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THE ARITHMETIC-GEOMETRIC MEAN INEQUALITY

RESULTING FROM THE FUNCTION CONTAINING ex AND xe

YU KONAGA, YUSUKE NISHIZAWA, RYUJI SAITO, RIKI SATO

Abstract. In this paper, we improve the arithmetic-geometric mean inequal-

ity by using the function containing ex and xe.

1. Introduction

For real positive numbers a1, a2, . . . an, we define the arithmetic mean A and the
geometric mean G by

A =
1

n

n∑
i=1

ai and G =

(
n∏
i=1

ai

)1/n

.

Schaumberger [13] proved the arithmetic-geometric mean inequality A ≥ G by using
the inequality ex ≥ xe for x > 0. After that, Hassani [5] improved the arithmetic-
geometric mean inequality by using the inequality ex ≥ xe + e−2(x− e)2 for x > 0.
Hassani’s argument is as follows. We consider the function

F (x) = ex − xe − e−2(x− e)2

for x > 0, then the function F (x) ≥ 0 with equality if and only if x = e. For
1 ≤ i ≤ n, we put x = aie/G in F (x) ≥ 0 and the following inequality

e
aie

G ≥
(aie
G

)e
+
(ai
G
− 1
)2

holds, with equality if and only if aie/G = e. So we can get

ene
A
G ≥

n∏
i=1

((aie
G

)e
+
(ai
G
− 1
)2)

≥

(
n∏
i=1

aie

G

)e
+

n∏
i=1

(ai
G
− 1
)2

= ene

(
1 +

1

ene

n∏
i=1

(ai
G
− 1
)2)

.
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Hence, we obtain

ne
A

G
≥ ne+ ln

(
1 +

1

ene

n∏
i=1

(ai
G
− 1
)2)

and

A ≥ G+
G

ne
ln

(
1 +

1

ene

n∏
i=1

(ai
G
− 1
)2)

.

Thus, we can get the inequality A ≥ G+R ≥ G, where

R =
G

ne
ln

(
1 +

1

ene

n∏
i=1

(ai
G
− 1
)2)

≥ 0 .

Recently, Hassani et al.[6] used the function family

F (x) = ex − xe − eηx/e−2(x− e)2

to further improve the arithmetic-geometric mean inequality, where η = 2, 3, 4, 5.
In [3], many proofs of the arithmetic-geometric mean inequality are posed. More-
over, new proofs and refinements of the arithmetic mean-geometric mean inequal-
ity are known, see also, [1, 2, 4, 7, 8, 9, 10, 11, 12]. In this paper, we improve
the arithmetic-geometric mean inequality by using a function containing ex and
xe, which is different from the functions used by Hassani [5], [6]. We obtain the
following refinements.

Theorem 1.1. For any real positive numbers a1, a2, . . . , an and α > 0 such that
e2+α − 2eαα− 2e1+αα+ eαα2 + 2α1+e = 0, the inequality

A−G ≥ Se

holds, with equality if and only if a1 = a2 = · · · = an, where

Se =
G

ne

n∑
i=1

ln

(
1 + ce2

(ai
G
− 1
)2)

≥ 0 and c =
1

2α− e2 + 2eα− α2
.

Theorem 1.2. For any real positive numbers a1, a2, . . . , an and α > 0 such that
e2+α − 2eαα− 2e1+αα+ eαα2 + 2α1+e = 0, the inequality

A− eG

α
lnα ≥ Sα

holds, with equality if and only if a1 = a2 = · · · = an, where

Sα =
G

nα

n∑
i=1

ln

(
1 + c

(aiα
G
− e
)2)

≥ 0 and c =
1

2α− e2 + 2eα− α2
.

Note that according to the numerical computation, it can be seen that α ∼=
4.08175 and c ∼= 0.158618.

2. Lemmas

We need some lemmas for the proofs of Theorems 1.1 and 1.2.
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Lemma 2.1. For x > 0, we define

F1(x) = e2+x − 2exx− 2e1+xx+ exx2 + 2x1+e .

Then, there exists the real number 4 < α < 4.1 such that F1(x) > 0 for 0 < x < e,
x > α and F1(x) < 0 for e < x < α.

Proof. We set

f(x) = ln
(
e2+x + exx2 + 2x1+e

)
− ln

(
2exx+ 2e1+xx

)
.

Obviously, f(e) = 0 and the derivative of f(x) is

f ′(x) =
(x− e)(e1+x + exx− 2x1+e)

x(e2+x + exx2 + 2x1+e)
.

We consider the sign of e1+x + exx− 2x1+e and set

g(x) = ln
(
e1+x + exx

)
− ln

(
2x1+e

)
= x+ ln(e+ x)− ln2− (1 + e)lnx .

Obviously, g(e) = 0 and the derivative of g(x) is

g′(x) =
−e− e2 + x2

x(e+ x)
.

Here, we have g′(x) < 0 for 0 < x <
√
e+ e2 ∼= 3.1792 and g′(x) > 0 for x >√

e+ e2. From lim
x→0+0

g(x) = ∞, lim
x→∞

g(x) = ∞ and g
(√
e+ e2

)
= −0.0400965,

there exists only one real number x0 such that g(x) > 0 for 0 < x < e, x > x0 and
g(x) < 0 for e < x < x0. Hence, f ′(x) < 0 for 0 < x < e, e < x < x0 and f ′(x) > 0
for x > x0. Since we have lim

x→0+0
f(x) = ∞, f(e) = 0, f(4) ∼= −0.000386011 and

f(41/10) ∼= 0.000102653, there exists the real number 4 < x1 < 41/10 such that
f(x) > 0 for 0 < x < e, x > x1 and f(x) < 0 for e < x < x1. Thus, the proof of
Lemma 2.1 is complete. �

Lemma 2.2. For x > 0 and α > 0 with e2+α−2eαα−2e1+αα+eαα2 +2α1+e = 0,
we define

F2(x) = ex −
(

1 + c (x− e)2
)
xe ,

where

c =
1

2α− e2 + 2eα− α2
.

Then, the inequality F2(x) ≥ 0 holds for x > 0, with equality if and only if x = e, α.

Proof. We set

f(x) = lnex − ln
((

1 + c (x− e)2
)
xe
)

= x− ln
(

1 + c (x− e)2
)
− elnx

and the derivative of f(x) is

f ′(x) = 1− e

x
− 2c(x− e)

1 + c(x− e)2
=

(x− e)g(x)

x (1 + c(e− x)2)
,

where

g(x) = 1 + ce2 − 2cx− 2cex+ cx2 .
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By Lemma 2.1, we have

1

2
(
41
10

)
− e2 + 2e

(
41
10

)
− 42

< c <
1

2 · 4− e2 + 2e · 4−
(
41
10

)2
and 0.140828 < c < 0.180271. Thus, g(x) is convex downward for x > 0. From

g

(
1 + e±

√
1− 1

c
+ 2e

)
= 0 ,

we have g(x) > 0 for 0 < x < x0, x > x1 and g(x) < 0 for x0 < x < x1, where

x0 = 1 + e−
√

1− 1

c
+ 2e and x1 = 1 + e+

√
1− 1

c
+ 2e .

By c = 1/(2α− e2 + 2eα− α2), we have

x0 = 1 + e−
√

1− (2α− e2 + 2eα− α2) + 2e = 1 + e−
√

(1 + e− α)2

= 1 + e− (−1− e+ α) = 2 + 2e− α > 2 + 2e− 41

10
∼= 3.33656

and

x1 = 1 + e+
√

1− (2α− e2 + 2eα− α2) + 2e = 1 + e+
√

(1 + e− α)2

= 1 + e+ (−1− e+ α) = α .

Therefore, we obtain f ′(x) > 0 for e < x < x0, x > x1 and f ′(x) < 0 for 0 < x < e,
x0 < x < x1. Hence, f(x) is strictly increasing for e < x < x0, x > x1 and strictly
decreasing for 0 < x < e, x0 < x < x1. From e2+α−2eαα−2e1+αα+eαα2+2α1+e =
0, we have αe = eα + e1+α − e2+α/(2α)− eαα/2 and

f(x1) = f(α) = ln
eα(

1 + c (α− e)2
)
αe

= ln
eα(

1 + c (α− e)2
)(

eα + e1+α − e2+α

2α −
eαα
2

)
= ln

eα(
1 + c (α− e)2

)(
eα(2α−e2+2eα−α2)

2α

)
= ln

eα(
1 + c (α− e)2

)
· eα2αc

= ln
2α

1
c + (α− e)2

= 0 .

By f(e) = 0, we can get f(x) ≥ 0 for x > 0, with equality if and only if x = e, α.
Therefore, the proof of Lemma 2.2 is complete. �

3. Proofs of Theorems

Proof of Theorem 1.1. For 1 ≤ i ≤ n, we put x = aie/G in F2(x) ≥ 0 and the
following inequality

e
aie

G ≥
(

1 + c
(aie
G
− e
)2)(aie

G

)e
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holds, with equality if and only if aie/G = e. We have

e
a1+a2+···an

G e ≥
n∏
i=1

(
1 + ce2

(ai
G
− 1
)2)

·
(
a1 · a2 · · · · · an · en

Gn

)e
,

e
nA
G e ≥

n∏
i=1

(
1 + ce2

(ai
G
− 1
)2)

· ene ,

nA

G
e ≥ ln

(
n∏
i=1

(
1 + ce2

(ai
G
− 1
)2))

+ ne ,

A

G
≥ 1

ne

n∑
i=1

ln

(
1 + ce2

(ai
G
− 1
)2)

+ 1 ,

A−G ≥ G

ne

n∑
i=1

ln

(
1 + ce2

(ai
G
− 1
)2)

= Se .

Here, it is clear that Se ≥ 0. Also, if A−G = Se then ai/G = 1 for 1 ≤ i ≤ n, so
we have a1 = a2 = · · · = an. Therefore, the proof of Theorem 1.1 is complete. �

Proof of Theorem 1.2. For 1 ≤ i ≤ n, we put x = aiα/G in F2(x) ≥ 0 and the
following inequality

e
aiα

G ≥
(

1 + c
(aiα
G
− e
)2)(aiα

G

)e
holds, with equality if and only if aiα/G = α. We have

e
a1+a2+···an

G α ≥
n∏
i=1

(
1 + c

(aiα
G
− e
)2)

·
(
a1 · a2 · · · · · an · αn

Gn

)e
,

e
nA
G α ≥

n∏
i=1

(
1 + c

(aiα
G
− e
)2)

αne ,

nA

G
α ≥ ln

(
n∏
i=1

(
1 + c

(aiα
G
− e
)2))

+ nelnα ,

A

G
≥ 1

nα

n∑
i=1

ln

(
1 + c

(aiα
G
− e
)2)

+
e

α
lnα ,

A− eG

α
lnα ≥ G

nα

n∑
i=1

ln

(
1 + c

(aiα
G
− e
)2)

= Sα .

Here, it is clear that Sα ≥ 0. Also, if A− eG
α lnα = Sα then ai/G = 1 for 1 ≤ i ≤ n,

that is a1 = a2 = · · · = an. Therefore, the proof of Theorem 1.2 is complete. �
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