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A NOTE ON THE GENERALIZED CONTRACTION CLASSES
AND COMMON FIXED POINTS IN NORMED SPACES

MASOOMEH HOSSEINI FARAHI, MAHMOUD HASSANI, AND REZA ALLAHYARI

ABSTRACT. We introduce a new class of generalized contractive mapping to es-
tablish a common fixed point theorem in normed spaces. Our results improved
some known fixed-point theorems in the literature.

1. INTRODUCTION AND PRELIMINARIES

Let (X,d) be a metric space. A mapping T : X — X is a contraction if there
exists a constant k € (0,1) such that

d(Tz,Ty) < kd(z,y),

for any z,y € X.

If X is complete, then every contraction on X has a unique fixed point that can
be derived as the limit of iteration of the contraction at some point of X, which is
known as the Banach contraction principle.

In 1997, Alber and Guerre-Delabriere [3] generalized the notion of contraction as
follows:

A mapping T : X — X is a ¢-weak contraction if there exists a function

¢ : [0,00) — [0, 00) such that ¢ is positive on (0,00), ¢(0) = 0, and

d(Txv Ty) < d(1'7 y) - ¢(d($, y))7
for every z,y € X.
The following classes of functions are essential in studying fixed point theorems.

(1) ¥ :[0,00) — [0,00) is a continuous nondecreasing function with ¥ (t) = 0 if
and only if ¢t = 0.
(i7) ¢ :[0,00) — [0, 00) is a lower semi continuous function with ¢(¢) = 0 if and

only if ¢t = 0.
(#it) 6 : [0,00) — [0,00) is a continuous function with 6(¢) = 0 if and only if
t=0.
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Throughout the paper, ¥ is the set of all functions v satisfying (i), @ is the set of
all functions ¢ satisfying (i¢) and © is the set of all functions 6 satisfying (7).

In [3], the authors have shown that every single-valued ¢-weak contraction on
a Hilbert space has a unique fixed point. Rhoades [I8] showed that most parts
of the results of [3] are true for any Banach space. He also proved the following
generalization of the Banach contraction principle:

Theorem 1.1. Let (X,d) be a complete metric space and T : X — X be a ¢-weak
contraction on X, where ¢ : [0,00) — [0,00) is a continuous nondecreasing function
with ¢(t) > 0 for all t >0 and ¢(0) =0, then T has a unique fized point.

Dutta and Choudhury [I3] proved the following extension of Theorem

Theorem 1.2. Let (X, d) be a complete metric space and let the map
T : X — X satisfies the inequality

P(d(Tz,Ty)) < P(d(z,y)) — old(z,y))  (z,y € X),

where ¥, ¢ : [0,00) — [0,00) are both continuous and monotone nondecreasing
functions with ¢ (t) = ¢(t) = 0 if and only if t = 0. Then T has a unique fizved
point.

Doric [12] generalized Theorem [1.2] as follows:

Theorem 1.3. Let (X, d) be a complete metric space and let the map
T: X — X satisfies the inequality

for any x,y € X, where M is given by

M (2, ) = maa{d(e, ), dz, o), d(y, Ty), 5 (d(z, Ty) + d(Tz,))},

and

(7) % :[0,00) = [0,00) is a continuous monotone nondecreasing function with
Y(t) =0 if and only if t =0,

(i) ¢ : [0,00) = [0,00) is a lower semi-continuous function with ¢(t) = 0 if
and only if t = 0.
Then T has a unique fized point.

Fixed point theorems for multi-valued operators using the Hausdorff metric were
initiated by Nadler [I6] in 1969. The concept of a b-metric space was introduced
by Bakhtin [5] and later used by Czerwik [9]. After that, several interesting results
about the existence of fixed points for single-valued and multi-valued operators in
b-metric spaces have been obtained (see, e.g., [1 2, [6, [7, 10, 14, 15l 7] 19]).

In 2012, Bota et al. [4] proved the following theorem in complete b-metric spaces:

Theorem 1.4. Let (X, d) be a complete b-metric space and ¢ : [0,00) — [0, 00) is
a lower semi continuous function with ¢(t) = 0 if and only if t = 0. Suppose that
T:X = X,S5:X — CB(X), where CB(X) denotes the family of all nonempty
closed bounded subsets of X, are such that for all z,y € X

H({TSU}, Sy) g M(x,y) - ¢(M(x,y))
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where
1
M(z,y) = max{d(x,y), D(x,Tz), D(y, Sy), %(D(:zc7 Sy) + D(y, Tx))},
then T and S have a unique common fixed point in X.

This paper presents a new common fixed point theorem for multi-valued and
single-valued operators on complete normed spaces.
Our results generalize some well-known common fixed point theorems given by
Zhang and Song [20], Rhoades [18], Ciri¢ [8], Daffer and Kaneko [I1], and Aydi,
Bota, Karapinar, and Moradi [4].

In the sequel, we recall some well-known facts which will be needed later. Through-
out this paper, R denotes the real line, and N is the set of all natural numbers.

Definition 1.5. Let X C R be a vector space. A nonnegative function |-|| :X — RT
is called a norm provided that, for all x,y € X, the following conditions hold:
i) ||z|| = 0 implies x = 0;
1) [ Az|| = |\ ||z]| for every A € R;
iti) |lz +yll <[l + llyl-
The pair (X, ||]]) is called a normed space.

Definition 1.6. Let X be a normed vector space.

(i) A sequence {z,} in X is called convergent if there exists x € X such that

|zn — 2|| = 0 as n — oo. In this case, we write lim x,, = x.
n— oo

(i1) A sequence {xy,} in X is called Cauchy if ||xn — zm| — 0 as n,m — oco.

(i7) A normed vector space X is said to be complete if every Cauchy sequence
m X converges.

(iv) A set B C X is said to be closed if for any sequence {x,,} in B which {x,}
is convergent to z € X, we have z € B.

Proposition 1.7. In a normed vector space, the following assertions hold:

(i) Let (X,]|"]|) be a normed vector space. Let {x,} be a sequence in (X, |-]).
Then {z,} can have at most one limit.
(i¢) Ewvery convergent sequence is Cauchy in any normed linear space.

Let X be a normed vector space, and let CB(X) be the family of all nonempty
closed bounded subsets of X. For A, B € CB(X), we define

H(A, B) = max{p(A, B),p(B, A)},
where
p(A, B) = sup{D(a, B),a € A}, p(B, A) =sup{D(b,A),b € B}
with
D(a,C) = inf{|la —z||,z € C}, (C € OB(X)).
The following result follows directly from these concepts.

Lemma 1.8. Let X be a normed vector space.

For any A,B,C € CB(X) and any z,y € X, we have the following assertions:
(i) D(z,A) =0 xc A=A,

(#6) D(z,B) < ||z —b| for any b € B,

(iii) p(A, B) < H(A, B),

(iv) D(z,B) < H(A,B) for all x € A,
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(v) H(A,A) =0,
(vi) H(A,B) = H(B, A),
(vit) H(A,C) < H(A,B)+ H(B,C),
(viii) D(z, A) < ||z —y| + D(y, A).
(iz) for every o> 0, b € B, there exists a € A such that

la —b|| < H(A, B) + a.

2. MAIN RESULT

This section demonstrates a common fixed point theorem for a new class of
generalized contractive mapping in normed spaces.

Theorem 2.1. Let X be a complete normed vector space and v € ¥, ¢ € @, and
0 € ©. Consider the maps T : X — X, S: X — CB(X) where S is a multi-valued
map and a constant L > 0 be such that the inequality

Y(H{Tx}, Sy)) < p(M(z,y)) — ¢(0(M(x,y))) + LY(N(z,y))  (2.1)
holds for all x,y € X, where

M(z,y) = max{lz ~ y||, D(z, Tz), D(y, 89), 5[D(z, Sy) + D(y, T2)]},
N(z,y) = min{D(z,Tz), D(y, Ty), D(z, Sy), D(y, Tx)}.

Then S and T have a unique common fized point in X, that is, there exists z € X
such that z =Tz and z € Sz.

Proof. 1t is easy to show that x = y is a common fixed point of 7" and S if and only
if M(z,y) = 0. Thus we suppose that for all z,y € X, we have M (z,y) > 0.

We will complete the proof through the following steps:

Step 1: Let zg € X and x1 € Sxg. Set o = Txy.

By choosing o = w in Lemma there exists x3 € Sxa such that

P(O(M(x2,21)))
5 .

We let z4 = T'x3. Analogously, one can find x5 € Sx4 such that

P(O(M (x4,23)))
5 .

Inductively, we let 9, = Txo,_1, and by lemma ﬂ;g[, there exists xan11 € Swa,
such that

|23 — 22|l < H({T>1}, Sz2) +

|25 — @all < H({Tw3}, Sz4) +

¢(0(M($2n; 332n_1)))
2

P(O(M (2, T2n—1)))
5 )

lz2nt1 — Ton|| < H{Tz2n-1}, STon) +

< H({Tw2n—1}, Szan) +
Since 1 is nondecreasing, we have

Y(|r2n+1 — 20ll) = V(D{Tz20-1}, T20+1))
Y(H{Tr2n-1}, S221))
w(H({TZ‘Qn,l},San)). (22)

IN A

Thus
gb(é)(M(:ch, 1271—1))) )
2

Y(lz2n1 — 220l]) < P(H T 2201}, S720)) +
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From (2.1) we get that

V(|| z2n+1 — Tan|) <Y (M (z2n, T2n—1)) — ¢(9(M(x2;’x2n_l)))

+ LY(N(z2n, T2n—1)). (2.3)

Step2: We show that lim |z, —z,41] = 0.
n—+o0o

For any n € N, we have

|zon—1 — z2n|| <M (x2n—1,T2n)
:maX{H-Tanl - $2n|| aD(xanlaTxanl)a D(@n, szn)
1
, i[D(an—la Sx2y) + D(xon, TTon-1)]}
SmaX{Hx2n—1 - 332n|| , ||fU2n—1 - 902n|| s ||$2n - 962n+1||
) 5 H$2n71 - £U2n+1||}
<max{||zan—1 — anl|, [|T2n — Tont1||

1
,5[(”332%1 — @an|l + 220 — T2n41[))]}

=max{|zen—1 — 20|, |T20n — T2nt1l}-

If max{||zan—1 — Tan|, |T2n — T2nt1l|} = l|T2n — T2nt1||, from (2.3) and using the
fact that N (22, 2an—1) = 0, we have

(O(M (220, ¥2n-1)))
2

U(||z2nr1 — 2n|]) <YM (220, Ton—1)) —
+ Lw(N(xvax%fl)))

P(O(M (220, 22n-1)))
. .

<¢(llwon — z2n41ll) —

So “O(Q(M(“;’“"’l))) = 0, that is, M(z2n,T2,_1) = 0, which is a contradiction.
Hence max{||z2n—1 — 2n ||, [|[Z2n — Zons1ll} = [[T2n—1 — @25 || . Then M (22,1, 22n) =
|x2n—1 — 22, for each n > 1. We have
||x2n — Tyl < ||T2n-1 — xZn” . (2.4)
Similar to the process of (2.2]), we get also
Y(llz2nt1 — Tantall) <Y(H{Tr2n41}, St2n))-

By using ([2.1) we have

V(2011 — Tang2ll) <YM (22041, T20)) — G(O(M (2041, T2n)))
+ LY(N(T2n+1, T2n)), (2.5)
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where

M (zan+1,22n) = max{||Tant1 — Zonl|, D(2n+1, TZan+1), D(T2n, Stan)
(D@41, 5232) + Do, T )]}
<max{[|zon+1 — Ton|, [[T2n+1 — Ton2ll s |220 — T2n41 ||
021 = ol l2n — T2nsall}
< max{[[{dzani1 — z2nll, [T2041 — T2n42]|

|Z2n — Tony1l + [|T2011 — Tani2|| )
’ 2

=max{||[z2nt1 — Zon ||, [[T2nr1 — T2ni2|l}
= ||x2n+1 - x?n” .

If max{||[zont1 — @on| , |@2n+1 — T2ns2ll} = [[#2n41 — T2n42|; from (2.5) and using
the fact N(x2n11,%2,) = 0 we have

Y([|22n+1 — Tant2) <YM (22041, ¥20)) — G(O(M (22041, T2n)))
<Y(M(T2n+1,T2n))
=([[T2n+1 — T2n42|)-
Thus

Y(|z2nt1 — Tany2l]) < U(|z2n11 — T2ny2l]),
which is a contradiction. Therefore

M (x2n41,T2n) = ||Ton+1 — Ton]|

and
|z2n+1 — Zont2| < [[T2n+1 — Ton]| - (2.6)
From ([2.4) and (2.6), we get that
Hxn - -rnJrlH S ||xn71 - xn” ) VTL 2 0.

Thus {||zn, — Zn+1]|; » € N} is a non-increasing sequence of positive numbers.
Hence, there is [ > 0 such that

lim M(zp,2p1) = Um ||z, — 2p41]| =1 > 0.
n— 00 n— o0

We show that [ = 0. On the contrary, suppose [ > 0. We know ¢(6(1)) > 0 from
(2.3) and taking limits as n — oo, since ¢ is lower semi-continuous, we get

o(l
o) <o) - 200 4 Ly
<(1)
this is a contradiction, thus [ = 0. So we have
ILm |xn — Tnt1] = 0. (2.7)

Step 3: We will prove that {z,} is a Cauchy sequence. Because of , it is
sufficient to show that {x,} is a Cauchy sequence.

Suppose {2y} is not a Cauchy sequence. Then there exists € > 0, for which
we can find two subsequences {Zom;}, {T2ni} of {x2,} such that ni is the smallest
index, for which

ni > mi > i, |z2mi — Zanill > €.
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This means that
[ 22mi — Toni—2|| <e.
By using the triangular inequality, we get

€ < |lwami — Toni|| < [|T2mi — Tomit1 ]| + [|T2mit1 — Ton,
By taking the upper limits as i — oo, we get
e < lim sup ||Z2mit1 — Tanil| -
71— 00
On the other hand, we have
| 2mi — Zoni—1ll < [[T2mi — Tani—2|| + || T2ni—2 — Tani—1] -
Using ([2.8) and taking the upper limit as ¢ — oo, we get
hm sup H$2mz — Jigm_lH S E.
71— 00
Again, using the triangular inequality, we have
€ < ||z2mi — Tonil| < |T2mi — Zoni—1l| + | T2ni—1 — Tonill -
By taking the upper limit as ¢ — oo, we get

g S hrn sup ||='L'2mz — I’Qni_ln .
i—00

From (2.10)) and (2.11)), we have

e <limsup [[v2m; — T2ni-1]| < e
1— 00

Again, using the triangular inequality, we have
€ <|w2mi — T2nill < | T2mi — T2ni—2l| + | T2ni—2 — T2nill
<zami — Tani—2|l + | Z2ni—2 — Tani—1ll + |T2ni—1 — T2nil| -
By taking the upper limit as i — oo, using (2.8) we obtain

e < limsup ||z2mi — Tonil| < €.
1—00

Again, using the triangular inequality, we infer that
|z2mitv1 — Tani—1ll < [[Tamit1 — Tomill + [|[Z2mi — Tani—1|l -
By using ([2.10) and taking the upper limit as i — oo, we reach to

limsup [|[Z2mi+1 — Tani-1]| < e
11— 00

Again, using the triangular inequality, we get
€ <@ami — Tonill < |T2mi — T2mitall + [|[T2miv1 — Tonil|
<Nz2mi — T2miv1 |l + | Z2mivt — T2ni—1l| + | T2ni—1 — T2nill -
By taking the upper limit as ¢ — oo, and using we have

e < limsup lT2mit1 — T2ni—1]| < e
1—> 00

From and similar to the process we get
Y(l|z2miv1 — Tonill) <Y(H (STomi, {T2ni-1}))
<YM (22mis Tani—1)) — G(O(M (T2mis T2ni—1))
+ LY(N(22mi, Tani-1)),

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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where
M(x2mia Sﬂszl) :maX{Hx2mi - $2m'71|| »D(x2mia Tx2mi); D(£C2m‘71, szmfl)
1
, §[D($2mi7 Stoni—1) + D(z2ni—1, TTami)|}
S maX{Hx2mi — T2ni—1 || ) ||m2mi — T2mi+1 H ) ||-T2ni — T2ni—1 ||
1
92
Taking the upper limit and using (2.10)), (2.13) and (2.14)), we have

N z2mi — Tonill + | T2mit1 — Toni—1]]]}-

lim sup M(x2mi, Toni—1) < max{lir_n sup ||T2mi — Tani—1]|
71— 00 1—> 00

Jimsup [|[Z2mi — T2mit1]|, imsup [|22n; — T2ni-1]]
1—> 00 1—> 00

limsup,_, . ||T2mi — Tans|| + limsup,_, . [|Tomit1 — 332m'—1||}
b
2
<max{e,0,0,} =¢,

and using (2.12)), (2.13)), and (2.15) we have

. E+e¢
min § € =&
T2

we get
e < limsup M (72, Tani—1) < €
17—+ 00
and
e < liminf M(2omi, Tani—1) < € (2.17)
1— 00
and

N(Z2mi, Tani—1) = min{D(zams, TTomi), D(Toni—1, TT2ni-1),
D(z2mi, Stani—1), D(Tani—1, TTom:)}- (2.18)

From (2.18)), limsupN (z2mi, T2ni—1) = 0.

11— 00
Now taking the upper limit as ¢ — oo in (2.16]) and using (2.9) and (2.18)) we

have
Y(e) =¢(1-¢e) <yp(limsup [|22mit1 — T2nill)
71— 00

<t(limsup M (22mi, T2ni—1))

— (Ol inf M (22mi, 22ni-1)))
<tp(e) — ¢(0(liin_1>gf M (22mi; X2ni-1)))

which implies that
o(O(lim inf M (22mi, T2ni—1))) = 0.

11— 00

Thus

lim inf M (22mmi, T2ni—1) = 0
1— 00

which is in contradiction with (2.17]).
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Hence {z,} is a Cauchy sequence in X.
Step 4: As {z,} is a Cauchy sequence and X is a complete normed space, there
exists u € X such that

lim ||z, — ul|| =0.
n— oo
We show that u = T and u € Su. Similar to the process (2.2))
P(D(w2nt2, Su) < Y(H({Tr2n 41}, Su))

< V(M (2241, 1)) — S(O(M (22041, 1))
+ LY(N (2241, 1)), (2.19)

D(u, Su) <M (z2n+41,u)

=max{||z2n11 — ull, [T2n41 — Tont2, D(u, Su)

1
s 5[D(@2n+1, 5u) + [|lu — 220421} (2.20)

By using the triangular inequality, we have
#2041 — ull < [Z2nt1 — onll + 220 — ul].
As
lim ||zgpt1 —ul| =0 and lim |z2p42 —ul = 0. (2.21)
n—oo n—oo
Again, using the triangular inequality, we get
D(xan1,5u) < (|22nt1 — ull + D(u, Su)).
By using (2.21))

lim D(zap41,Su) < D(u, Su).

n—oo

By taking limit from ([2.20)
D(u, Su) < lim M(x2nt1,u)
n—oo

<max{D(u, Su), M} = D(u, Su),
lim M(zan+1,u) = D(u, Su). (2.22)

n— oo

As
D(u, Su) < [[|lu — w2n12l| + D (w2042, Su)],

by taking the upper limit as n — oo, we have

D(u, Su) < limsup D(z2p42, Su) (2.23)
n—oo
and li_>m N(x2n+t1,u) = 0. Because 1 is continuous, by using (2.19), (2.22)), (2.23)
we have

P(D(u, Su)) < P(D(u, Su)) — ¢(0(D(u, Su))).
Then ¢(6(D(u, Su))) = 0. Thus D(u, Su) = 0.
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We conclude that u € Su. From we have
Y(D(Tu,u)) <p(D(Tu,u))
<¢(s*H({Tu}, Su))
S'@[J(M(uﬂ u) - ¢(9(M(u7 u)))
+ Ly (N (u, u)). (2.24)
As
M (u,u) = maz{||u — u| , D(u, Tu), D(u, Su), %[D(u, Su) + D(u, Tu)]}

D(u,Tu)
2
Moreover as N(u,u) =0 from we have
Y(D(Tu,u)) < Y(D(Tu,u)) — ¢(6(D(Tu,u))) + 0.
Then ¢(6(D(Tu,u))) =0. Thus D(u,Tu) =0=u = Tu.
Step 5: Now, we show that the fixed point is unique. Suppose that z is another
fixed point of S and T, i.e., z =Tz and z € Sz, then

Y(llu = 2l)) =(D(Tw, 2)) < Y(D(Tu, 2)) < p(H{Tu}, Sz))
<t(M(u, 2)) = ¢(6(M (u, 2)) + Lp(N(u, 2)), (2.25)

lu —z|| < M(u,z) =max{||u — 2|, D(u, Tu), D(z, Sz)

= maz{D(u, Tu), } = D(u,Tu).

,%[D(U,Sz) + D(z, Tw)]}.

Hence
M(u,z) = ||lu—z|.
Moreover, N(u,z) = 0, from (2.25) we have

Pl = 2[) < ¢(llu = 2[)) = ¢@(flu - =))-
Then ¢(8(]|u — z||)) = 0. Thus ||u—z|| =0, i.e. u= z. -

Here are some examples of functions and maps that satisfy the conditions of
Theorem 2,11

Example 2.2. Let X be a Hilbert space, T : X — X be a nonexpansive map
(i.e., | Tz — Tyl < ||z —vy| for all z,y € X), and S : X — CB(X) be a firmly
nonezxpansive map (i.e., for any v € X, the set {y € X : y € Sy} is nonempty and
closed, and ||y — x| + [|Sy — Sz||* > |ly — Sz||* + ||z — Sz||? for all y € Sy). In
this casem we can choose ¥ (t) =t, ¢ (t) =t/2, and 0 (t) =t/2 . The constant L
can be chosen to be 1. Then the inequality in Theorem [2.1] holds, and the map T
and the multi-valued map S have a unique common fized point.

Example 2.3. Let X = C|[0,1] be the space of continuos functions on [0,1],
equipped with the sup morm, and let T : X — X be the Volterra operator de-
fined by (Tf) (x) = fomf(t)dt for f € X and x € [0,1]. Let S: X — CB(X) be
the set-valued map defined by (Sf) (x) = {f (x)} for f € X and x € [0,1]. In this
case, we can choose ¢ (t) = t, ¢ (t) = /t/2 , and 0 (t) = \/t/2 . The constant L
can be choosen to be 1/v/2 . Then the inequality in Theorem holds, and the
map T and the multi-valued map S have a unique common fized point.
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Example 2.4. Let X = LP (]|0,1]) be the space of Lebesgue measurable functions
on [0,1], that are integrable to the p-th power, equipped with the LP norm where
1 <p< oo LetT : X — X be the integral operator defined by (Tf) (z) =

folK(x,t)f(t) dt for f € X and z € [0,1], where K (z,t) is a Kernel function
satisfying certain conditions. Let S : X — CB(X) be the set-valued map defined

by (Sf)(z)=qgeX: g(x)= sup f(t), for f € X and x € [0,1]. In this case,
te[0,1]

we can choose ¥ (t) = 7, ¢ (t) = tP/% | and 6 (t) = t*/P . The constant L can be
choosen to be 1/\/p . Then the inequality in Theorem holds, and the map T
and the multi-valued map S have a unique common fixed point.
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