whose eigenvalues, z, all satisfy Re(z) > —1. Then we have

- n

Y " Onpuw (X; i *) t"
tp

n=0

= s (1—t)"AFBHD R <Ai + 2BZ + I, A + -27, + 2I;Ai s dt(z; — a;) >

A (Y1, ysim) (28)

provided that each member of exists.
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Taking ar, = 1, p =0, v = 1 and using Theorem [3| we have

> % H2 0 ) HE P (y) o ok
n=0 k=0
i (= SR A e
where
H]gCl,...,CS;Dl,...,DS) (s o)
= okt Z kll_o TR K (e, ks_l)F,fl(klffklilDzkfl (Y15 ys) N (K ooy
and
K (kysoo b ) = (C1+ D1+ Di—(ky4..+ky) (C2+ Do+ gy (Cs + D + Dy, _, |

(c1 (ay — by))s=rt+kem1) (g (ag — bo))™ .. (cs (a5 — by))"

N (kiyonks1) = [(Cot D] [(Comt + Do ] %

* [(Co 4 D)™ [(CL+ Dot )]

and OiDi = DiCi, CzC] = C]‘Ci, DiDj = DjDi 5 i,j = 1,2,...,8 and Cl +nl is
invertible for every integer n > 0 for 1 < i < s.

Furthermore, for every suitable choice of the coefficients aj, (k € Np), if the
multivariable function Q,4,x(y1,...,4r), (r € N), is expressed as an appropriate
product of several simpler functions, the assertions of Theorem [ and Theorem 4]
can be applied in order to derive various families of multilinear and multilateral
generating matrix functions for the MEJMPs.
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